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»i OM, tiiAnc vA mat piiAimg 

CHU DE 1 

MO dAu vi HiNH HOC KHONG GIAN 

I. KIEN THCC CO BAN 

Mon hinli hoc khong gian la moil hoc nghien ciru cac tmh chat cua cac hinh nam 
trong khong gian. 

Hinh hoc khong gian c6 cac doi tirong ca ban la "diem", "dift'rng thang " va "mat 
pliant * 


1. QUAN Hfe THU0C 

a. Vdri mot dienri A va mot dirang thing d co the xay ra hai trtrdnig hap: 

■ Diem A thupc dirang thing ci, ki hieu a e d. 

■ Diem A khong thupc dirdnig thing d, ki hieu a </ d. 

b. Vdri mot diem A va mot mat phing a co the xay ra hai truang hap: 

:i Diem A thupc mat phing a, ki hieu a c a. 

■ Diem A khong thupc mat phing a, ki hieu a £ a. 


2. cacti£nd£ 

Tim de 1 : Co mot vd chi mot mat phdng di qua ha diem khong fining hang 

i ho tnfdc 

Tim de 2: Neu mot dKcfng thdng di (/ua hai diem phdn hiet cua mot mat phdng 
thi mpi diem cua dtfd'ng thdng dim thupc mat phdng do. 

Tnn de 3: Neu hai mat phdng i d mot diem chung tin cluing con co mot diem 
(hung klidc nffa. 

Tim de 4: Co it nhat hdn diem khong dong phdng 


3. NHLfNC KfiT QUA MO DAU 

Pinh h I Neu hai mat phdng phdn hiet co mot diem (hung thi cluing i d mot dtfimg 
thdngchung day nhdif vd chifa tat i d ede diem chung cua hai mat phdng do 
Kbi do. dirang thing chung dirac goi la giao tuyen cua hai mat phang. 

Dinhli 2 : Co mol vd chi mot mot plnln\> di quo mol di((/n\> lliuni’ vd mot diem nam 
iifiod ditdvx lino.}’ (Id. 

t)inlili 3 Co mol vd clii mot unit plidii}’ di (/no hoi difdng than}; i d! nlioii. 

4 VlTRl Tl/ONC D6l CUA DU&NG THANG VA MAI PHANG 

Go throng thdng a va mat phdng a. Can cir vao so diem chung cua duong thdng 
va mil phdng ta co ba trirong hop sau: 

a Dirang thdng a va mat phdng a-kbong co diem chung, tuc la: 

ana = 0oa// a. 

h Dirang thdng a va mat phdng a chi co mot diem chung, tire la: 
a n a = {A | o a cdt a tai A. 
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c. Dudng thing a va mat phing a co 2 di£m chung phan bi&t, turc li: 
a n a = {A, B | o a c: a. 



5. VI TO TlfONC D6l CUA HAI MAT PHANG 

Cho 2 mat phing a vi p. Can cur vao so duong thing chung cua 2 mat phing i 
co ba trirbmg hop sau: 

a. Hai mat phing a va p khong co duong thing chung, turc la: 

anp = 0oa//p. 

b. Hai mat phing a va P chi co mot duong thing chung, turc la: 

anp=aoaciit p. 

c. Hai mat phing a va P co 2 duong thing chung phan bidt, turc la: 


a n p = (a, b) <=> a = p. 



6. VITOTLTONG D6l CUA HAI DlftfNG THANG 

Cho 2 ducmg thing a va b. Can cu vao sir ddng phing va so diem chung ciua! 
duong thing ta co bon truomg hop sau: 

a. Hai (Ufcrng (hang song song: cung nim trong mot mat phing va khong o 
di£m chung, tire IA: 


Ml aeaAbca 
a // b o 

anb = <j) 

b. Hai dtffrng thdng cal nhau: chi co mot di£m chung. 

acdt bo a n b = (I(. 

c. Hai ducmg thing trung nhau: co hai didm chung phAn bict. 

anh = {A, B) oasb. 

d. Hat thing cheo nhau: khdng cung thu6c m6t mat phing. 

a chvKj ^ s ' a, b kh6ng d6ng phing.. 



7. CACH XAC DINH DLfCJNG THANG VA MAT PHANG 

♦ • 
7.1. Cach xac dinh duefng thAng 

Co ba each xac dinh mot duong thing: 

Cadi I: Bict hai diem phAn bi£t A, B cua duomg thing. Kt hieu (AB). 
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G/c // 2: Biet mot diem ciia diremg thAng va phiremg cua diremg thAng do. 

0/( 7/ .v Biel hai mAt phAng phAn bidt cung chura diremg thAng can tim. 

7.2. Cach xac dinh mAt phAng 

Co bon cach xac dinh mot mat phang: 

Cadi I Bict 3 diem A, B, C khdng thAng hang cua mat phAng, ki hieu (ABC). 

Cdch 2: Bict I diem A va m6t diremg thAng d khong chura A cua mAt phAng, ki 
hieu (A, d). 

0/(7/ -V Bict 2 diremg thAng cAt nhau a, b cua mat phfing, ki hieu (a, b). 

0/(7/ 4: Bict 2 diremg thAng song song a, b cua mAt phAng, ki hieu (a, b). 


IL CAC DANG TOAN LIEN QUAN ______ _ 

Bai loan 1: Sir dung cac tien de xet vi tri tiremg doi cua diem, diremg thAng va 
mat p han g. _ _ _ __ _ 


PHITONG PHAP CHUNG 

1. De biet khi nao mot diem thuoc mp\ mat phang, ta ce> cac ket qua sau: 

■ Gia sir ex la mat phAng xac dinh boi ba diem A, B, C thi khi do A, B, C 
dcu thuoc a. 

■ Neu diremg thAng a chura trong mAt phAng a, thi khi do diem M thuoc a 
dcu thuoc ex. 

2. De chirng minh diremg thAng a nAm trong mAt phAng a ta di chirng minh t6n 
tai hai diem phAn biet A, B thuoc a va thuoc a. 

■ Neu mat phAng ex c6 dinh thi ta khAng dinh dirtrc them rang " Ditimg lining 
a '/<//// trong mot mat pining co dinh a ". 

■ Neu hai diem A, B co dinh thi ta khAng dinh direrc them rAng " Mat phang 
a du ra mot (lifting fining co dinh a ". 

3. De churng minh hai diremg thAng a, b cheo nhau, ta thiremg sir dung phiromg 
phapchirng minh phan chirng, cu the: 

* Gia sir a, b khong cheo nhau, tire la co mot mat phAng ex chura ca a va b. 

■ Sty ra mot ket luan vo ly (trai vdi gia thiet hoAc trai veti cac tien d6, cac 
dinh 10. 

* Ket luan ring hai diremg thAng a, b cheo nhau. 

Vi di) 1; Churng minh rang neu ba diremg thing phAn biet cAt nhau timg doi mot 
thi cluing dong quy hoac cung nAm trong mot mAt phAng. 

Gicii 

Veri ba diremg thAng phAn bidt a, b, c. Gia sir: 

anb = |A|,bnc= (B|, c n a = |C). 

Xet hai mrong he^p: 

Triring hop I: Ba diem A, B, C la ba didm phAn bi£t. 

Do a, b, c phan bi6t nen A, B, C la ba diem khong thAng hang. VAy chung xac 
dinh mol mat phang (ABC). Ta co: 

■ Diremg thAng a cei hai diem A, C thuoc (ABC), nfin a e (ABC). 

■ Tuemg ttr b e (ABC) va c e (ABC). 

Vay, ba tiremg thAng a, b, c cung thuoc mot mat phAng (ABC). 

Taring Itpp2: Hai trong ba diem A, B, C trung nhau, gia sir A - B. 
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N£u A * C thi a s c, mAu thuin. 

Do do, ta phai c6: 

A = Co AsB^Coa, h,c dong quy. 

VAy, ba duong thing a, b, c dong quy. 

Vi du 2; Trong mAt phing a, cho goc xOy. A la diem ngoai a. M. N la iai 
di<5m di dong lin luol Iren Ox, Oy. 

1. Gia sir OM = ON. Chirng minh ring trung tuyen AP cua AAMN luon mm 
trong mot mat phing c6 dinh. 

2. Goi d la dudng thing c6 dinh qiia A va cit a tai mot diem khong thuoc Ox, 
Oy. MN di dong nhirng luon cit d. 

a. Chung minh ring MN luon di qua mot diem c6 dinh. 

b. Goi B la diem co dinh tren d, B * A va khong thuoc u. AM va BN rit 
nhau tai Q. Chung minh rang Q thuoc dot e thcri hai mat phing c6 doh. 
Suy ra Q thuoc mot dirfrng thing co dinh. 

. Gidi 

1. Ta co: 

OM = ON zz> P thuoc ()/. la tia phftn giac cua goc xOy co dinh. 

VAy, trung tuyen AP nam trong milt phang co dinh (A, Oz). 

Gia sirdna = ip) co dinh. 

Ta co ngay: 

do MN = |P) co dinh. 

VAy, duemg thing MN luon di qua diem c6 dinh P. 

Ta co: 

■ Q € BN c (B, Oy) - co dinh 

--> Q e (B, Oy) - co dinh. 

■ Q c AM c (A, Ox) co dinh 

0 e (A, Ox) c 6 dinh. 

Vay, diem Q thuoc dudng thing co dinh A 
la giao tuyen cua hai mat phing co dinh 
(A. Ox) va (B, Oy). 

V i dy 3: Trong mAt phing a, cho hai nua Jucmg thing song song Ax. By. Mva 
N la hai diem Ian hart thuoc Ax va By; M * A va N / B. O la diem co dinh kiting 
thuoc (X. 

a. Chung minh ring OA va MN cheo nhau. 

b. M, N di dong, chirng to rang dui'mg thing Ol noi O voi trung diem I cun 
MN nim trong m&t phang co dinh. 

c. M, N di dong nhung AM + BN co gia tri khong doi. Chirng minh rang nat 
phang (OMN) luon chua mot duemg thing co dinh. 

Gidi 

Ta di chung minh bang phan chirng. 


2 . 

a. 


b. 



a. 


That vay, gia sir OA va MN khong cheo 
nhau the chting cung nam trong mot mat 
phing. Mat phing nay chua ba diein A, M, 
N kh6ng thing hang, do chmh la mAt phang 
(X, suy ra: 




() c «, trri vdi thiol. 

Vay. ()A vii MN chco nhau. 
b. (mi C l;i trung diem AB, nhan xet rang: 

ABNM la hinh tlnmg 

> I ' (7 la dirdng trung binh ciia ABNM c6 dinh 
Va\, ()| nam irong mat phiing co dinh ((), Cz). 
o. Xet hinh thang ABNM, la co: 

Cl = ' (AM + BN) khong doi I co dinh. 

2 

Vay, mat pliang (OMN) chura dudng thang ()I co dinh. 


PAl TAP NGill 

Bui tap I: ( ho dudng thang a nam trong mill piling u va mot dudng thing b cat <x 
tai diem O. Clnrng minh rang non diem C) khong thuoc a l hi a va b chco nhau. 

Bai tap 2: Cho hai dudng thang chco nhau a, b. Tren a lay hai diem phan biel A, 
B, iron b lay hai diem p>an bict C, D. 

a. Clnrng minh rang AC va BD chco nhau. 

b. M la mot diem tren canh AC, N la mol diem tren canh BD. MN co the song 
song vdi AB lioac CD diroe khong ? 

c. O la diem tren MN. Clnrng minh ring AO cat CN, va BO cal DM. 

I Bai loan 2: Tim giao luyen cua hai milt phing. 

P . i f- j. ■ J. %r. • ^ — i -■ - -- ^ -v -..-A 


PHI ONG PHAP CHUNG 

De fnn giao tuyen cua hai mat piling, la thirc hicn iheo cac 

Hi fin I Tim hai diem cluing cua hai mat phiing. 

Ihfor 2 Dirimg thing qua 2 diem chung do la giao tuyen. 
did y : Dc fim dit*m cluing cua hai mat phiing la thudng 
ftm hai dudng thing dong piling kin luot nam trong hai 
mat phang do. Giao diem, lieu co, cua hai dirong thang 
nay chinh la diem chung cua hai mat phiing. 

Vi dU-L Trong mat piling a, cho tu giac ABCD co AB cit CD tai E, AC cal BD 
tai l\ S la mot diem khong tluipc u. 

a. Tim giao tuyen cua (SAB) va (SCD). 

b. Tim giao luyen cua (SAC) va (SBD). 

c. Tun giao luyen cua (SEF) vdi cac mat piling (SAD) va (SBC). 



b. 

c. 



Gidi 

la co ngay S la diem chung cua (SAB) va (SCD) 

Mat khac: 

E c AB c (SAB) 

E c CD c: (SCD) 

Vay. ta direxe SE = (SA 

Turing nr cau a), ta diroc Sl ; = (SAC) n (SBD). I y y / V 

(hi sir EF cil AD va BC theo thur tu tai M, N. Khi do: 

■ (SIT) va (SAD) co hai difem chung la S va M ndn co giao luyen la SM 


> E c (SAB) 
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■ (SHF) va (SBC) c6 hai didm chung la S va N nen c6 giao tuycn la SN. 

Chit y: Trong cau c) chung !a da sir dung y tucmg trong phan chu y cua bai loam 2 
de thirc hien tim didm chung thu hai, cu th^: 

■ Trong m;)t phing (SEF) la chon dudng thing EF. 

■ Trong mat phing (SBC) ta chon dudng thing BC. 

■ Ta co EF va BCcung nim trong mat phing (ABCD) va EFn BC = (N), 

■ Do do N la diem chung cua hai mat phing (SEF : ) va (SBC). 

Doi vori vi du tr£n, di6u nay fit true quan va thiy ngay dupe. Tuy nhien, mot vai 
bai loan cac em hoc sinh can hidu duoc ban chit cua van dc mdi co dupe lua chon 
thich hop. 

Vi dy 2: Trong mat phing a, cho hinh binh hanh ABCD tarn O, S la mot diem 

khong thuoc a. Goi M, N, P kin lupi la tnmg diem cua BC, CD, SO. Tim giao tuycn cua 
mat phang (MNP) vdi cac mat phing (SAB), (SAD), (SBC) va (SCD). 

Gidi 

Dudng thing MN cat AB, AD va AC tai M,, N, va O,. Khi do: 

■ Noi (),P cat SA tai P,. 

■ Noi M,P, cit SB tai M>. 

■ Noi N|P, citSD tai N : . 

Vay, ta dupe: 

(MNP) n (SAB) = P,M«. 

(MNP) n (SAD) = P,N : . 

(MNP) n (SBC) =* MM,. 

(MNP) n (SCD) = NN : . 

BAITAPWfvNCHI 
Bui tap 1: T rong mat phing a, cho AABC, D la mot diem khong thuoc ex. (Joi I, J kin 
lupl la trting diem cua AC va BC. K la diem tren canh BD sao cho KD < KB Tun giao 
tuycn cua mat pining (IJK) vdi cac mat phang (ACD) va (ABD). 

Bai tap 2: T long mat phing a, cho /\ABC, D la mot diem khong thude ex. M la mot 
diem ben trong AABD, N la mot diem ben trong AACD. 

a. Ttm giao tuycn cua (AMN) va (BCD). 

b. Tim giao tuycn cua (DMN) va (ABC). 

Bai tap 3: Trong mat philng a, cho AABC, D la mot diem khdng thuoc ex. O la didm 
ben trong ABCD, M la didm tren AO. 

a. Tim giao tuycn ctia (MCD) vdi cac mat phdng (ABC) va (ABD). 

b. I, .1 la hai diem tren BC va BD. Tim giao tuycii cua (IJM) va (ACD). 

Bai tap 4: 'Prong mat phang ex, cho hinh binh hanh ABCD tarn O, S la mot diem 
khong thuoc ex. M, N Ian lupt la trung diem cua SB, SD, P la diem tren SC va SP > 
PC. Tim giao tuyen cua (MNP) vdi cac mat phdng (SAB), (SAD), (SAC) va 
(ABCD). 



liai loan 3: Clnrng minh ha diem thing hang. 
Ba dudng thing dong xiuy. 

to 


n*HW*a***Jar* r 


sasc-umrsM 




PHt/ONG PHAP CHIJNG 

1. De chirng minh 3 diem thang hang, ta chung 
minh chung cung thuck: hai mat phang phan biet. 

Khi do chung thuoc giao tuyen cua hai mat 
phang do. 

2. clhiirng minh 3 duong thang dong quy, ta 
chung* minh giao diem cua hai dtrong thang nay 
la dictm chung cua hai mat phang ma giao tuyen 
la duemg thang thur ba. 

Vi du_l: Cho mat phang a va ba diem A, B, C khong lining hang a ngoai a. Giii 
sticac dircng; thing BC, CA, AB Ian luert efit a tai I). E, F. Chirng minh ba diem D, 
E, F thing hang. 

Gidi 

Triroc tiem, ta thiy ngay ba di£m D, E, F thude mat piling a. 

Mat khic, ta co:: 

De BC e (ABC) D e (ABC). 

E e CA c- (ABC) => E e (ABC). 

F e AB e (ABC) ^>Fe (ABC). 

Vfly, tudurpc: 

(ABIC) n a = (D. E, F) => D, E, F thing hang. 

V» du-2; Trong mat phing a, cho ABCD, A la mot didm khong thude a. Goi E, F, 
G lin luot la 3 didm tren 3 canh AB, AC, BD sao cho EF cat BC tai I, EG cat AD tai 
H. Chung tnimh CD, IG, HE ddng quy. 

Gidi 

Goi O a jgiao difi’ni cua HF va IG. Ta co: 

O £ HF c (ACD) => O e (ACD). 

O £ IG c: (BCD) =>Oe (BCD). 

Suy ra: 

O £ (ACD) n(BCD) = CD. 

Vi)y, hi dluirng thing CD, IG, HF ddng quy tai O. 

bai t£pdi£ NGIII 

Bai tap 1 : <Cho hai diem A va B inlm trong mat phang a v5 mdt diem C) nfim ngoai 
a. L5'y M N theo thur tir thuoc OA va OB, vdi M + O, M / A, N O, N / A. Gia sir 
MN cat ataii C Chung minh rang ba diem A, B, C thang hang. 

Bai tap 2: Cho mat phiing a va 2 diem A, B co dinh a ngoai a. M la diem di dong 
trong khoig gian sao cho MA, MB cat a tai A,, B,. Churng minh A,B, ludn di qua 
mot di£mc6» dinh. 

Bai tap 3: Trong mat phang a, cho AABC, D 15 mot diem khong thuAc a. Qua C 
dung mat phdng y cat AB, BD tai B,, B>, qua B dung mat phang p cat AC, CD tai C,, 
C\. BB,, CC, cat nhau tai O,; BB : , CC, cat nhau tai 0 : . Gia sir 0,0, keo dai cat SA 
tai I. 

a. Curing minh AO,, DO,, BC dong quy. 
h. Curing minh I, B,, B : va I, C,, C : thang hang. 






Bai tap 4: Trong m&t phdng a, cho tur giac A BOD, S la mot diem khong thuoc t. Goi 
I, J la hai diem cd djnh tr£n SA vh SC vdi SI > IA va SJ < JC. Mot mat phing [i 
quay quanh IJ cat SB tai M, SD tai N. 

a. Chung minh rdi.g IJ, MN va SO dong quy; (O la giao diem cua AC v* BD). 
Suy ra each dung diem N khi biet diem M. 

b. AD cat BC tai E, IN c&t MJ tai F. Chung minh S, E, F thdng hang. 

c. IN cat AD tai P, MJ cdt BC tai Q. Chung minh rdr.g PQ luon di qui mot 
diem c6 dinh khi a di dong. 

Bai loan 4: 

PHUONG PlIAPC HUNG 

Cho dirong thang a va mat phang cx, gia sir a cat a. De tim giao dic-m A cm a va 
a, ta lira chon mot trong hai huong sau: 

Huong 1: Neu trong mat phang a co sdn mot duemg thang c cat a tai di-m A 
nao do thl A chinh la giao di6m cua a \h a. 

Huong 2: Thuc hien theo cac buck:: 

Bio'n I: Chon mat phdng phu [5 chua a 
sao cho giao tuyen c cua cx va P 
d£ xac dinh. 

Buck' 2: Trong (T duemg thang c cat a tai 
diem A nao do. tin A la giao 
diem cua a va a. 

Vi cIm 1: Cho bon diem A, B, C, D khong dong phdng. Goi M, N Ian hot la 
trung diem cua AC va BC. Tren BD lay diem P sao cho BP = 2PD. 
v. Tim giao diem cua dirong thang CD 
vcVi mat phang (MNP), 
b. Tim giao tuyen cua hai mat phdng 
(MNP) va(ACD). 

Gidi 

a. Ttr gia thiet v& didm N va P ta goi: 

Q = CD n NP c (MNP) 

> Q = CD n (MNP). 

b. la co ngay: 

(MNP) n (ACD) = MQ. 

Vj du 2: Trong mat phdng a, cho tur giac ABCD, S la mot diem khong thuoex. M 
la diem tren canh SC. 

a. Tim giao diem cua AM va (SBD). 

b. Goi N la mot diem tren canh BC, tim giao diem cua SD va (AMN). 

Gidi 

a. Chon mat phdng phu (SAC) chua AM. 




Tim giao diem cua duemg thdng va mat phdng. 





Goi () la giao diem cua AC va BD, suy ra: 

(SAC) n (SBD) = SO. 

Trong mat piling (SAC), ta c6: 

SO n AM = O, -:> AM n (SBD) = O,. 
h. (lion mat piling phu (SBD) dura SD. 

Goi N, la giao diem cua AN va BD, suy ra: 

(SBD) n (AMN) = N,0,. 

Trong mat phing (SBD), ta co: 

N,(), n SD = D, SD n (AMN) = D,. 


S 



BAI TAP NGHI 

Bai tap \ : Gio bon diein A. B, C, D khong dong phang. Trim AC va AD I in luqrt 
I Ay cac diem M, N sao cho MN khong song song voi CD. Goi O la mot diem-ben 
trong ABCD. 

a. Tim giao tuyeii cua (OMN) va (BCD). 

b. Tim giao diein cua BC va BD voi (OMN). 

Bai tap 2: Cno bon diem A, B, C, D khong dong piling. I ren AC va AD Ian hrot 
lay cac diem M. N. Goi O la mot diein ben trong ABCD. 

a. Tim giao diein cua MN va (ABO). 

b. Tim giao diem cua AO va (BMN). 

Bai tap 3: Cho bon diem A, B, C, D khong dong piling. Lay I, J I in luot la hai 
dic-ni ben trong AABC va AABD. M la diein tuy y trim CD. Tim giao diem cua IJ va 
(ABM). 

Bai tap 4: Trong mat phang a, cho hinh thang ABCD day Ion AB. S la mot diein 
khong thuoc a. Goi I, J, K theo thuf tir la ba diein tlinoc SA, AB, BC. 

a. Tun giao diein cua IK va (SBD). 

b. Tim giao diein cua (IJK) voi SD va SC. 




r 




j Bai loan 5: Bai toa.i dung hinh. 

u i warn t^- - *****-•*.* -a ■ ~~>** •» ,**at ><rftr .-.*■ - y — % m m . . r, 


* **J|l***V -J ,’*a***r - tw 


- w i,*. *.*•.• 


-■* s*****■*>. •*** • 


piiifONti piiap f :hijn(« 

Tlurc liien theo bon buorc: 

Bt(<H I: Phantirh. 

Bt(<h 2. Curb (lung. 

Bi«'n a. Chihli.» minh 
B\((h 4: liien I nun. 

Yidul; Cho hai diremg thing a, b clieo tihau va mot diem M khong thu6c hai 
ditomg thing do. Hay dung mot dirong thing qua M cit cii hai a, b. 

Giiii 

a. Phan tirh : Gia sir dung dirpe ductng thing d qua M cit a, b theo thuf tir tai A va 
B, khi do: 

M, A thuoc d, nen d e (M, a). 

M, B thuoc d, nCn d e (M, b). 

Suy ra d = (M, a) n (M, b). 

b. Curb (lifni*: Ta Ian hrot thuc liien: 
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■ Dung mal phAng (M, a). 

• Dung mat phAng (M, b). 

■ Xac dinh giao tuyen d cua hai mat phAng (M, a) va (M, h). 
Khi do d la ductng thAng c;in dung. 

c. Clitilrx minh: Ta thay: 

d = (M, a) n (M. b), nen d di qua M. 

d, a thuoc (M, a), n£n chung co th 6 cAt nhau tai A. 

d, b thuoc (M, b). nen chung co thd cfit nhau tai B. 

VAy, d di qua M co the’ cAt ca a va b. 

d. Rien hum: Nhan thay: 

■ Ndu d cAt a va d cat b, ta co ngihiem duy nhA't. 

■ Neu d // a hoac d // b, bai loan vo nghiem. 


BAI TAP J)£ N(iHI 

Bai lap 1: Cho bon di£m A, B, C, D khong d6ng phAng. O la diem ben trong 
ABCD, M la diem trdn AB. 

a. Hay dung ductng thAng qua M cAt AO va CD. 

b. N la diem tren BC va ON khong song song vdi BD. Dung dubrng thAng qua 
N cat AO va DM. 

Bai lap 2: Chung minh rang co vo so duong thAng cAt ca 3 dudrng thAng cho trude 
ddi mot cheo nhau. 


m,‘u vjiinM * rum * *.• no *#* 1 


Bai loan 6: (Bai Unm qn\ ticli): Tim tap hop giao diem cua hai duong thAng 

cli dong. ^ ... _ ^ ; ; ; ; '• .... 

PHIJONG PHAP CHUNG 

Goi M la giao diem hai dudrng thAng di dong d,, d>. De tim tap hop cac diCm M 
ta thuc hien theo cac bude sau: 

Bum /. Phan thtum: Tim hai mat phAng cd dinh lAn loot chua d, va d> M di 
dong trfin giao tuyen cd dinh d cua hai mat phAng do. 


Bifcfc 2: Givi him (neu c6) duoc tap d. 


Bum Plum ihio: Goi M la diem bat ky tren d, ta di chung minh M la giao 
diem cua hai duong thAng d, va d : . 

Bum 4: Kef huin. 

Chu y: Neu d di dong nhirng luon di qua diem cd dinh A va cAt dirdng thAng cd 
dinh a khong qua A thi d thude mAt phAng cd dinh (A, a). 


Yi-du Ii T rong mat phAng a, cho ti- giac ABCD co AB va CD khong song song. 
S la mot diem khong thuoc a, M la didm di ddng tren canh SB. Mat phAng (ADM) 
cAt SC tai N. Tim tap hop giao diem cua AM va DN. S 

Gidi 

Phan thinin: Ta cd: 

AM cl (SAB) - cd dinh. 

Mat khac, vi DN di qua diem cd dinh D va y\ 

it duong thAng cd dinh SC nen. 

DN c (SCD)-cddinh. 
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Gia sir AB Ceil CD tai O, ta c6 ngay: 

(SAB) n (SCD) = SO. 

Vay, lap hap giao diem Pcua AM vadinh nghia thuoc dudng thiing SO. 

Git'fi turn: Khi M di chuyen Iren canh SB (hi Pdi chuyen Iren doan SO. 

Plain (hio: Goi P la diem bal ky Iren SO. 

■ Noi AP cal SB tai M. 

■ Ndi 1)P cal SC tai N, N la giao diem cua mat phftng'(ADM) vdi SC va P 
chinh la giao diem cua AM va DN. 

Ket hum: Vay lap http cac diem P la doan SO. 

YLdyJ; 'Prong mal phang a, cho fur giac ABCD. AB va CD keo dai cat nhau tai 
E, AD va BC keo dai cal nhau tai F va AD < DF. S la mol diem khdng thuoc a. Goi 
I, J Ian luot la Irung diem cua SA, SB. a la mat phang di dong qua IJ. a cfil SC, SD 
Ian luui tai M. N. 

a. Chung minh rang IJ, MN, SE dong quy. 
b M chuyen dong Iren ph;'in lino cua canh SC ? 
c. Tim tap hop giao diem cua IM va JN. 
d Tim lap hap giao diem cua IN va JM. 

Giai 

a. Goi K =r I I n MN, la co: S 

K e IJ c (SAB) - > K <r (SAB). 

K c MN c (SCD) >Ke (SCD). 

Do do K t SI: = (SAB) n (SCD). 

Vay, ba dtrang thang IJ, MN, SE dong quy tai K. 

b. Ndi KD car SC tai M 0 . VI N chay Iren canh 

SD non lia KMN quel giSc SKI) , do do M chay tir 
S den M„ vi khi do a mdi cal canh SC, SD. 

c. Goi P = IM o JN. Ta di tim tap hap diem P. 

Plum ill min : la cd: 

Pc IM c (SAC) rz> P 6 (SAC). 

Pc JNr (SBD) > P G (SBD). 

Do do: 

P c : SC) = (SAC) n (SBD). \F F 

Ciini Ihiii: Ndi DJ cat SO tai P„. Vi N chay Iren 

canh SD nen lia JPN quel gw SJD , do do P chay 
tCr S den P„ vi khi do a nidi c5l canh SC, SD. 

Plum (hio. Goi P la diem btft ky tren SP 0 . Ndi JP cdt SD tai N, ndi IP cat SC tai 
M. M, N la giao diem cua mat pining (IJMN) qua IJ vdi cac canh SC, SD va P chinh 


m 

pH 

m 


m 

m 




la eiao diem cua IM va JN. 

c 

Kri lutin'- Vay tAp hop cac diem P la doan SP„ tren SO. 
d Cipi Q = IN o JM. Ta di tim tap hop diCm Q. 
riitin lliinni: Ta cd: 

Q c IN c- (SAD) > Q c (SAD). 

Qc JMc (SBC) > Q c (SBC). 


S 



IS 



Do do: 

Q £: SF = (SAD) o (SBC). 

Gidi lum Vi AD < DF, ncn tia lx song song vcVi SF va cal canh SD Vai N,,. Vay N 
chay lir S tdi N<>. Noi IN,, cal SF tai F„, do do Q chay fir S den F 0 
Pluin ddo: Goi Q la diem bit! ky tren SF () . Noi IQ cat SD tai N, ndi JQ cat SC tai M. 
M, N la giao diem ciia mat phAng (IJMN) qua IJ vdi cac canh SC, SD va Q rhinh la 
giao diem cua IN va JM. 

Ket I nan : Vay tap hop cac diem Q la doan SF„ tren SF. 

BAI TAP NC.III 

l 

Bai tap I: Cho bon diem A, B, C, D khong dong phang. Goi I, .1 la hai diem c6 
dinh tren AB, AC va IJ khong song song vdi BC. cx la mat phang quay quanh IJ. a 
cat CD, BD lan lirot tai M, N. 

a. Churng minh rAng MN Ition di qua mot diem co dinh. 

b. Tim tap hop giao diem cua IM va JN. 

c. Tim tap hop giao didm cua IN va JM. 

Bai tap 2: Trong mat |>hAng a cho hai dudng thang d, d' cat nhau tai O. A, B la 
hai diem co dinh d ngoai a va AB khong song song vdi a. Mot mat phang (5 quay 
quanh AB cat d tai M va d’ tai N. Chung minh rang: 

a. MN luon di qua m6t diem co djnh. 

b. Giao diem I cua AM va BN d tren dudng thang co dinh. 

c. Giao diem J cua AN va *BM d tren duoag thing co dinh. 

d. IJ luon di qua mdt diem co dinh. 

Bai tap 3: Trong mat phdng a, cho hinh thang A BCD co cac canh day hi AB va CD 
vdi AB = 2CD. S la mot diem khong thuoc a. Goi I la trung diem cua SA, J la mot 
diem tren canh SC vdi JS > JC. 

a. (i la mat pliAng quay quanh IJ, ciit SD, SB theo thu nr tai M, N. M, N di dong tren 
ph;in nao cua doan SD, SB ? Tim tap hop giao diem cua IM va JN. 

b. y I*' 1 m;)t phring c|uay quanh IJ efit AD tai P. Tim giao diem Q cua y va canh 
CD va tap hop giao diem cua IQ va JP. 
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CHU DE 2 

HiNH CHOP 

I. Kl£N THUG CO BAN 

1. binhnghIa 

Trong mat phAng a cho da giac A,A 2 ...A n vh cho didm S n&m ngo&i a. Nd'i S vdri 
cac dinh A,, A 2 , ..., A„ ta duoc n mien tarn giac SA,A 2 , SA 2 A 3 ,..., SA n _,A n . 

Hinh tqo hoi n mien da giac do va mien da giac A,A 2 ...A„ di/Oc goi Id hinh chop 
S.A|A 2 ...A n . 

Troni do: 

■ Diirrt S goi 1 b dinh cua hinh chop. 

9 Cac doan thing A,A 2 , A 2 A 3 ,..., A n _,A n goi la 

cac ccinh day cua hinh chop. 

■ Cac doan thing SA,, SA 2 , SA n goi \k cic 
cqnh hen cua hinh chop. 

■ Cac mi£n tam giac SA,A 2 , SA 2 A 3 ,..., SA^A,, goi 
la cac mat hen cua hinh chop. 

N<fu day cua hinh ch6p la mdt miSn tam gi£c, ttt gi£c, ngu giac,.. thi hinh chop 
tucmg urng goi \h hinh chop tam giac, hinh chop tir gidc, hinh chop ngu giac,... 

Chu y: Hinh chop tam giac con goi \k tur di£n. 

2. THI^T D. r $N 

Dinh nghia : Thifet di£n cua hinh chop cit boi mat phing a la m6t da giac phing tao 
boi cac doan giao tuy£n cua a vdri cac mat b£n hay mat day cua hinh chdp. 



H. CAC DANG TOAN LlfeN QIJAN 
Bai toan 1: Thid't didn cua hinh cho; 



PHUONG PHAP CHUNG 

Dd tun thid't didn cua mot hinh chop vdri mdt mat phAng a, ta thuc hidn theo cac 
bude sau: 

Birdc 1: Tu didm chung co sAn, xac dinh giao tuydn dAu tidn cua a vdi mdt 
mat cua hinh chop (co thd’ la mat phAng trung gian). 

Bim 2: Cho giao tuydn vira tim dupe cAt cac canh cua mat do cua hinh chop, 
ta se dupe cac didm chung mcri cua a veri cac mat khac Ttr do xac 
dinh dupe giao tuydn vdi cac mat nAy. 

Bi("c 3: Tiep tuc nhu tren tdi khi cac giao tuydn khep kin ta dupe thiet didn 
Vi du 1: Cho tu didn ABCD. Goi H, K lAn lupt la trung didm cac canh AC, BC. 
Trong ABCD lAy didm M sao cho hm ducmg thAng KM vA CD cAt nhau. Tim thid't 
didn cua ttir didn voi mat phAng (HKM). 

Giai 

Goi I = KM n CD. Ta co hai i ••ufen g hop : 

Trifdng litr/} I: Didm I thupc doan CD (Hlnh®)CK^<SnOC4ttpci^^4pan giao tuydn 
la HK, KI vA IH. Do do thid't didn ciiTfltfNS-AHMCl 
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Trtf&ng hap 2: Didm I a ngoai doan CD (Hinh b). Khi dd: 

■ Goi M, = KM n BD. 

■ Nd'i IH cat AD tai I,. 

Ta duoc 4 doan giao tuy£n li HK, KI v& IH. Do do thid't didn cin tim la tugiac 
HKM,I,. 

Vi du 2: Cho hinh chop SABCD diy la hinh binh hanh tam O. Goi M, N, ISn 
luot la trung diem SB, SD va OC. 

a. Tim giao tuyfi'n cua (MNP) vdi (SAC) va tim giao di£m cua SA vdi (MNP). 

b. Tim thid't difin cua hinh chop vdi (MNP) 

c. Tfnh ty s6' mat ph&ng (MNP) chia cac canh SA, BC va CD. 

Giai s 

a. Ta ldn luot thuc hi£n: 

■ Nd'i MN cat SO tai O,. ^ 

■ Noi O.P cat SA tai S,. », finXL 

N / P)\ \ 

Vay, ta duoc: Xa V|\ \ 

(MNP) n (SAC) = PS,. / )K;\A 

(MNP) n SA = S,. 

b. Ta Idn luot thuc hidn: 2 ^ ^ 

■ N6'i S,N keo dai c&t AD tai D,. 

■ Nd'i S,M k6o dai cdt AB tai B,. 

■ Nd'i B,D, cat CD, CB theo thur tu tai D 2 , R. 

Khi do, ta duoc 5 doan giao tuyd'n 1& S,M, MB : , B : D 2 , D : N va NS,. Do dohiet 
didn cdn tim la da giac S,MB 2 D 2 N. 

c. Ta lfin lurgrt co: 

■ MN la ducmg trung binh cua ASBD ndn O, la trung diem SO, suy ra: 

™ s,s _ PC _ l 


PO,//SC^> 


S, A PA 


■ X£t ASAD vdi S,, N, D, thang hang, theo dinh li Mdlelaus, ta duoc: 
NS D,D S^A = ( S 

ND D,A S,S N As, 

=> ^ (1) /l\ 

D ' A 3 D~D A 
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■ Xet ASAB vdi S,, M, B, thing hang, theo dinh If MSlelaus, ta duce: 

MS B,B S,A 
. MB B^A S,S 

B,B 1 

=> —■— = - ; 

B, A 3 

Tir(l), (2), suy ra: 

BD // B,D! => B 2 D 2 \h ducmg trung binh cua ACBD 
n£n B 2 , D 2 theo thur ta 1& trung didm BC, CD 

do do: 

D,D f , B,B f 

—=— = 1 va —— = I. 

d 2 c b 2 c 

Chu y : Dinh If M6l61aus co ndi dung nhu sau: " Tren car rank AB, BC, CA cua 
AABC (hoar tren phdrt keo ddi cua chung) lay car diem C, t A h B , thi C ,, A,, B, 

than si hang khi va chi khi: -= 1 . 

A.CB.AC.B 



BAlT^PDfi NGHI 

Bai tap 1: Cho hinh chop SABCD day lk hinh binh hanh tkm O. Goi M, N, I la ba 
diem lay tren AD, CD, SO. Tim thie't dien cua hmh chop vdi (MNI). 

Bai tap 2: Cho hinh chop SABCD. M la mdt diem trdn canh SC, N va P Ikn luot la 
trung die’m cua AB vk AD. Tim thie't dien cua hinh ch6p vdi (MNP). 

Bai tap 3: Cho hinh chop S.ABCD. Trong ASBC va ASCD lkn luot Iky diem M, N. 

a. Tim giao di£m cua MN va (SAC). 

b. Tim giao diem cua SC va (AMN). 

c. Tim thie't dien cua hinh chop cat bdi (AMN). 

Bai tap 4: Cho hinh chop S.ABCD day la hinh binh hknh. Goi M la trung diem 
SB, G lk trong tarn ASAD. 

a. Tim giao die’m I cua GM vk mat phkng (ABCD). Chumg minh rang CD nkm 
trong mat phkng (CGM). 

b. Chdng minh rang (CGM) di qua trung diem cua SA. Tim thiet dien cua 
hinh chop cat bdi (CGM). 

c. Tim thiet dien cua hinh chdp cat bdi (AGM). 

1 Bai toan 2: Dien tich cua thie't dien. | 

PHUONG PHAP CHUNG 
Ta thuc hifin theo cdc budc sau: 

Budc I: Xac dinh thiet dien. 

Budc 2: Difin ti'ch thiet dien duqc ti'nh thdng qua dien tich tarn giac vk tu gidc 
dang dkc biet. 

Vi du 1: Cho td dien ABCD, dd dai cac canh bang 2a. Goi M, N lkn luot 1a trung 
die’m cdc canh AC, BC, goi P 1a trong tkm ABCD. Tinh dien ti'ch thie't dien cua tit 
dien vdi mat phang (MNP). 
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N, P, D th&ng hang. Suy ra MND la thie't dien c3n 

A 


la ducmg trung binh. 


, vi DN 1& ducmg trung tuyln trong tam gidc ddu. 


, vi DM la ducmg trung tuy£n trong tam giac d6u. 


nhur v&yAMND c&n tai D, goi H la ch&n ducmg cao ha tir D, ta diroe: 

S<im N d = - MN.DH = - MN VdM 2 -MH 2 
2 2 

a 2 ViT 


D 




BAI TAP NGHI 

Bai tap I: Cho td didn ABCD co do dai cac canh bang a. Keo dai BC mdt doan 
CE = a. Keo dai BD mdt doan DF = a. Goi M la trung did’m AB. 

a. Tim thidt didn cua td didn vdi mat phing (MEF). 

b. Ti'nh didn tich thidt didn. 

Bai tap 2: Cho tur didn ABCD c6 dd dai cac canh bang a. Goi I, J lin lirot la trung 
di<f'm cua AB va CD. Goi G la trong tam AACD 

a. TtnhdddailJ. 

b. M la did’m di dong trdn doan BC. Tim tap hop giao didm N cua AM va (I(T)). 

c. Xac dinh thidt didn cua td didn vdi (IGM) khi M la trung did’m cua BC. 
Tinh cdc ti sd' ma (IGM) chia cdc canh CD vd AD. Thidt didn la hinh gi ? 
Tfnh didn tich cua no. 


bAi tap On chltOng i 

Bai tap 1: Thidt didn cua mdt hinh tir dien co thd’ id tam giac, td giac hoac ngu 
giac hay khdng ? 

Bai tap 2: Cho hinh chop S.ABCD. Goi M la didm thudc midn trong cua tam giac 
SCD. 

a. Tim giao tuyd'n cua hai mat phing (SBM) vi (SAC). 

b. Tim giao didm cua ducmg thing BM vdi mat phing (SAC). 

“ c. Tim thidt didn cua hinh chop cdt bdi mat phing (ABM). 

Bai tap 3: Cho hai hinh thang (khdng binh hanh) ABCD va ABEF co chung day 
ldn AB vd khdng cung nim trong mdt mat phing. 
a. Xac dinh giao tuyd'n cua cdc cap mat phing: 

(ACE) vd (BDF); (BCE) vi (ADF). 
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b. L£y di£m M tren doan DF. Tim giao di£m cua ducmg thing AM vai mat 
phing (BCE). 

c. Chung minh ring hai ducmg thing AC vi BF khdng cat nhau. 

Bai tap 4: Cho tur di£n ABCD. Goi G,, 0 2 lin luot la trong tam cac tarn giac BCD, ACD. 

a. Churng minh AG, va BG : cat nhau. Goi giao diem nay la I. Tinh cic ti s 6 

IA IB 

IG, ’ IG 2 ‘ 

b. Churng minh I la trung di^m doan thing ndl cac trung diem cua AB va CD. 

c. Churng minh cac ducmg thing di qua dinh cua tii di£n va trong tam cua mat dd'i 
ditn dong quy tai mdt di&m, did'm nay goi li trong tam cua tur didn. 

Bai tap 5: Cho hinh chop S.ABC. Goi I, H theo thur tu la trung didm cua SA va 

AB. Lay didm K trdn doan SC sao cho CK = 3KS. 

a. Tim giao diem duong thing BC vai mat phing (IHK). 

b. Goi M la trung did’m cua IH. Tim giao didm cua ducmg thing KM vdi mat 
phing (ABC). 

Bai tap 6: Cho hinh chop S.ABCD, M la mot di£m trdn canh BC, N la mdt di£n 
tren canh SD. 

a. Tim giao didm I cua BN vi (SAC) va giao didm J cua MN va (SAC). 

b. DM cit AC tai K. Churng minh S, K, J thing hang. 

c. Xac djnh thiet didn cua hinh chop S.ABCD vai mat phing (BCN). 

Bai tap 7: Cho hinh chop S.ABCD, day la hinh thang ABCD vai AB // CD va 
AB > CD. Goi I ia trung didm cua CS. Mat phing a quay quanh AI cit cac canh SB* 
SD lin luot tai M va N. 

a. Chtrng minh MN lu6n di qua didm c 6 dinh. 

b. IM keo dai cit BC tai P, IN keo dai cit CD tai Q. Churng minh PQ lu6n di 
qua mot diem c6 dinh. 

c. Tim tap hap giao did’m cua IM va AN. 

Bai tap 8: Cho tu didn ABCD. Goi I ia didm nim trdn ducmg thing BD nhung 
kh6ng thudc doan BD. Trong mat phing (ABD), ta ve fn6t ducmg thing qua I va cit 
hai doan AB, AD theo thur tu tai K vi L. Trong mat phing (BCD), ta ve m6t duong 
thing qua I vi cit hai doan CB, CD theo thur tir tai M vi N. 

a. Chumg minh ring 4 didm K, L, M, N d6ng phing. 

b. Goi O, ia giao didm cua hai ducmg thing BN va DM, 0 2 ia giao di£m cua 
hai ducmg thing BL va DK, vi J la giao diem cua hai ducmg thing LM va 
KN. Chung minh ring ba didm A, J, O, thing hing \a ba di^m C, J, 0 : 
thing hing. 

c. Gia sis hai ducmg thing KM va LN cit nhau tai H. Churng minh ring H 
thudc ducmg thing AC. 

Bai tap 9: Cho hai mat phing a vi P cit nhau theo giao tuy£n m. M6t ducmg 
thing d cit a a A vi va cit p d B. Tr6n d ta liy 2 diem co dinh S, vi MS-* cit a tai 

M, Mv. 

a. Chirng minh dudmg thing M, M 2 ludn di qua m6t di6m co dinh. 

b. Gia su ducmg thing M, M 2 cit m tai K. Churng minh ring ba di6m K, B, M 
thing hing 

c. M chay tr6n ducmg thing b c6 djnh cua mat phing P (b khdng qua B va cit m). 
Churng minh M, M 2 chay tr^n 2 ducmg thing c 6 djnh thudc mat phing a. 
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C HUONG II 

QIIAN III; SONG SONG 

CHU DE 1 

HAI Bl/dNG THANG SONG SONG 


I. KlfiN THCTC CO BAN 
1. DINHNGHlA 

Hai dudng thing song song Id hai dudng thing rung 
nam trong mdt mat piling vd khdng co diem chung. 



2. CACDINHLf 

Dinh U1: Qua mdt diem nam ngodi mot difcmg thing clio trade ta dung dupe mot vd 
chi mdt dudng thing song song vdi dudng thing dd cho. 

Trie 14: vrii B i a thi 3! b qua B v4 b // a. 

He qua 1: Trong mat phing a cho dudng thing a vd diem B t a. Neu tdB tu dung 
dudng thing h song song vdi a thi h nam trong mdt phing a. 

Trie 14: 

B e a 

Beaea obca. 

[B e b // a 

Dinh U 2: Cho hai dudng thing song song. Mat phing ndo cat dudng thing nay at 
phdi cat dudng kia. 

Trie 14: 

r a//b . _ 

=> a n b = B. 

[ana = A 

Dinh U 3: Hai dudng thing phdn hiet cung song song vdi mdt dudng thing thu ha 
thi song song vdi nhau. 

Trie 14: 

:a//c 


b//c 


a // b. 


Dinh li 4: Neu ha mat phing cit nhau theo ha giao tuyen phdn hiet thi ha giao 
tuyen ay lioac ding quy hope ddi mdt song song. 

Trie 14, vrii a, P, y ph4n bifit v4 thoa man: 

[any = a 
Pny = b => 

,anp = c 

He qua 2: (Ve giao tuyen) Neu liai mat phing cat nhau vd Ian lifpt chifa liai dudng 
thing song song cho trude thi giao tuyen cua chung song song vdi hai dudng thing 
'I'M 


a//b//c 
a,b,c dringquy 
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Tuc li: 

a g a va b g P 
> a//b =>c//a//b. 

anp = c 

II. CAC DANG TOAN LlfcN QUAN 


Bai toan 1: Chung minh hai ducmg thing song son 


PHUONG PHAP CHUNG 

Ete chumg minh hai duCmg thing song song vdi nhau ta co thi’ su dung m6t trong 
cac each sau: 

Cdch 1: Chumg minh 2 ducmg thing do d6ng phing, r6i ip dung phuong phap chumg 
minh song song trong hinh hoc phing (nhu tmh chit ducmg trung binh cua 
tarn giac, djnh li Talet dao, tmh chit song song cua hai ducmg thing cung 
vubng goc voi ducmg thing thur ba,...). 

Cac It 2: Chimg minh 2 ducmg thing do cung song song voi ducmg thing thur 3. 

Ciu h 3: Ap dung djnh If v6 giao tuyin (dinh H 4 hoic hi qua 2). 

Vi du 1: Cho hinh chop SABCD. Goi I, J lin luot li trong 5 

tim ASAB vi ASAD. Chung minh ring IJ // BD. A \ 

Gidi //] \\ 

Goi M, N theo thur tu li trung di£m cua AB, AD, ta co: // \ \. 

SI 2 . SJ 2 ........ ... / \ \ \ 

SM 3 SN 3 D \7 / l\ / 

Mit khac, trong AABD ta c6 MN li ducmg trung binh j^V 7 ... \/ 

n6n: \ / 

MN//BD. (2) ’ V^M “ 

TCr (1) vi (2) suy ra MN // BD. A 

Vi du 2: Cho hinh chop SABCD diy ABCD li hinh thang veri cac canh day AB 
vi CD (AB > CD). Goi M, N lin lucrt li trung di£m cua SA, SB. 

a. Chumg minh ring MN // CD. 

b. Tim giao di£m P cua SC vi mit phing (ADN). 

c. Keo dii AN vi DP cat nhau tai I. Chumg minh ring SI // AB // CD. Tu giac 
SABI li hinh gi ? 

Gidi 

a. Trong ASAB, ta c6: 

MN // AB - tmh chit dudng trung binh. (1) 

Mat khic: 

AB//CD - vi ABCD li hinh thang day AB, CD. (2) ^_* 

TCr (1) vi (2) suy ra MN // CD. j VS. ^ 

b. Goi E = AD n BC. M / 

P = SC n EN c (ADN) /J- 

ro P = SC n (ADN). A V "^B 

c. Ta co: CVL l\/ 


E 
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AB e (SAB) v* CD e (SCD) 

■ AB//CD => SI // AB // CD. 

(SAB) n (SCD) = SI 
NhSn xet rang: 

MN = - SI va MN = - AB => SI = AB o SABI la hinh binh hanh. 

2 2 

BAI TAP d£ NGHI 

Bai tap 1: Cho tu dien ABCD. Goi l, J lin ltrort la trong t4m cac AABC va AABD. 
Chumg minh rang IJ // CD. 

Bai tap 2: Cho hinh ch6p S.ABCD diy la hinh bmh hanh. Goi M, N, P, Q theo thur 
tu la trung diim cua SA, SB, SC, SD. Chumg minh rang MNPQ la hinh binh hanh. 
Bai tap 3: Cho tur dien ABCD. Goi M, N, P, Q, R, S lin luot la trung die’m cua 
AB, CD, BC, AD, AC, BD. Chung minh MNPQ la hinh binh hanh. Tir d6, suy ra 3 
doan MN, PQ, RS cat nhau tai trung di£m mdi doan. 

Bai tap 4: Cho tur di6n ABCD. Goi M, N, P, Q, R, S la bon di£m l^n lugt la'y tren 
b6n canh AB, BC, CD, DA. Chung minh rang n£u 4 diim P, Q, R, S d6ng phang 
thi: 

a. Ba duong thing PQ, SR, AC hoac d6i m6t song song hoac d6ng quy. 

b. Ba ducmg thing PS, QR, BD hoac doi m6t song song hoac dong quy. 

Bai tap 5: Cho AABC nim trong mat phing a. Goi Bx, Cy la hai nira duong thing 
song song vh nim v6 cung m6t phfa d6i vdi a. M vi N la hai di£m di dong I in luot 
tr£n Bx, Cy sao cho CN = 2BM. 

a. Chumg minh ring ducmg thing MN lu6n di qua m6t di^m c6 dinh I khi M, N 
di d6ng. 

b. E thu6c doan AM va 3EM = EA, IE cit AN tai F. Goi Q li giao diem cua 
BE vi CF. Chung minh ring AQ song song vdi Bx vi Cy va (QMN) chua 
m6t dudng thing c 6 dinh khi M, N di d6ng. 

Bai tap 6: Cho hinh ch6p S.ABCD day la hinh binh hanh. Goi M, N, P, Q la cac 
diem ldn luot tren BC, SC, SD, AD sao cho MN // BS, NP // CD, MQ // CD. 

a. Chumg minh ring PQ // SA. 

b. Goi K la giao diim cua MN vi PQ. Chung minh ring diim K nim tren m6t 
dufmg thing c 6 dinh khi M di d6ng tren BC. 

c. Qua Q dung cdc ducmg thing Qx // SC va Qy // SB. Tim giao diim cua Qx 
vdi (SAB) va cua Qy vdi (SCD). 

Bai tap 7: Cho hai dufmg thing cheo nhau a va b. Co thi dung hai du6mg thing 
song song cit ca a vi b kh6ng ? 

Bai tap 8: Cho hai ducmg thing cheo nhau a vi b. Chung minh ring tit ca cac 
ducmg thing song song vdi a va cit b diu nim trong mot mit phing. 

Bai toan 2: Tim giao tuyin cua hai m^t phing. 

Thiet dien chura m6t ducmg thing song song vdi m6t ducmg thing 
cho trudc. 
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PHUONG PH AP CHUNG 

D£ tim giao tuyen cua 2 mat ph&ng ngoai phuong phap " Tim 2 diem chung cua 
2 mat plutng ", ta su dung dinh If 4, nhu sau: 

Butii 1: Chi ra r&ng a, P l&n loot chura hai ducmg th&ng song song a va b. 

Buck 2: Tim mot di6m chung M cua hai m<it phing. 

Buck .?: Khi do: a n P = Mx // a // b. 

Thi£t dien c&t bdi mdt m&t ph&ng chura m6t ducmg thiing song song vdi mdt 
ducmg thiing cho trudc duoc xac djnh b4ng each phd'i hop hai c£ch xac dinh giao 
tuyd'n da biet. 

Vi d \f 1: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. Trdn doan SA \&y 

diem M sao cho 2SM = MA, tren doan SB l£y didm N sao cho 2SN = NB. 

a. Tim giao tuyen cua hai mat ph&ng (SAD) va (SBC). 

b. Chumg minh ding MN // CD. 

c. Dieim P niim tr£n canh SC khong triing vdri S. Tim giao tuy£n cua hai m&t 
ph&ng (MNP) va (SCD). 

Gidi JL_ x 

a. Ta co: 

AD € (SAD) va BC g (SBC) N / y 

' AD // BC => Sx // AD // BC. d 

(SAD)n(SBC) = Sx / / 

b. Tif gia thid't, ta co: B^-— 

SM 1 , SN 1_ 1#XT//AD 

-= — va —- = — ^> MN // AB. (1) 

MA 2 NB 2 

Mat khac, vi ABCD la hinh binh hanh ndn AB // CD. (2) 

Tu (1) va (2) suy ra MN // CD. 

c. Ta co: 

MNg(MNP) va CD g (SCD) 

• MN//CD =>Py//MN//CD. 

(SAB) n (SCD) = Py 

Vi dy 2: Cho hinh chop S.ABCD, day ABCD la hinh thang, cac canh day AD = 
a, BC = b. Goi I, J ldn luot la trong t&m cac ASAD, ASBC. 

a. Tim giao tuy£n cua (SAD) vdi (SBQ. 

b. Tim giao tuy£n cua (BQ) vdi (SAD). 

c. Tim giao tuyd'n cua (ADJ) vdi (SBC) 

d. Tim dd dai doan giao tuyd'n cua hai mat phing (ADJ) va (BCI) gidi han bdi 

hai mat pb^ng (SAB) va (SCD) c 

Gidi L- x 

a. Ta cd: / \\ 

AD g (SAD) va BC g (SBC) M // \ \N 

AD//BC AMfi 

(SAD) n(SBC) - Sx A VTTT } It/D 

=> Sx // AD // BC. _ W 
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b. Ta c6: 

AD e (SAD) vA BC g (BCI) 

AD//BC =>Iy//AD//BC 

(SAD) n (BCI) = Iy 

va Iy cat SA, SD theo thur tu tai M, N. 

c. Ta co: 

ADg(ADJ) va BCg(SBC) 

•AD//BC =>Jz//AD//BC 

(ADJ) n (SBC) = Jz 

► 

va Jz cat SB, SC theo thur tu tai E, F. 

d. Gia sir AE cat BM tai H va CN cat DF tai K, v& ta c£n di tfnh d6 dai HK. 

2 

Ban doc tu lam (lira tren dinh li Ta - let , dap s 6 HK = — (a + b). 

YIdMJj Cho hinh chdp S.ABCD day la hinh thang vdi c£c canh day la AB, CD. 
Goi I, J Idn luort la trung did’m cua AD va BC va G la trong tam ASAB. 

a. Tim giao tuyd'n cua (SAB) va (IJG). 

b. Xac dinh thidt didn cua hinh chop v6i mat phang (IJG). ThidTt didn la hinh gi ? 
Tim dieu kidn dd'i vdri AB va CD de thid't di'dn ia hinh binh hanh. 

Gidi S 

a. Ta co: 

AB g (SAB) va IJ g (UG) 

AB//IJ -- 

(SAB)n(UG) = Gx '-—A 

=> Gx // AB // IJ. 

b. Gia sir Gx cat SA, SB theo thur tu tai M, N. Khi do ta duoc 4 doan giao tuydn la 
IJ, IM, MN va NJ. Do do thidt didn la hinh thang MNJI. 

Ta c6: 

MN // AB => -= — = — o MN = — AB. 

AB SE 3 3 



II = — (AB + CD) - tfnh chat doan trung binh. 

2 

Dd hinh thang MNJI la hinh binh hanh dieu kidn ia: 


MN = IJ o 


— AB = — (AB + CD) o AB = 3CD. 
3 2 


¥idV-& Cho tir didn ABCD, cac canh bang nhau va bang 6a. Goi I, J lAn luot la 
trung didm cua AC, BC. Goi K la mdt di£m trdn canh BD vcri KB = 2KD. 

a. Xac dinh thidt didn cua tur didn vdri mat phAng (IJK). Chung minh thidt didn 
ia hinh thang cAn. 

b. Tfnh didn rich thidt didn theo a. 
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Giai 


Kx//AB//IJ. 


c. Ta co: 

AB e (ABD) va IJ e (IJK) 

AB//IJ 

(ABD) n (IJK) = Kx 

Gia sir Kx cat AD theo thur tir tai H. Khi d 6 ta duoc 
4 doan giao tuyd'n la IJ, IH, HK va KJ. Do do thifSt didn 
la hinh thang IJKH. 

Mat khic, ta tha'y ngay: 

AACD = ABCD => IH = JK. 

Vay, thid't didn IJKH la hinh thang can. 

Trong AABC, ta co: 



B 


d. 


IJ= — AB = 3a. 
2 

Trong AABD, ta c6: 
HK KD 1 

~ 3 




HK = - AB = 2a. 
3 


AB BD 
Trong ABJK, ta co: 

BJ = 3a, BK = 4a 

JK 2 = BJ 2 + BK 2 - 2BJ.BK.cos KBJ 

= (3a) 2 + (4a) 2 - 2.3a.4a.cos60 p = 13a 2 
=> JK = a Vl3 . 

Xet hinh thang IJKH, ha dirdmg cao KP, ta co: 


KP = VJK 2 -PJ 2 = , JK 2 - 


( IJ - HK ^ 


S U kh = - (IJ + HK).KP = - (3a + 2a). 
2 2 


) 

a VJT 


iyff\ 


5a 2 VBT 


2 4 

Nhart xit: Trong 16i giai cau b), vi thid't didn IJKH ia hinh thang can ndn vide ti'nh 
didn tich ciia no kha don gian. Trong nhan xdt nay, chung ta ciing xem xdt m6t dd 
xuat khac de ti'nh duoc didn ti'ch thid't didn va no dac bidt co fch trong truemg hop 
thid't didn ia nhung da gidc khfing c6 dang dac thu. 0 

Kdo dai IH va JK, chung cat nhau tai Q. 

Khi d6: 

S(JKH = Saqjj - SiQ HK . 

bai tapd£ nghi 



Bai tap 1: Cho tir dien ABCD. Goi M, N theo thu tu ia trung did’m cua AB va AC. 
Trdn doan BD la'y didm P . 

a. Tim giao tuyd'n cua (DMN) vdi (BCD). 

b. Tim giao tuyd'n ciia (MNP) voi (BCD). 


27 




Bai tap 2: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. Goi I, J lln lucrt 
la trong tarn ASAB va ASAD. M la trung didm CD. Xac dinh thiet didn cua hinh 
chop voi mat phlng (IJM). 

Bai tap 3: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. 

a. Tim giao tuy£n cua hai mat phlng (SAB) va (SCD). 

b. La'y di6m M tuy y trdn canh SC nhimg khong trung vdri S, mat phlng (ABM) 
cat SD tai N. Tur giac ABMN la hinh gi ? 

Bai tap 4: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, tarn O. Mat 

bdn SAB la tarn giac d£u. Ngoai ra SAD = 90°. Goi Dx la ducmg thing qua D song 
song voi SC. 

a. Tim giao didm I cua Dx vdri mat phlng (SAB). Chung minh A1 // SB. 

b. Tim thidft dien cua hinh chop vdri mat phlng (ACI). Tfnh didn tich cua thid't 
didn. 

Bai tap 5: Cho hinh chop S.ABCD, dly ABCD la hinh vuong canh bang a, mat bdn 

SAB la tarn gilc ddu. Cho SC = SD = a VJ. Goi H, K lln luot la trung didm cua SA, SB. 
M la m6t didm trdn canh AD. Mat phlng (HKM) clt BC tai N. 

a. Chtfng minh HKMN la hinh thang can. 

b. DAt AM = x (0 < x < a), tfnh di£n tfch cua tu giac HKMN theo a, x. Tfnh x 
de dien tich nay nho nhat. 

c. Tim tap hop giao diim cua HM va KN; cua HN va KM. 

Bai tap 6: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. I, J ISn luort la 
trung diim cua SB, AB. M la m6t di^m bit ky trdn niia dudmg thing Ax chua C. 
Bi£n luan theo vi tri cua diim M tr6n Ax cac dang cua thid't didn cua hinh chop clt 
bdri mat phlng (IJM). 
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CHUDE2 


BLfCfNG THANG VA MAT PHANG SONG SONG 


I. KIEN THtrc CO BAN 

1. DINHNGHlA 

Mot (lifting thang va mot mat pining goi la song song d _ 

vdi nhau neu cluing khong co diem chung. - - 7 

2. cActinhchXt / 

Dinh li 1 : Dieu kien rein va dii de mot difang thang song 

song vdi mdt mat phang la difdng thang do khong ndm _ 

trong mat phang va song song vdi mdt difdng thang ndo >- y 

do chda trong mat phang. \ / 

Turc la, vdri d <£ a thi neu: 
d // a c a => d // a. 

Dinh li 2 Neu difdng thang d song song vdi mat phang a thi hat ky mot mat phang 
ndo eh da d mu cat a thi se cat mat phang do theo mot giao tuyen song song vdi d. 

mi ‘, : W -71 

d//a _<L 

< => d // a. 

d cBna = a /.—.- y 

*7 • 

He qua : Cho difdng thang d song song vdi mat phang a. Neu td mot diem M cua a 
difng difdng thang a song song vdi d thi difdng thang a ndm trong mat phang a. 

Turc la: j 

d//a 

. . ^ M .a ~7 


M e a 


==> a c a. 


[ M e a // d 

Dinh li 3: Neu hai mat phang cat nhau cung song song vdi mot difdng thang thi 
giao tuyen cua chung song song vdi difdng thang do. 

Turc \h: 

a n p = c jg 

^ j __ j // „ Id 


a//d 

P//d 


=> d //c. 


Dinh li 4: Cho hai difdng thang cheo nhau. Qua difdng thang nay, ta difng duoc 
mot va chi mot mat phang song song vdi difdng thang kia. 

Turc Ih, v6i a, b ch6o nhau thi: / 


3! a: 


aca 


[a//b • 

He qua : Cho hai difdng thang clieo nhau. Td mdt diem hat ky khong thuoc mat 
phang chda difdng thang nay song song vdi difdng thang kia , ta difng difoc mdt va 
chi mot mat phang song song vdi 2 difdng thang dd cho. 
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II. CAC DANG TOAN LlfeN QUAN 


Bai loan 1: Chtirng minh duimg thane song song vdi mat 


PHUONG PHAP CHUNG 

Dft’ chumg minh dudng thing d song song vdi mat phing a ta chdng minh d 
kh6ng nim trong a va song song vdi mdt dudng thing a chura 'trong a. 

Chu y: Ne’u a khdng c6 sin thi ta chon mdt mat phing P chufa d va nhin a lam giao 
tuy£n cua a vi p. 

Vi du 1: Cho tuf difin ABCD. Goi G, va G, theo thu tir la trong tarn AABD vi 
AACD. Chumg minh G,G, song song vdi cac mat phing (ABC) va (BCD). 

Gidi 

Ta co th£ lira chon mdt trong hai cich sau: 

Cdi li 1 : Goi M, N, I, K theo thur tir li trung did’m cua AB, AC, CD, BD. 

Trong AABD, ta co ngay: A 


3 


DG, _ 2 


AK 3 DM 3 

Trong AACD, ta co ngay: 

. AG, 2 , DG, 2 

- = — va-- = — 

AI 3 DN 3 

Tir do, ta ldn lircrt co: 



=> G,G, // KI c (BCD) G,G, // (BCD). 


AK AI 3 

-= -=^3. = ± => G,G, // MN c (ABC) G,G 2 // (ABC). 

DM DN 3 

Cach 2: Goi E \h trung didm cua AD. 

Trong AABD, ta c6 ngay: ^ 

be 3 / r j| y\ 

Trong AACD, ta c6 ngay: g / : '1 \J 0>D 

cg, 2 V 

CE "" 3 

Tir do, ta co: 

BE CE 3 

Vi BC thudc (BCD) va (ABC) ndn G,G 2 // (BCD) va G,G, // (ABC). 

Vi du 2: Cho chop S.ABCD c6 day ABCD li hinh binh hanh. Goi M, N lin lircrt 
la trung di£m cac canh AB, CD. Goi P la trung di£m cua SA. 

a. Chumg minh MN song song vdi cac mat phing (SBC) va (SAD). 

b. Chumg minh ring SB song song vdi (MNP). 

c. Chufng minh ring SC song song vdi (MNP). 

d. Goi G, va G 2 theo thu; tir la trong tarn AABC va ASBC. Chumg minh G,G, 
song song vdi (SAD). 
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Gidi 

a. Trong hinh binh hanh ABCD, ta co MN la dudng trung binh, do do: 

MN // BC c (SBC) => MN // (SBC). S 

MN // AD c (SAD) =} MN // (SAD). Av 

b. Trong ASAB, ta co MP la duemg trung binh, do do: / ;<a\. 

SB //MP c (MNP) => SB // (MNP). //VdXn 

c. Ta c6 the lua chon mdt trong hai each sau: x/ \ . 

Cdch 1 : Ta co: / \ 'qV 

AD e (SAD) vrk MN e (MNP) A^~M - £ 

• AD // MN => Kx // AD // MN. 

(SAD) o( MNP) = Px 

Gia sir Px cat SD tai Q, suy ra Q la trung di&n SD. 

Trong ASCD, ta co NQ la du6ng trung binh, do do: 

, SC // NQ c: (MNP) => SC // (MNP). 

Cdcli 2: Goi O la trung diem MN, suy ra O la trung ditfm AC. 

Trong ASAC, ta co OP la duong trung binh, do do: 

SC // OP c: (MNP) => SC // (MNP). 

d. Goi K la trung dit?m SB. Ta co: 

CG, 2 CG 2 2 S 

CK 3 CM 3 An, 

=>G,G : //MK. (I) / \\ 

Mat khac, trong ASAB, ta co MK la duemg trung / V^Gj\ 
binh, do do: / i P /VT'**** 

MK // SA. (2) / /gX 

Tir (1) vi (2) suy ra: I I \/ 

G,G 3 //SAc(SAD)=>G,G 2 //(SAD). A M B 


BAI TAP Dfi NGHI 

Bai t£p 1: Cho hai duemg th&ng phan bidt a, b va mat phang a. 

a. Gia su a // b va b // a, co thi kd't luan gi v6 vi tri tuong dli cua a vdi a. 

b. Gia su a // a va b // a, co th£ kd't luan gi vd vi tri tuong d6i cua a vdi b. 

Bai tap 2: Cho tu didn ABCD. G la trong tarn tarn giac ABD. M la m6t dilm trdn 
canh BC sao cho MB = 2MC. Chung minh MG song song vdi (ACD). 

Bai tap 3: Cho hai hinh binh hanh ABCD va ABEF kh6ng cung nam trong m6t 
mat phang. 

a. Goi O va O’ ldn luot la tarn cua ABCD va ABEF. Chung minh OCT song 
song vdi cac mat phang (ADF) va (BCE). 

b. M, N theo thur tu la trong tarn cua cac tarn giac ABD va ABE. Chung minh 
MN song song vdi (CDEF). 

Bai tap 4: Cho tur didn ABCD. goi O, O* Win luot la tarn duemg tron n6i tilp cac 
tarn giac ABC va ABD. Chung minh rang: 

a. Didu kidn can va du dd OO’ song song vdi (BCD) la: 
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BC AB + AC 
BD ~~ AB +AD 

b. Didu kidn c£n va du d(? OO’ song song vdri 2 mat phing (BCD) va (ACD) la 
BC = BD v* AC = AD. 


Bai toan 2: Tim giao tuyen cua hai mat phing. 

Thidt didn song song vdri mot dirong thing cho trude. 


PHU0NG PHAP CHUNG 

1. Tim phirong giao tuyd'n bang dinh If 2 hoSc djnh If 3. 

2. Tu do xac djnh thidt didn cua hinh chop cat boi mat phing song song vdri 
mdt hoac hai ducmg thing cho truce theo phuong phap da biet. 

Vi du 1: Cho hinh chop S.ABCD. M, N la hai didm bit ki trdn SB va CD. a la 
mat phang qua MN va song song vdri SC. 

a. Tim cac giao tuyd'n cua a vdri cac mat phing (SBC), (SCD) va (SAC), 
b Xac djnh thidt didn cua S.ABCD vdri mat phing a. 

Gidi S 

a. Nhan xet ring: /l\\ 

SC//a 

• Mx e (SBC)na f p 'V 

Ny e (SCD)na ® v / ^ 

r- Mx // SC vi Mx cit Bd tai E. \ / 

^ L Ny // SC vi Ny cit SD tai F. 

Goi K li giao didm cua EN vdri AC, ta co: ^ 

SC//a 

• SC c: (SAC) =>Kz//SC 
Kz g (SAC)na 

v& Kz cat SA tai H. 

b. N6i MH, FH ta duoc ngu giac MENFH chmh La thi£t dien cua S.ABCD vdri mat 
phAng a. 

Vi du 2: Cho tur didn ddu ABCD. Goi E la didm n&m trong AABC. Mat phang a 
qua E song song vdri cac dudmg thang AC va BD. Xac dinh thi£t didn cua ABCD vdri 
mat phang a. Thidt didn \h hinh gt ? A 

Gidi /[ S '\ 

Ta Idn luat co: M/ 1 Xs \N 

AC "a ?U TV 

- AC e (ABC) => Ex // AC B \ \ 

ExG(ABC)na oVl 

va Ex cit AB va BC theo thd tu tai M va Q. r 
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BD//ot 

• My e (ABD)na 
Qz e (CBD)na 


My // BD va My cat AD tai N. 
Qz // BD va Qz cat CD tai P. 


Ba mat phang a, (ABC) va (ACD) cat nhau theo ba giao tuyd'n MQ, AC, NP va 
MQ // AC nfin MQ // NP. 

Vay, thiet dien MNPQ la hinh binh hanh. 

Vi du 3: Cho hinh chop S.ABCD day ABCD la hinh thang co day Ion BC = 2a, 
AD = a, AB = b. Mat ben SAD la tarn giac deu. a la mat phang qua didm M tren canh AB 
va song song vdi SA va BC, a cat CD, SC, S B Kin lurpt tai N, P, Q. 

a. Chung minh MNPQ la hinh thang can. 

b. Tinh dien ti'ch thiet dien theo a, b va x = AM, (0 < x < b). Tinh gia trj I6n 
nha't ciia dipn ti'ch. 


Giai 


a. Ta ian luot co: 
SA //a 


SA c (SAB) => MQ // SA. 

MQ e (SAB)na 

BC//a 

MN e (ABCD) n a => MN // PQ // BC. 
PQ € (SBC)na 
Nhan xet rang: 

MQ BM BQ CN CP 

“ BS CD 



SA BA BS CD CS 
Vay, thid’t difin MNPQ la hinh thang can. 
b. Gia sir AB cat CD tai I, ta co: 


MD SA-SD 

— => MQ = NP. 
SD 


AD = — BC => AD la duong trung binh cua AIBC 


do d6 IA f AB = b va: 

MN jM _ IA + AM 
BC ~ IB IA + AB 
Trong ASBC, ta co: 

PQ SQ 


2b b 


AM x 2ax 

-= - => PQ = - 

BC SB AB b b 


Trong ASAB, ta co: 

MQ BM b - x 


=> MQ = 


a(b- x) 




N 


H M 


SA AB b b 

Xet hinh thang can MNPQ, ha duomg cao QH, ta co: 


QH = VMQ 2 - MH : = JmQ 2 - 


MN-PQ 


>/3a(b- x) 


2b 
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Smnpq = ^ (MN + PQ).QH = ^ 
.(b + 3x)(b - x). 


a(b + x) + 2ax 


-y/3a(b - x) 


2b 


Ta bi£n d6i: 


^mnpq — 


4b- 


-\/3a 2 

4b 2 


4b 


2 r 


3 . 


M- 


s 


yfia 2 4b 2 a 2 


4b‘ 


S' 


a 


Vay (S MNPQ ) Ma< = —, dat duoc khi: 

xV3-= 0 o x = — . 

& 3 


BAI TAP NGHI 

Bai tap I: Cho hinh chop S.ABCD. M, N la 2 didm trdn AB, CD, a la mat phang 
qua MN va song song voi SA. 

a. Tim cac giao tuyd'n cua a vdri (SAB) vh (SAC). 

b. Xac djnh thi€ft didn cua hinh chop vdri mat phang a. 

c. Tim didu kidn cua MN dd thidt didn la hinh thang. 

Bai tap 2: Cho hinh chop S.ABCD day la hinh blnh hanh. Mat phang cx chuydn 
d6ng lu6n song song vdri BC va ddtrg thcri di qua trung didm C, cua canh SC. 

a. Mat phang a cat cac canh SA, SB, SD 15n lupt tai A,, B,, D,. Thidt Jidn 
A.B.C.D, la hinh gi ? 

b. Churng minh a ludn chura m6t ducmg thang c6 djnh. 

c. Xac djnh thidt didn ma a cat hinh chop S.ABCD. Dinh M dd thidt didn la 
hinh binh hanh. 

d. Goi M ia giao didm cua A,C, va B,D,. Chung minh rang khi a thay d8i thi 
M chuy&i d6ng trdn m6t dircmg thang c 6 djnh. 

Bai tap 3: Cho hinh chop S.ABC ), ddy ABCD ia hinh binh hanh tarn O. M ia m6t 
didm di d6ng trdn SC, a la mat phang qua AM va song song voi BD. 

a. Churng minh a lu6n chura m6t ducmg thang c 6 djnh. 

b. Tim cac giao diem H va K cua a voi SB, SD. Churng minh rang 

SB SD SC . .. . 

— + — +- c 6 g, a tn kh6ng d6i. 

SH SK SM 

c. Thidt didn cua hinh chop voi a co thd la hinh thang dupe kh6ng? 

Bai tap 4: Cho tu didn ddu ABCD canh a. M va P ia 2 di£m di d6ng trdn cac canh 
AD va BC, sao cho AM = CP = x, (0 < x < a). M6t mat phang qua MP va song song 
vdri CD cat tu didn theo m6t thidt didn. 

a. Churng minh thidt didn th6ng thudmg la hinh thang can. 

b. Tfnh didn tich thi£t didn. Tim x di didn tich thidt didn nho nha't. 
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Bai tap 5: Cho h'rnh chop S.ABCD, day ABCD la hmh binh hanh. M la diem 
chuyen dong tren canh SC va a la mat phAng chua AM va song song vdi BD. 

a. Chung minh ring mat phAng a lu6n chura m6t dudng thAng c 6 dinh khi M 
chuyen dong trdn canh SC. 

b. Mat phAng a cAt SB, SD theo thur tu tai E va F. Hay trinh bay each dung 
diem E va F. 

c. Goi I la giao di£m cua ME va CB, J la giao di£m cua MF va CD. Chung 
minh ring ba di£m I, J, A thing hang. 

Bai tap 6: Cho hmh chop S.ABCD, day ABCD la hinh thang. M la di£m bit kl 
tren canh AB va a la mat phAng qua M song song vdi AD va SB. 

a. Mat phAng a cAt hinh chop theo thiit di£n la hinh gi ? 

b. Chung minh ring a song song vdi SC. 

Bai tap 7: Cho tur di£n ABCD co AB = CD = a, BC = AD = b, AC = BD = c 

(a > b > c). Mot mat phAng a song song vai AB va CD, cAt tur di£n theo mdt thi£t 

dien co chu vi p va dien rich s. 

a. Dinh a di p lan nhit, nho nhit. 
b Dinh a di s lan nhit. Tmh di£n rich Ay. 

Bai tap 8: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tAm O. M la 
trung di£m cua SB. Xac dinh thiit di£n cua hinh chop S.ABCD cAt bai mat phAng a 
trong 2 trudng hap sau: 

a. a qua M va song song vai SO va AD. 

b. a qua O va song song vai AM va SC. 

Bai tap 9: Cho tur di£n d£u ABCD canh a. Goi I la trung di£m cua AC, J la m6t 
dieim tr£n canh AD sao cho AJ = 2JD. M 1A mdt die’m di ddng trong tarn giac BCD 
sao cho mat phAng (MIJ) luon song song vdi AB. 

a. Tim hop diem M. 

b. Tmh di£n tich thief di£n cua tur di£n ABCD vdi mat phAng (MIJ). 
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CHU DE3 


HAI MAT PHANG SONG SONG 


I. Klfc'N THtrc CO BAN 

1. DINH NGHlA / 

Hai mat phang goi Id song song vdi nhau neu cluing /ci\ _/ 

khong c6 diem chung. / 

2. CAC TfNH CHAt _/ 

Dinh li 1 : Neu hai mat phdng a vd P song song vdi nhau thi moi difdng thdng a 
ndm trong a deu song song vdi p. / ~7 

Turc \h: / 


a e a 
a//p 


a // p. 



Dinh li 2 : Neu mot mat phdng dura hai difdng thdng cat nhau vd hai difdng thdng 
nay ciing song song vdi mot mat phdng cho trifdc thi hai mat phdng do song song 
vdi nhau. 

TCc lk: / a^x^b / 

a.bea _/ 

- a cat b => a // p. / ~V 

a//p va b//p & - / 

He qua 1 : Neu mot mat phdng chifa hai difdng thdng cat nhau Ian I if at song song 
vdi hai difdng thdng ciia mdt mat phdng khdc thi hai mat phdng do song song vdi 
nhau. 

Turc la: /a^>^^b/ 

a,b€a /±\ _/ 

< a cdt b =>a//p. / ai^^^by/ 

a//a, cPvi b//b, c p ' 

Dinh li 3: Qua mot diem O hat ky ndm ngodi mat phdng a hao gid cung dung duoc 
mot vd chi mdt mat phdng song song vdi mat phdng a. 

Turc \k 

(O £ P 

O € a => 3?P: 

[a//p 

Cdch difng: 

• Trong a dung a, b cat nhau. 

• Qua O dung a, // a, b, // b. 

• Mat phang (a,, b,) la mat phang qua O va song song vdi a. 

He qua 2: Neu difdng thdng a song song vdi mat phdng a thi cpia a c6 mot vd chi 
mdt mat phdng P song song vdi mat phdng a. 
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He qua 3: Hai mat phang phdn hiet rung song song v&i mat phang thitha thi song 

song v&i nhau. s - 

Tire \h: / §\ . X 

| a/,r =,a//p. ^ X 

lP//y 7-7 


He qua 4: Neu tit mot diem A nam ngoai mat phang a ta ditng mot dudng thdng 
song song v&i a thi dudng thdng nay nam trong mat phang qua A vd song song v&i 


Turc la: 

a//p 

< A € P => Ax c p. 

Ax//a 

Dinh li 4 : Neu hai mat phang song song hi c at hai mot / 

mat phang thir ha thi hai giao tuyen song song v&i >—j—J- y 

it 4=44 

x. 4 / 

< a = a n y a//b. -s/ 

b = pny / 

•Dinh li 5: Hai mat phang song song chan tren hai cat ,u 

tuyen song song nhung doan thdng hang nhau. ; 

Tifc 1&: • / 

a//pv& a//b — i / 

• ana = A, v&anP-B, => A|B, = A 2 Bi. /b 

bna = A, v& bnP = B 2 j \ 

Dinh li 6: (Dinh H Tal£t trong kh6ng gian) Ba mat phang song song chan tren hai 
cat tuyen hat ky nhitng doan thdng titang itng ty le. 

Tutc \h: a | • 

ot//p//y wy 

• ana = A, v& anp = B, vii any = C, 1 

bna = A 2 vi bnp = B 2 va bny = C 2 y4\ B| 


A, B, 

B, C, 


A 2 B. 

B,C- 


II. CAC DANG TOAN LlfeN QUAN 
I Bai toan 1: Chung minh hai mat phang soni 
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PHUONG PHAP CHUNG 

D£ chung minh 2 mat phAng song song ta di chung minh mat phAng nay chtra 
hai ducmg thAng cAt nhau song song vdi mat phAng kia (hoac song song vdi hai 
ducmg thAng cAt nhau nAm trong mat phAng kia). 

Chuy : 

I. Sir dung tfnh chat: 



ta duoc them m6t phiromg phap d i churng minh ducmg thAng a song song vdi a. 

2. Sir dung dinh If Ta - let dao ta duoc th£m m6t phuong phap de churng minh 
ducmg thAng song song vdi mat phAng, cu th£: 

Ba di^m A,, B,, C, thu6c ducmg thAng a vA ba didm A 2 , B 2 , C 2 thu6c ducmg thAng 
b (voi a va b cheo nhau) thoa man! 

A, B, A 2 B 2 


B,C, B 2 C 2 

suy ra t6n tai duy nha't bd ba mat phAng a, P, y song song lAn luot chura cac doan 
thAng A, A 2 , B.B., C,C 2 , tur do ta duoc cac kd't qua: 

A |A 2 song song vdi P vA y. 

B, B 2 song song vdi a va y. 

C, C 2 song song vdi a va p. 

Di£u quan trong nha't cAn chi ra duoc su t6n tai cua mdt trong ba mat phAng. 

Vi du 1: Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tarn O. Goi M, 
N lAn luot la trung diem cua SA vA CD. 

a. Chimg minh rang mat phAng (OMN) v& mat phAng (SBC) song song vdi 
nhau 

b. Goi I la trung di£m SC, J la mdt didm tr£n (ABCD) va each d£u AB va CD. 
Churng minh IJ song song vdi (SAB). 

c. Gia sir hai tarn gidc SAD, ABC d£u can tai A. Goi AE, AF la cac ducmg 
phan giac trong cua cac tarn giac ACD v& SAB. Churng minh EF song song 
vdi (SAD). 

Gidi 

a. Nhan xet rang: 


OM//SC 

ON//BC 


(OMN)//(SBC). 




b. Goi P, Q theo thu tir la trung diem AD va BC, suy ra J 
thude dudng thAng PQ. 

NhAn xet rAng: 

PQ//AB 
IQ//SB 

c. Su dung tfnh chat ducmg phan giac, ta co 

ED AD AS FS 


> <IPQ) // (SAB) IJ // (SAB) 



EC AC AB FB 
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B 


suy ra t6n tai duy nhAt bo ba mat phAng song song lAn 
lupt chufa cac doan thAng SD, EF, CD*v?na thAy ngay 
mot trong ba mat phAng do chi'nh la (SAD), do do: 

EF // (SAD). 

Chu y: Neu cac em hoc sinh cam thAy kho hidu trong 
Icri giai cua cAu c) thi co thd sir dung lcri giai tucmg minh 
hon nhu sau: 

Dung EH//SD, H e SC. (1) 

NhAn xdt rang: 

HS ED AD AS FS 

HC ~ EC AC ~ AB FB 

Tii(I) vA (2) suy ra: 

(HEF) // (SAD) => EF // (SAD). 

V( du tidp theo se sir dung lai each trinh bay nAy dd giup cAc em hoc sinh nAm 
vOng hon. 

Vi du 2: Cho tur didn ABCD. Goi I, J 1A hai did’m di d6ng lAn lupt trdn cac canh 

.^ _ _ , . . , IA JB 

AD, BC sao cho luon co — = —. t 

ID JC 

a. Chung minh rAng IJ lu6n song song voi m6t mat phAng c 6 djnh. 

b. Tim tap hop didm M chia doan IJ theo ti s 6 k cho truce (tuc did’m M thoa 


=> HF // BC => HF // AD. 


( 2 ) 


IM = k. MJ). 


Giai 


( 1 ) 

( 2 ) 



a. Dung JH // AB, H e AC. 

NhAn xet rAng: 

• — = — = — => HI // CD. 

HC JC ID 

Goi a 1& mat phAng chira-AB va song song vdi CD, 
suy ra a la mat phAng c 6 dinh v& (HIJ) // a. 

b. Giai sir (HIJ) cdt BD tai K, d£ thAy HIKJ \k hinh binh hanh. Qua M ke PQ song 
song vdi AB (P € HI v& Q e JK). Ta c6: 

AP n BQ = E va EM n AB = F. 

Nh&n x£t rAng: 

ED PI MI , C1X ... . . _ . , 

-=-=- = k => E la di£m chia CD theo ti s6 k. 

EC PH MJ 

— --=- = k F la di£m chia AB theo ti s6 k. 

FB MQ MJ 

V&y, tAp hop di&m M chia doan IJ theo ti s 6 k la doan EF vdi E, F lAn Inert la 
di£m chia CD v& AB theo ti s 6 k. 


BAITAPDfi NGHI 

Bai tap 1: Cho hinh chop S.ABCD day la hinh binh hAnh tAm O. Goi M, N lAn 
lupt la trung did’m cua SA, SD. 

a. Chirng minh rAng (OMN) song song vdi (SBD). 









b. Goi P va Q la trung diim cua AB va ON. Chumg minh r£ng PQ song song 
vdi (SBC). 

Bai tap 2: Cho hai hinh vu6ng ABCD va ABEF a trong 2 m&t ph&ng khac nhau. 
Tr6n cac ducmg cheo AC vk BF l£n lirot l&'y cac di6m M, N sao cho AM = BN. Cac 
ducmg thing song song vdi AB ve tir M, N lin lucft cit AD, AF tai M\ N\ 

a. Chumg minh ring (CBE) song song vdi (ADF). 

b. Chumg minh ring (DEF) song song vdi (MNN’M’). 

c. Goi 11 i trung diim cua MN, tim t&p hop diim I khi M, N ddng. 

Bai tap 3: Cho tur di6n ABCD cd AB = AC = AD. Chumg minh ring cac dudng 

ph&n giac ngoii cua cic goc BAC,CAD,DAB d6ng phing. 

Bai tap 4: Trong mat phing a cho hinh binh hanh ABCD. Ta dung cic ntra dudng 
thing song song vdi nhau va nim mdt phia dd'i vdi a lin luot di qua cic di6m A, B, 
C, D. Mat phing P cit bd'n nua dudng thing noi trdn tai A,, B,, C,, D,. 

a. Chumg minh ring (AA,, BB,) song song vdi (CC,, DD,). 

b. Chumg minh ring A,B,C,D, li hinh btnh hanh. 

c. Chumg minh ring AA, + CC, = BB, + DD,. 

Bai tap 5: Cho hai ntra dudng thing cheo nhau Ax, By, M vi N la 2 di£m di dong 

lin luot trdn Ax, By sao cho AM = BN. Ve NP = BA. 

a. Chumg minh MP c6 phucmg kh6ng d6i va MN lu6n song song vdi mot mat 
phing cd' djnh. 

b. Goi I la trung didm cua MN. Chumg minh rang I nim trdn mdt dudng thing 
c6' dinh khi M, N di ddng. 

Bai tap 6: Cho hai ducmg thing cheo nhau a va b. Tim tap hop cac did’m I tren 
doan thing MN va chia MN theo ti s6' k cho trudc khi M, N di ddng lin luot trdn a, b. 


Bai loan 2: Tim giao tuyd'n cua hai mat phing. 

Thid't didn song song vdi mdt mat phing cho trudc. 


PHUONG PHAP CHUNG 

1. Ta su dung thdm dinh If 4 dd xic djnh giao tuyd'n cua hai mat phing. 

2. Thid't didn cua hinh chdp cit bdi mdt mat phing song song vdi mdt mat 
phing cho trudc duoc xic dinh thdng qua vide tim duqc cac doan giao tuyd'n 
nhu trdn. 

StUlLiS Cho hai mat phing song song a va p. A, B, C la ba didm khdng thing 
hang thude a va MN la doan thing nim trong p. 

a. Tinrgiao tuyd'n cua (MAB) va P; giao tuydn cua (NAC) va p. 


b. Tim giao tuydn cua (MAB) va (NAC). 

Gidi 


a. Ta cd: 

a//p 

• AB = a n (MAB) => Mx // AB. 
Mx = prv(MAB) 

Ta cd: 
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all p 

AC = an(MAC) => Ny // AC. 

Ny = |3 rM MAC) 
b. Vi AB cat AC tai A nen 

MxnNy = D=> (MAB) n (NAC) = AD. 

Vi du 2: Cho hinh chop S.ABCD day ABCD la hinh thang, day Ion AB = 3a, 
AD = CD = a. Mat ben (SAB) la tam giac can dinh S vdi SA = 2a, a la mat phang di 
dong song song vdi (SAB), cat cac canh AD, BC, SC. SD theo thur tu tai M, N, P, Q. 
a. Chung minh MNPQ la hinh thang can. 

Dat x = AM, vdi 0 < x < a. Dinh x da MNPQ ngoai tidp duac mdt dudng 
tron. Tinh ban kt'nh dudng tron do. 

Goi I la giao didm cua MQ va NP. Tim tap hop nhQng didm I khi M di dong 
trdn AD. 

Goi J la giao didm cua MP va NQ. Chirng minh IJ cd phuong khdng ddi va J 
di ddng trong mdt mat phang cd dinh. 

Gidi 

a. Ta ian luprt cd: 

a //(SAB) 

MN = a n (ABCD) => MN // AB. 

AB = (SAB)n 

Lap luan tuong tu ta cung cd: 

NP // BS, PQ // CD, QM // SA. 

Nhan xet rang: 

MN // PQ bdi AB // CD. 

MQ DQ CP NP SA-® 

SA DS “ CS " SB 

Vay, thidt didn MNPQ la hinh thang can. 


b. 


c. 


d. 


=> MQ = NP. 



Dfi MNPQ ngoai tiap duoc mdt dudng trdn diau kidn la: 

MN + PQ = MQ + NP oMN + PQ = 2MQ. 

Trong ASAD, ta cd: 

MQ _ DM _ a - x 

~SA ~ “ 


=> MQ = 2(a - x). 


=> PQ = x. 


DA a 
Trong ASCD, ta cd: 

PQ SQ AM = x 

CD " SD _ AD ~ a 

Gia su AB cat CD tai O va OD = y, ta cd: 

OD CD a _ a 

-=-= — =>3y = a + y<=>y = —. 

OA AB 3a 2 


( 1 ) 


( 2 ) 


(3) 


MN OM _ OD + DM 
AB " OA ” OD + DA 


= 2 . 


+ a 


=> MN = 3a - 2x. 


+ a 


(4) 
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Thay (2), (3) va (4) vao (1), ta dupe: 

a 

3a - 2x + x = 4(a - x) <=> x = — 



Vay, vdi x = — thi MNPQ ngoai ti€Tp duoe mdt dudng tron. N 
Khi do, xet hinh thang can MNPQ, ha dudng cao QH, ta c6: 

/m wti2 % mr^.2 f MN ~ PQ ^ &y[l 


; QH = Vmq 2 -mh 2 = ^MQ 2 = 

1 a>/7 

suy ra ban kmh duemg tron ndi tid'p MNPQ la r = — QH =- 

2 6 

Can c) va cl) hoc sinh tu lam. 


BAI TAP f)£ NGHI 

Bai tap 1: Cho hinh chop S.ABCD day ABCD la hinh binh hanh tam O co 
AC = a, BD = b. Tam giac SBD la tarti giac ddu. Mdt mat phang a di ddng song 
song vdi (SBD) va qua didm I trdn doan AC. 

a. Xac dinh thid't didn cua hinh chop vdi mat phang a. 

b. Tinh didn tich thidt didn theo a, b va AI = x. 

Bai tap 2: Cho hinh chop S.ABCD, day ABCD la hinh thang co cac canh day AB, 
CD vdi CD = p.AB (0 < p < 1). So la didn rich tarn giac SAB. a la mat phang qua 

didm M trdn canh AD va song song vdi mat phang (SAB). Dat - x , vdi 

AD 

0 < x < 1. 

a. Xac dinh thid't dien cua h]nh chop S.ABCD vdi mat phang a. Tinh dien rich 
thid't didn theo So, p, x. 

b. Tinh x di didn tich tWidt didn bang mdt nua didn tich tarn giic SAB. 

Bai tap 3: Cho tur didn ABCD, goi G,, G 2 , G, l£n luort la trong tarn cac tarn giac 
ABC, ACD, ADB. 

a. Chung minh mat phang (G,G 2 G ? ) song song vdi mat phang (BCD). 

b. Tim thid't dien cua tu didn ABCD vdi mat phang (G,G 2 G0- Tmh dien tich 
thiet didn bid't didn tich tarn giac BCD la s. 

c. M ia did’rn di ddng ben trong tur didn sao cho G,M ludn song song vdi mat 
phang (ACD). Tim tap hop nhung didm M. 

Bai tap 4: Cho hinh chop S.ABCD, mdt mat phang a di ddng ludn ludn song song 
vdi (ABC), cat SA, SB, SC ldn luort tai A,, B,, C,. Tim tap hop didVn chung cua 3 mat 
phang (ABC), (BCA), (CAB). 
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CHU DE4 

HINH LANG TRU VA HiNH H6P 


I. KIEN THUC CO BAN 


1. HINH LANG TRU 

Dinh nghia: Hinh long tru Id mot hinli da dien cd hai mat ndm trong hai mat 
phdng song song goi Id hai day vd tat cd car canh khong thuoc hai day den song 
song vdi nhau. 

Trong do: 

■ Cac mat khac vpi hai day goi la cac mat 
hen cua hinh lang tru. 

■ Canh chung cua hai mat b£n goi la canh 
hen cua hinh lang tru. 

■ Tuy theo da giac day, ta co hinh Ung tru 
tam giac, lang tru tu giac,... 

Ttr dinh nghia cua hinh lang tru, ta lan luot suy 
ra c£c tinh chat sau: 

a. Cdc canh b6n song song va bang nhau. 

b. Cdc mat bdn vh cac cac mat cheo la rrhung hinh binh hanh. 

. c. Hai day la hai da giac co cac canh tuomg ung song song va bang nhau. 

2. hInhhOp 

Dinh nghia 

a. Hinh lang tru co day Id hinh hinh hanh goi Id hinh hop. 

b. Hinh hop co tat cd cdc mat hen vd cdc mat day den Id hinh chit nhdt goi Id 
hinh hop ( In? nhdt. 



Hinh hop cd tat cd cdc mat hen vd cdc mat day den Id hinh vuong goi Id 


hinh lap phifemg. 



Chu y: Cac duemg cheo cua hinh hdp cat nhau tai trung di£m m6i dironig. 

II. CAC PANG TOAN LlfeN QUAN _ 

Bai toan I: Sir dung ti'nh chat cua hinh lang tru - Thie't di6n._ 
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PHUONG PHAP CHUNG 

1. Nam virng dinh nghTa va cdc ti'nh chat cua hinh lang tru dd’ ve hinh vd chumg 
minh mdt s6 tinh chat khdc. 

2. Vide xdc dinh thid't didn cua hinh lang tru cat beti mdt mat phing cung tid'n 
hanh tuemg tu nhu dd'i vdi hinh chop. Liru y ring " Hai day hinh king tru 
song song, do do giao tuyen cua mat plidng cat 2 mat do, neu co, Id hai 
doan theing song song ". 

Vi du 1: Cho lang tru tarn gidc ABC.A,B|C|. Goi M, M, theo thur tu la trung 
didm cua ede canh BC va B,C,. v *" 

a. Chumg minh rang AM // A,M,. 

b. Tim giao di£m cua mat phang (AB,C,) vdri dudmg thing A,M. 

c. Tim giao tuyd'n d cua hai mat phing (AB,C,) vd (BA,C,). 

d. Tim giao di£m G cua dudmg thing d vdi mat phing (AMA,). Chumg minh 
ring G Id trong tdm AAB,C,. 

Gidi 

a. Tit gia thid't, ta ducte: 

// h 

MM, = BB, = AA, 

<=> AMM,A, la hinh binh hdnh 

=> AM // A,M,. 

b. Chon mdt phing phu (AMM,A,) chura A,M. 

Nhdn xdt ring: 

(AMM,A,)n(AB,C l ) = AM, 

AM, n A,M = I 
suy ra A,M n (AB,C,) = I. 

c. Goi O = AB, n A,B, khi d6 ta nhdn ducte: 

(AB|C,) n (BA|C,) = OC,, chinh Id duimg thing d cin tim. 

d. Chon mdt phing phu (AB,C,) chiia d (chura OC,). 

Nhdn xdt ring: 

(AMA,) n (AB,C,) = AM, 

AM, n OC, = G 
suy ra d n (AMA,) = G. 

Dd thd'y G Id trong tdm AAB,C,, boi trong AAB,C, thi G la giao di^m cua hai 
dudrng trung tuyd'n. 

Vi du 2; Cho ldng tru tarn gidc ABC. A,B,C,, day la tarn giic ddu canh a. Cdc 
mat bdn ABB,A,, ACC,A, la hinh vu6ng. Goi I, J Id tdm cdc mat bdn n6i trdn vd O 
Id tdm dudrng tron ngoai tid'p tarn gidc ABC. 

a. Chumg minh IJ song song vdi mdt phing (ABC). 

b. Xdc dinh thid't didn cua lang tru vdi mdt phing (IJO). Chumg minh thid't didn 
Id thang cdn. Tinh didn tich cua nd theo a. 

Gidi 

a. Nhdn xdt ring: - 

IA i ^ JA i = , 

IB JC 

=> IJ // BC c (ABC) => IJ // (ABC). 
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b. Ta l&n luot c6: 

JJe(IJO) va BCe(ABC) 

IJ // BC 

(IJO)n(ABC) = Ox 
=> Ox//IJ//BC. 

va Ox cdt AB va AC theo thur tu tai E vh F. 

Noi El c&t A,B, tai H va noi FI c&t A,C, tai G. 

Nh it v&y, thid't didn la tur giac EFGH. 

Nh&n xet ding: 

[(ABC)//(A,B,C I ) 

(IJO) n (ABC) = EF => EF // GH => EFGH la hinh thang. 

[(IJO)n(A l B l C|) = GH 

Vi AABC n£n AA,B,B = AA,C,C, do do EH = FG. 

V&y, thi£t di£n EFGH la hinh thang c&n. 

■ Trong AABC, ta co: 

= — => EF = —. 

BC 3 3 


Trong AA|B,C,, ta c6: 


HG 

B|C, 


A,H 

A|B, 


-5^- = — => HG = — 
BA 3 3 


Trong AIBE, ta co: 

IE 2 = BI 2 + BE 2 - 2BI.BE.cos IBE 


a 


£ 

2 


\ 2 


IE 


J 

a>/f0 


'a' 2 




_ 2 .^,*.cos45»=^ 

2 3 18 


=> EH = 2IE = 


»VTo 


6 3 

Khi do, xet hinh thang can EFGH, ha dirdng cao HM, ta c6: 

EF-HGV aV39 


HM = >/ EH 2 - ME 2 = JeH 2 - 


Sepch =i(EF + HG).HM 


> 


2 


'2a a 
, 3 + 3 


aV39 a 2 V39 




12 


Chuy: Trong 16i giai tr£n: 

1. C) cau a), chung ta co the sir dung nhan xet: 




M 


" 1 


IJ la duomg trung binh cua AA,BC o IJ = — BC (ta c6 IJ = —). 



2. Khi do, trong cau b), chung ta co the tinh dd dai HG dua tren tmh chit IJ la 
dudng trung binh cua hinh thang EFGH nhu sau: 

IJ= — (EF + HG) => HG = 2IJ - EF = 2.— - — = 

2 . 2 3 3 

BAI TAP Dfi NGHI 

Bai tap 1: Cho lang tru tam giac ABC. A,B,C,. 

a. Tim giao tuyfin cua (AB,C,) va (BA,C,). 

b. Goi M, N \&n lirort la 2 di£m bit ki trdn AA, va BC. Tim giao didm cua B,C, 
vdi mat phang (AA,N) va giao didm cua MN vdri mat phang (AB,C,). 

Bai tap 2: Cho lang tru tam giac ABC.A,B,C,. Goi M la trung didm ciia trung 
tuyd'n AI cua day ABC. a la mat phang qua M va song song vdi cac dirdng thang 
AC, va B,C. Xac dinh thid't dien cua lang tru da cho vdi a va tim ti so ma thict didn 
chia canh CC,. 

Bai tap 3: Cho lang tru tam giac ABC.A,B,C,. Goi G, G, theo thur tu 15 trong tam 
AABC va AA,B,C,. 

a. Chumg minh rang cac mat phang (ABC,), (BCA,) va (CAB,) co rmot didm 
chung O d trdn doan GG,. ^ 

b. Tmh ti s 6 . 

OG, 

Bai tap 4: Cho larig tru tam giac ABC.A,B,C,. 

a. Goi I, K, G l£n iuort la trong tam cac tam giac ABC, A,B,C,, ACC,. Chumg 
minh rang (IGK)//(BB,C*,C) va (A,KG)//(AIB,). 

b. Goi M, N 13n luot la trung didm cua BB, va CC,. Hay dung dudng thang qua 
trong tam tam giac ABC cat AB, va MN. 

Bai tap 5: Cho lang tru tam giac ABC. A,B,C,. Cac didm M, N ldn lirort la trung 
didm cua BC va CC,. P ia diem dd'i xumg cua C qua A. 

a. Xac d|nh thid't didn cua lang tru vdi mat phang (A,MN). Tmh ti s6 ima thidt 
didn chia canh AB. 

b. Xac dinh thid't didn cua lang tru vdi mat phang (MNP). Tmh ti s6 ima thid't 
didn chia canh AA, va AB. 

Bai tap 6: Cho lang tru tam giac ABC.A,B,C,. Goi H la trung did’m cua A, B,. 

a. Chumg minh CB, song song vdi mat phang (AHC,). 

b. Tim giao didm cua AC, vdi (BCH). 

c. Mat phang a qua trung di£m cua CC, va song song vdi AH va CB,. Xac 
djnh thid't didn va ti s6 m5 cac dinh cua thid't didn chia canh tuong umg cua 
lang tru. 


Bai loan 2: Sir dung tinh chat cua hinh hdp - Thid't dien. __| 

PHUONG PHAP CHUNG 

1. Nam vflmg dinh nghTa va cac tinh chat cua hinh hdp dd ve hinh va chumg 
minh mdt s 6 tinh chat khac. 

2. Vide xac dinh thid't didn cua hinh hdp cat bdi mdt mat phang cung ti<en hanh 
tuong tu nhu dd'i vdi hinh lang tru. 
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Vi du 1: Cho hinh hop ABCD. A|B|C,D,. 
a. Chi'xng minh rang (BDA,)//(B|D,C). 

h. Chung minh duPng cheo AC, di qua cac trong tarn G, G, cua AA,BD va 
ACB,D, va G, G, chia doan AC, lam 3 phSn bang nhau. 
c. Xac dinh thiet dien cat boi mat phang (A,B,G|) v6i hinh hpp da cho. Thid't 
di£n la hinh gi ? 


d. Goi O, K Idn lupt la tarn cac hinh binh hanh ABCD va BCC,B,. Xac dinh 
thiftt di£n cat boi mat phang (A,OK) voi hinh h6p da cho. 



GO AO _ \_ 

GA, A,C, 2 

do dd, G D trong tarn AA,BD. 

■ Chung minh tuong ttr G, la trong tarn ACB,D|. 

Nhan xet rang OG, 0,G, theo thir tu la ducmg trung binh cua AACG, va AA,C,G 
n£n: 

AG = GG, = G,C, 

lure la G, G, chia doan AC, lam 3 ph&n bang nhau. 

c. Keo dai B,G, cat CD, tai P, ta cd P la trung difim cua CD, vi G, la trong tarn 
ACB,D,. 

Ta cd: 


A,B, e (A,B,G,) va C,D, g (CDD,C,) 

< A,B, //C,D, => Px //A,B, // C,D, 


[(A l B,G,)n(CDD l C l ) = Px 

gia sir Px theo thur tu cat CC, va DD, tai M va N. 

Khi do, ta nhan duoc thid't di6n A,B,MN la hinh binh hanh. 


d. Ta lSn lupt co: 

■ Trong (A,B,CD) gia su: 

A,K n DC = I. 

■ Nd'i IO cat BC va AD theo thur tu 
tai E va F. 

■ Ndi KE cat B,C, tai H. 

Nd'i A,F va A,H nhan dupe thig't didn 
A,FEH la hinh binh hanh. 


D, C, 



B 
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Vi du 2: Cho hinh l&p phuong ABCD.A,B,C,D, canh a. Goi M, N, P I&n luqrt la 
trung d\im cua AB, B,C, va DD,. 

a. Chung minh (MNP) song song vdri cdc mat phang (AB,D,) va (BDC,). 

*b. Xac dinh thid't di£n cua hinh lap phuong voi mat phang (MNP) Thi£t dien la 
hinh gi ? Tfnh dien tich cua no. 

Gidi 

a. Goi O, O h I theo thur tir la tarn cua cac hinh vu6ng ABCD, A,B,C,D, va BCC,B,. 

Nhan xet rang: 

// 1 // 1 u 1 

MO = -AD = — A,D, = — BjC, 

2 2 2 

o MOC,N la hinh binh hanh 

=> MN // OC,. 

//I //I //I / 

-AA, = -DD, = 

2 2 

<x> NIDP la hinh binh hanh 

=> PN // DI. 

Tu (1) va (2) suy ra (MNP) // (BDC,). 

Mat khac: 

'AO, //C,0 


NI = -BB, 
2 



B,D,//BD 


=> (AB,D,) // (BDC,). 


Vay, (MNP) song song vdri cac mat phang (AB,D,) va (BDC,). 


D, 


b. Tif kfi't qua cau a), ta nhan xet: 

(AB,D,)//(MNP) 

(AB,D,)n(A,B,C,D,) = B,D, 

(MNP)n(A,B 1 C,D l ) = Nx 

suy ra Nx song song vdi B,D, va cat C,D, tai F la trung 
di^m cua C|D,. 

(C,BD)//(MNP) 

(C,BD)n(ABCD) = BD 
(MNP) n (ABCD) = My 

suy ra My song song vdi BD va cat AD tai Q la trung di£m cua AD. 

Keo dai FN cat A,B, tai G, nd'i GM cat BB, tai E. 

Vay, thifit didn cua hinh lap phuong vcri mat phang (MNP) ia luc giac MENFPQ. 

Dua theo tfnh chat ducmg trung binh ta tha'y ngay MENFPQ la luc giac d6u co dd 

... , , . aj2 

dai canh bang-. 



Khi do: 


a 




^MENFPQ - 6. ~ 


s 


3a 2 V3 
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BAI TAP NGHI 

Bai tap 1 : Cho hmh lap phuong ABCD.A,B,C,D, canh a. Goi a la mat phing qua 
tarn O cua mat ABCD va song song voi B,D va BC,. 

a. Xac dinh thiet di6n cua hinh lap phuong voi mat phing a. 

b. Tinh dien tich thifct dien theo a. 

Bai tip 2: Cho hinh lap phuong ABCD.A,B,C,D, canh a. Tr6n AB, OC„ C,D, va AA, 
lin luot lay cac didm M, N, P, Q sao cho AM = C,N = C,P = AQ = x, vcri 0 < x < a. 

a. Chumg minh 4 diem M, N, P, Q dong phing va MP, NQ cdt nhau tai m6t 
diem c 6 dinh. 

b. Chumg minh mat phing (MNPQ) lu6n chua m6t durcmg thing c 6 dinh. Dinh 
xd6(MNPQ)//(A,B I C l ). 

c. Dung thiet dien cua hinh lap phuong cat bdi (MNPQ). Thitft dien co dac diitn gi 
v£ canh ? Ttnh gia tri Ion nhdt va nho nha't cua chu vi thidt di6n. 

Bai tap 3: Chung minh rang trong hinh hop, tdng cac binh phuong cua bdn ducmg 
cheo bang tdng cac binh phuong tat ca cac canh. 

Bai tap 4: Cho hinh hop ABCD.A,B,C,D,. Goi M, N, P, Q, R, S theo thu tu la trung 
diem cua cac canh AB, BC, CC,, C,D,, D,A,, A,A. 

a. Chumg minh ring sau diem M, N, P, Q, R, S d6ng phing. 

b. Chumg minh ring luc giac MNPQRS co tarn doi xung la giao didm cac dudng 
cheo cua hinh h6p. 
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CHU DE 5 

HiNH CHOP CUT 

L KltfN THtTC CO BAN 

1. DINHNGHlA 

Cho hinh chop SA|A 2 ...A„. Mdt mat phing a song 
song vcri mat phang chua da giic day cat cac canh SA,, 

SAj, .... SA„ theo thd tu tai A’,, A’ 2 , .... A’„. Hinh tao 
bcri thidt didn A’,A’ 2 ...A’„ va day A,A 2 ...A n cua hmh 
chdp cung vdri cic mat bdn A^A’^A’,, A 2 A 3 A’,A’ 2 , 

A„Aj A*, A* n goi la mdt hinh chop cut. 

Trong d6: 

■ Day cua hinh chop goi la day Ian cua hinh chop 
cut, con thidt didn goi la day nho cua hinh chop 
cut. 

* Cac mat con lai goi ]a cac mat hen cua hinh ch6p cut. 

■ Canh chung cua hai mat bdn k£ nhau nhu A,A’|, A 2 A’ 2 , ...A„A’„ goi la canh 
bdn cua hinh chdp cut. 

Tuy theo day la tarn giac, td giac, ngu giac, .. ta co hinh chop cut tarn giac, hinh 
chdp cut tu giac, hinh chdp cut ngu giac,... 

2. tInhchAt 

Vdi hinh chop cut, ta co cac tfnh chit sau: 

1. Hai day cua hinh chop cut hai da giic d6ng dang. 

2. C4c mit bdn cua hinh chop cut la cic hinh thang. 

3. Cach canh bdn cua hinh chop cut d6ng quy tai mdt diim. 

Chvfng minh 

1. Vi a // (A,A 2 ...A n ) ndn (theo djnh If " Neu hai mat phang song song hi cat hai 
mdt mat phang tht'fha thi hai giao tuyen song song vai nhau''): 

’ A,A 2 //A’,A’ 2 , 

A 2 A,//A\A’„ 

A n -|A n // ^ n~l^ n* 

ndn hai da giac A,A 2 ...A n va A’,A\ ...A’ n d6ng dang vai nhau. 

2. Lip luin nhu 1) ta thiy ngay cac mat b6n cua hinh chop cut la cac hinh thang. 

3. Cac canh btn cua hinh chop cut d6ng quy tai mot diem theo dinh nghla. 

II. VI DU MINH HOA 

Vi du 1: Cho hinh chdp cut ABC.A|B,C, trong do ABC la day 1dm. Goi M, N, P 
theo thd tu li trung di&n AB, BC, CA va M,, N,, P, theo thur tu la trung didm A,B,, 
B|C|,C|A|. 

a. Chdng minh ring cac dudng thing MM,, NN b PP, ddng quy. 

b. Chung minh ring MN // M : N„ NP// N,P„ PM // P,M,. 

Gidi 

a. Goi S la diem ddng quy cua cac ducmg thing AA,, BB,, CC,, ta co: 


S 
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AB//A.B, 

M, M, theo thur tu la trung di6m cua AB, A,B, 
suy ra S e MM,. 

Tuong tu, ta cung co S e NN, va S e PP,. 

VSy, cac dircmg thing MM,, NN,, PP, d6ng quy tai S. 
h. Theo ti'nh chat dtfcmg trung binh, ta co: 

MN//AC 
M,N, // A,C, 


ngoai ra, theo ti'nh chit hinh chop cut AC // A,C, nfin MN // M, 


Tuong tu, ta cung co NP// N,P,, PM // P,M,. 



BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh chop cut ABCD.A,B,C,D, trong do ABCD la day Idn co didn 
ti'ch bang s, va A,B,C|D, la day nho co di6n tich bang S 2 . 

a. Goi S la di£m d6ng quy cua cac ducrng thing AA,, BB,, CC,, DD,. Chung minh 
ring: 

SA, SB, SC, SD, 

SA SB SC SD 

b. Goi M la trung di6m AA,, mat phing a qua M va song song voi mat phing day 
(ABCD). Xac djnh thid't difin cua hinh chop cut vdi mat phing a. Ti'nh difin ti'ch 
thi£t di6n theo s, va s 2 . 

Bai tap 2: Cho hinh chop cut ABCD.A|B,C|D, trong do day ldn ABCD la hinh binh 
hanh. Goi M, N, P, Q lin luot la cac giao di^m cua cic cap du6ng thing AD, vi BC,, 
CB, va DA,, BA, va CD,, AB, va DC,. Chung minh ring bd'n di£m M, N, P, Q d6ng 
phing. 



51 







CHU DE 6 

PHEP CHl£u SONG SONG 


i. ki£n THtre CO BAN 

1. PHEP CHrfiU SONG SONG 

Cho m&t phing a va mdt ducmg thing / kh6ng song song vdri a. 

Vpi m6i diem M trong khdng gian, ducmg thing qua M 
song song vdri / se cit a tai diim M\ Die’m M’ duoc goi la 
hinh chieu song song cua di£m M tr6n mit phing a theo 
phtrong /. 

Mat phing a goi la mat phdng chieu. 

Phep dit tuong ung mdi didm M trong khdng gian vdri hinh chilu M' cua no trdn a 
duoc goi li phep chieu song song len mat phang a theo phi fang I. 

Chu y : Nlu a // / thi hinh chilu cua a \tn a la mdt di&n tr£n a (chfnh la giao d\im cua 
a vdri a), do v&y cac tuih chit trong phin sau chi xet nhung doan thing hoac dudmg 
thing khdng song song vdri /. 

2. CAc TfNH CHAt CUA PHEP CHlfiU SONG SONG 
Dinh U1 : Phep chieu song song hien ha diem thdng 
hang thdnh ha diem thdng hang va khdng lam thay 
doi thiftif cua ha diem do. 

He qua : Hinh chieu song song cua difdng thdng Id 
difdng thdng, cua tia Id tia, cua doqn thdng Id doan 
thdng. 

Dinh li 2: Hinh chieu song song cua hai difcmg thdng song song Id hai difdng than $ 




song song hoac ti ling nhau. 




He qua : Hinh chieu song song cua mot hinh hinh hdnh khdng ndm trong mat phdng 
song song v&i phifcmg chieu Id mdt hinh hinh hdnh. q 

Dinh li 3: Phep chieu song song khdng lam thay doi ti \/ 

so do ddi cua hai doqn thdng hoac song song hoac \ \ 

cung ndm tren mot difdng thdng. A \ \ \ 7 

Turcli: X. A’ b’ Cy 

AB AB’ / 


BC B'C 

3. HtNH BI^U DlfiN CUA MOT HtNH KHONG GIAN TRfiN MAT PHANG 

Ta thudrng ve cac hinh khdng gian nhu hinh chop, hinh l&ng tru,... tren bang hay 
trdn trang giiy, cac hinh ve do goi li hinh hieu dien cua mot hinh khdng gian tren 
mat phdng. 
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3.1. Dinh nghia 

Dinh nghia: Hinh hieu dien cua mot hinh H trong khong gian Id hinh chieu song song 
cua H len mot mat phang ndo do theo mdt phuong chid'u nao do. 

3.2. Cac yeu cau dd'i vdi mdt hinh bieu didn 

1. Hinh hieu dien phai dung : Dd ve Jung chung ta cdn quan tim tdi cac yd'u 1 6 
dirge bao toan sau: 

a. Su thing hang vi thur tu cua cac didm trdn mdt dudng thing. 

b. Su song song cua cac duemg thing, cac tia ho&c cic doan thing. 

c. Ti so dd dai cua cac doan thing cung phuemg. 

Nhu viy, cac tinh chat cua hinh khong thay doi qua phep chieu song song 
deu duqc gift a nguyen tren hinh hieu dien. 

2. Hinh hieu dien phdi noi : Giup chung ta dd tudng tugng. 

Chung ta co: 

■ Tam gidc: Mot AABC co thd xem li hinh bidu didn cua mdt tam giic bit ki 
(ddu, cin, vu6ng). 

■ Hinh binh hanh: Mot hinh binh hanh ABCD co ihi xem la hinh bi&i didn 
cua cac loai hinh binh hanh nhu hinh vu6ng, hinh chu nhit, hinh thoi vi 
hinh binh hanh bit ki. 

■ Dudng trdn : Dd bidu didn duong tron chung ta sir dung mdt hinh Elfp. 


II. CAC VI DU MINH HOA 

Vi dull Hinh chieu song song cua hai duemg thing cheo nhau co th i song song 
vdi nhau hay khdng ? 

Giai 

Tir hinh ve, ta thiy hinh chid'u song song cua 
hai duong thing cheo nhau a vab theo phuong 
chieu / trdn mit phing a co the’ song song vdi 
nhau. Trucrng hop nay xay ra khi " Mat phang (} 
song song vdi a vd h se chvta I hoqc song song 
vdi V ". 

Vi 2: Cho tir didn ABCD. Goi G li trong tim AABC. 

a. Chdng minh hinh chid'u song song K cua didrn G trdn mit phing (BCD) theo 
phuong chi£u AD la trong tim ABCD. 

b. Goi M, N, P lin luot li trung di£m cua ede canh AB, AC, AD. Tim hinh 
chid'u song song cua cac didm M, N, P trong phep chid'u song song d ciu a). 

Gidi 



a. Tu gia thid‘, ta duoc: 

GK//AD, 

AG n DK = E la trung did’m BC, 

suy ra: 

FK EG 1 D 

-=-= — => K la trong tim ABCD. 

KD GA 2 

b. Ta lin luot thuc hidn: 

■ Trong (ABD) dung Mx song song vdi AD vi cit BD taiCM’, khi dd M’ chinh 

la hinh chid'u song song cua diim M trong phep chid'u song song d ciu a). 
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■ VI N thudc AD ndn D chinh 1& hinh chid'u song song cua diem N trong phep 
chid'u song song oc&u a). 

■ Trong (ACD) dung Ny song song vdi AD va cat CD tai N\ khi do N’ chinh 
la hinh chi£u song song cua diim N trong phep chi£u song song a c&u a). 

V» dii 3; Cho ba di&n A, B, C n&m ngoai mat phing a. Gia sir BC song song vori 
a, con AB va AC cat a l£n luot tai D va E. Hay chon phuomg chid'u / sao cho hinh 
chid'u cua tarn giac ABC trdn a theo phuomg / la mdt tarn gidc ddu. 

Gidi 


Thuc hidn each dung: 

■ Trong mat phang a, dung didm A’ sao cho AA’ED d£u. 

■ Dung hinh chid'u B\ C’ cua B va C trdn mat 
phang a theo phuomg chid'u AA\ 

Ta di chumg minh AA’B’C’ la tarn giac ddu. 

That vay, ta co ngay: 

E, A’, C’ thang hang 
D, A’, B’ thdng hang 



ED//BC’ 


suy ra AA’DE va AA’B’C’ dong dang, tire la AA’B’C’ la tarn giac ddu. 


BAI TAP Dfi NGHI 

Bai tap 1: Hmh chid'u song song cua hai dudng thing cit nhau co thd’ song song 
vdi nhau hay kh6ng ? 

Bai tap 2: Cho hai di£m A vi B a ngoai mat phang a. Goi A’ va B’ theo thd tu la 
hinh chid'u song song cua hai di£m A va B trdn mat phang a theo phuang cua duemg 
thing / cho trade. Chumg minh ring ” Neu AB song song vdi a thi AB = A’B’ 
Dao lai co dung khong ? 

Bai tap 3: Cho hai di£m A va B a ngoai mat phing a, gia sir dudng thing AB cit a 
tai O. Goi A’ va B’ theo thir tu la hinh chid'u song song cua hai did’m A vi B trdn 
mat phing a theo phuomg cua duemg thing / cho trude nio dd. 

a. Chirng minh ring ba didm O, A’, B’ thing hing. 

b. Hiy chon phuemg / sao cho: 

AB = A’B’ AB = 2A’B’. 

Bai tap 4: Oiling minh ring trong tarn G cua AABC co hinh chid'u song song la trong 
tarn G’ cua AA’B’C’, trong dd AA’B’C’ li hinh chid'u song song cua AABC. 

Bai tap 5: Trong mat phing a cho AABC bit ki. Chumg minh ring cd thd xem: 

a. ABC li hinh chid'u song song cua mdt tarn giac can nio dd. 

b. ABC li hinh chid'u song song cua mdt tarn giac ddu nao dd. 

c. ABC li hinh chid'u song song cua mdt tarn giic vudng nao dd. 

Bai tap 6: Trong mat phing a cho hinh binh hinh ABCD bit ki. Chumg minh ring 
cd thd’ xem: 

a. ABCD li hinh chid'u song song cua mdt hinh chu nhit nio do. 

b. ABCD li hinh chid'u song song cua mdt hinh thoi nao dd. 

c. ABCD li hinh chid'u song song cua mdt hinh vudng nio dd. 
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b Ai tAp 6n chi/Ong n 

Bai tap 1: Khi giai mdt bai todn, mdt hoc sinh da ve tur didn, trong do da dung 
mot thidt dien (hinh dudri). Hinh ve co dung kh6ng ? 



B 


D 

Bai tap 2: Cho hmh chop S.ABCD day ABCD la hinh binh hanh. M6t mat phang 
a cat SA, SB, SC, SD ldn luat tai A’, B\ C, D'. Chumg minh rang didu kidn cdn va 
du d i A’B’CD' Id hinh binh hanh la a song song vdri (ABCD). 

Bai tap 3: Cho tur didn ddu ABCD canh a. Goi I, J 1 d trong tarn cac tarn gidc ABC vd 
DBC. Mat phang a qua IJ cat cac canh AB, AC, DC, DB tai M, N, P, Q. 

a. Chumg minh MN, PQ, BC d6ng qui hodc song song. 

b. Dat AM = x, AN = y. Chung mirth rang a(x + y) = 3xy. 

c. Tmh didn tich tur giac MNPQ theo a, x va y. 

Bai tap 4: Cho hinh chop S.ABCD, day ABCD Id hinh vu6ng canh a, t&m O. SA = 
SB = SC = SD = a. Goi M la mdt didm trdn doan AO; a Id mat phang qua M va 

AM 

song song vdri AD va SO. Dat - k , vdri 0 < k < 1. 

a. Chumg minh thidt didn cua hinh chop da cho cat bai a la hinh thang can. 

b. Tmh cac canh cua thidt didn theo a va k. 

c. Dm k d 6 thid't didn trdn ngoai tid'p duqc mdt ducmg tr6n. Trong trudmg hop 
ndy hay tmh didn tich thidt didn theo a. 

Bai tap 5: Cho hinh chop S.ABC, O la mdt didm ban trong tarn gidc ABC. Qua O 
ve nhumg dudmg thang ldn luqt song song vdri SA, SB, SC cat cac mat phang (SBC), 
(SCA), (SAB) theo thu tir tai A’, B\ C. 

a. Chi each dung ede didm A\ B\ C. 

OA’ OB' OC' 

b. Chumg minh rang tdng-+-+-co gia tri khdng doi khi O di ddng 

SA SB SC 

trong tarn giac ABC. 

c. Dinh O dd OA’.OB’.OC co gia tri 1dm nhd't. 

Bai tap 6: Cho hinh hinh chdp S.ABCD, day la hinh thang vdri AD // BC. M la mdt 
didm di ddng bdn trong tur giac ABCD. Qua M ve nhung ducmg thang ldn luot song 
song vdri SA, SB cat cac mat phang (SBC) vd (SAD) theo thur tu tai N vd P. 

a. Ndu each dung cac didm N, P. 

b. Chung minh-+-khdng d6i. 

SA SB 

c. Tim tap hop d\im M sao cho didn tich tarn giac MNP co gia tri 1dm nhd't. 
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Bai tap 7: Cho hinh chop S.ABCD. Tu giac day co AB va CD cit nhau tai H, AD 
va BC cit nhau tai F, AC va BC cit nhau tai G. a la mat phing cit SA, SB, SC lin 
luot tai A\ B\ C. 

a. Tim giao didm D’ cua SD vdi a. 

b. Tim didu kidn cua a de A’B’// CD'. 

c. Vdi didu kidn nao cua a thi A’B’C'D' li hinh hanh? Chung minh ring khi 
^ SA’ SC SB’ SD’ 

SA SC SB SD 

Bai tap 8: Cho hinh chop S.ABCD day la hinh binh hanh. M va P la 2 didm lin 

MA PS 

luot di d6ng trdn AD va SC sao cho-= — = x > 0. 

MD PC 


a. Chung minh ring MP luon luon song song vdi mot mat phing a co dinh. 

b. Tim giao d\im I cua mit phing (SBD) vdi Ml\ 

c. Mit phing qua M va sor.g song vdi a cit hinh chop S.ABCD theo mot thidt 
d^dn va cit BD tai J. Chung minh IJ co phucmg khdng d6i. 

d. Dinh x dd didn tich thiet dien bing k lin dien tich ASAB, vdi k ducrng cho 
trirdc. 

Bai tap 9: Cho lang tru ABC.A’B’C. Goi M, N, P la 3 diem lin luot nim trdn ba 


doan AB’, AC’ va B’C sao cho 


AM 

AB’ 


CN 

AC 


CP 

-= x. 

CB' 


a. Dinh x dd (MNP) // (A’BC’). Khi dd hay tinh didn tich cua thidt didn cit bdi 
mit phing (MNP), bidt tarn giac A’BC’ la tarn giac deu canh a. 

b. Tim tip hop trung dttfm cua NP khi x thay doi. 

Bai tap 10: Cho mit phing a vi 2 dudng thing cheo nhau d,, d 2 cit a tai A, B. (A) 
li dudng thing thay doi ludn ludn song song vdi a, cit d, tai M, d 2 tai N. Dudng 
thing qua N va song song vdi d, cit a tai N'. 

a. Tuf giac AMNN’ la hinh gi ? tim tip hop didm N'. 

b. Xac djnh vi tri cua (A) dd MN co do dii nho nhit. 

c. Goi O la trung diem cua AB, I la trung diem cua MN. Chung minh OI la 
dudng thing c 6 dinh khi M di ddng. 

d. ABMN vudng c^n tai B va BM = a. Tinh didn tich thidt didn cua hinh chop 
B.AMNN’ vdi mit phing qua O va song song mit phing (BMN). 
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CHl/ClNG III 

QDAM HE VUONG GOC 

CHU DE 1 

HAI DLf&NG ThAnG VUONG GOC 

i. ki£n THirc CO BAN 

1. GOC GILfA HAI DLfdNG THANG CAt NHAU 
Cho hai dironig thAng a, b cAt nhau tai O. Chung tao th 

Dinh nghia : S 6 do cua goc nho nhat trong bd'n goc do 
duoe goi la so do cua goc hap hai hai dating (hang a, h 
hay don gian la goc giifa hai dating thdng a vd h y ki hi£u 

la (a,b) hay ( b,a ). 

Dac bict: 

■ Khi a va b triing nhau thi (a,b) = 0°. 

■ Khi a va b vuong goc thi (a,b) = 90°. 
nhu v£y, ta luon co 0 < (a, b) ^ 90°. 

2. GOC GILfA HAI BUCJ NG THANG BAT Kl TRONG KH6NG GIAN 
Dinh nghia : Goc giaa hai dating (hang a, h Id goc giaa 
hai dating thdng cat nhau a\ h* Ian laot song song vtii a 
vd hy ki hi£u la (a,b) hay (b,a). 

Chd y: D£ xac dinh (a, b) ta co thi I&'y d\im O nAm ngay 
tr6n mot trong hai duomg thAng do. 

3. HAI di/6'ng thAng vu6ng goc 

Dinh nghia : Hai dating thdng goi Id vuong goc vtii nhau 
neu goc giaa cluing hang 90°. 

Nhu v&y: 

albo( aTb) = 90°. 

4. LlfiN H$ GILfA QUAN Hfi SONG SONG VA QUAN Hfc VUONG GOC CUA HA! 

DUdNG thAng 

Dinh It: Cho hai dating thdng song song. Dating thdng ndo vuong goc vtii dating 
thdng tha nhat thi vuong goc vtii dating thdng tha hai. 

Tuc la: 

a // b 

cia =>cib. * 

Chuy: 

I. Trong khong gian, hai ducmg thing vudng goc thi hoac cat nhau ho£c chec 
nhau. 

. • \ 
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anh bon goc 





2. Trong mat phing, hai dirong thing phdn bifit ciing vu6ng g<Sc vdri dubmg thing 
thur ba thi song song vdri nhau, nhung trong khdng gian thi kh6ng con dung. 

II. CAC DANG TOAN LlfeN QUAN _ 

| Bai toan 1; Tinh goc giOa hai duong thing cheo nhau. 

PHUONG PHAP CHUNG 

D6 trnh g6c giua hai dufmg thing chdo nhau a va b, ta thuc hidn theo cic bude 
sau: 

Bifdc I: Tim goc bing vide la'y m6t ditfm O nao do (thdng thuemg O e a hoac 
O e b). Qua O dung a’ va b’ theo thur tu song song vdri a va b. 

Khi do, g6c nhon hoac vudng tao beri a’va b’ la goc giua a va b. 

Bifdc 2: Tilth goc: Su dung ty s6 luomg giac cua goc trong tarn giac vuong hoac 
dung dinh If ham s6' c6sin trong tarn giic thudmg d£ x;>c djnh $6 do 
goc giOa a’ va b’. 

Vi du I: Cho tur didn ABCD. Goi M, N lin luot la trung didm cu;. . ic canh BC, 
AD. 

a. Hay tinh cosin cua g6c giua AB va DM, bi£t ABCD la tur dien ddu co canh 
bang a. 

b. Hay tinh goc giOa AB va CD, bid't AB = CD = 2a va MN = av' 


Gidi 



b. Goi O la trung di£m cua BD, ta co: 

ON // AB va ON = a 
OM//CDva OM = a 
do d6 (AB, CD) = (OM, ON). 

Goi I la trung di£m MN, trong AIME vudng tai I, ta co: 

sin MOI = — = — => MOI = 60° 

OM 2 

=> MON = 2 MOI = 120° => ( OnToN ) = 180° - 120° = 60°. 
Vay ( AliCD) = 60°. 
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Vi du 2: Cho hinh chop SABCD co day ABCD la hinh binh hanh vdi AB = a, 
AD = 2a, SAB la tain giac vudng cfln tai A, M la didm trdn canh AD (M khac A va 
D). Mat phang a qua M song song vdi mat phing (SAB) cat BC, SC, SD ISn luot tai 
N, P, 0- 

a. Chung minh rang MNPQ la hinh thang vudng. 

b. D&t AM = x. Tmh didn ti'ch cua MNPQ theo a va x. 

Gidi 

a. Ta co: 

a//(SAB) 

aD(SAD) = MQ =>MQ//SA. (1) 

(SAB) fl (SAD) = SA 
a//(SAB) 

aD(ABCD) = MN =>MN//AB. (2) 

(SAB)n(ABCD) = AB 

Tir (1) va (2) suy ra NMQ = 90°. 

Mat khac, ba mat phing (ABCD), (SCD) va a cat nhau theo ba giao tuyd'n MN, 
CD, PQ co: 

MN // CD => MN // PQ => MNPQ la hinh thang vudng. 

b. Tacd: 

Smnpq= ^(MN + PQ).MQ. 

Ta co ngay MN = AB = a. 

Trong ASAD, ta co: 

MQ DM AD-AM 2a -x 2a-x 

—— =-=-s- => MQ =- 

SA DA DA 2a 2 

Trong ASCD, ta co: 

PQ ^ SQ = AM x ^ = x 

CD SD AD 2a ^ 2 ' 

Thay (4), (5), (6) vao (3), ta duoe: 

c 1 . x . 2a-x 1 /. 2 
Smnpq - - ( a + — ) ~ = - (4a - x ). 

BAI TAP Dfi NGHI 
Bai tap 1: Cho tu didn ABCD. Goi M, N Idn luot D trung di^m cua cac canh BC, 
AD. Hay tfnh goc giua AB va CD, bid't AB = CD = 2a va MN = a \[l . 

Bai tap 2: Cho hinh hdp chO nhat ABCD.A^CiD, co AB = a, BC = b va AA, = c. 

a. Hay tfnh g6c giOa AD, va B,C. 

b. Hay ti'nh goc giOa AB v& A,C. 

Bai tap 3: Cho tu: difin ABCD co AB = a, CD = b. Doan IJ noi trung diem I cua 
AB la trung didm J cua CD. Gia su AB vudng goc vdi CD. a D mat phdng qua M 
trdn doan IJ va song song vdi AB v& CD. 

a. Tim giao tuyd'n cua a vdi mat phSng (ICD). 


(3) 

(4) 

(5) 

(6) 


S 
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b. Xic dinh thie't dien cua ABCD vdri mat phang a. Chung minh thie't dien la 
hinh chO nhat. 

c. Tfnh dien ti'ch thie't dien, bie't IJ = 3IM. 

Bai tap 4: Trong mat phang a cho AABC vudng tai A, B = 60 11 , AB = a. Goi O la 
trung diem cua BC. Liy dh?m S 0 ngoai a. sao cho SB = a va SB vudng goc vdri 
OA. Goi M la mot di£m trdn canh AB, mat phang P qua M va song song vdri SB va 
OA, cat BC, SC, SA lin lucrt tai N, P, Q. Dat x = BM, vdi 0 < x < a. 

a. Churng minh MNPQ la hinh thang vudng. 

b. Tfnh theo a va x dien ti'ch cua hinh thang nay. 

c. Tfnh x de dien ti'ch nay ldm nha't. 


Bai toan 2: Chiimg minh hai dudng thing vudng goc voi nhau. 


PHUONG PHAP CHUNG 

De churng minh a vudng goc vdri b, ta lira chon theo hudng: 

Hu&ng 1: Churng minh (a,b) = 90°. 

Hudng 2: Su dung ke't qua v£ lien he giua quan he song song va quan he vudng 
goc cua hai ducmg thing. 

Vi du 1: Cho hinh tu dien d£u ABCD canh bang a. Goi O la tarn ducmg tron 
ngoai tie'p ABCD. A 

a. Churng minh ring AO vudng goc vdri CD. 

b. Goi M la trung diem CD. Tfnh goc giua AC va BM. / I \N 

Giai / I, \ 

a. Qua O dung dudng thing song song vdri CD, cit BC, g/ S V 
BD theo thu tu tai E va F, suy ra: \ 1 1 -q ^ ^ 

( AO^CD ) = AOF. F V” 

Ta co: n 


EF//CD 
BC sc BD => 
MC - MD 


BE = BF 
OE = OF 


Xet hai tarn giac AABE vi AABF, ta co: 


BE = BF 
ABchung 

ABE = ABF = 60° 


AABE=AABF => AE = AF 


<=> AAEFcan tai A => AO 1 EFo AOF = 90°oAOl CD. 

s 

b. Hoc sinh tulam - Dap sd' — . 

h 6 

Vi du 2: Cho hinh chop S.ABCD day ABCD la hinh binh hanh. SAB va SAD li 
cac tarn giac vudng tai A. 

a. Churng minh ring SA vudng goc vdri BC va CD. 

b. Chirng minh ring SA vudng goc vdri AC va BD. 
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Giai 


a. Ta co: 


BC//AD 
AD 1 SA 
CD//AB 


=> BC 1 SA. 



=> CD 1 SA. 

|AB ISA 

b. Trdn tia SA la'y di^m S’ sao cho AS = AS’, ta co: 

AB, AD ddu la trung true cua # SS’ 

=> BS = BS’ va DS = DS’ ^ ASBD = AS’BD (c.c.c) S’ 

=> OS = OS’ => AOSS’ can tai O => OA _L SS’ <=> AC 1 SA. 

Trong (CSS’) ke Ox song song vdi SS' va cat SC, S’C theo tbu tu tai E, F va la 
trung di6m cua m6i dudng, ta co ngay: \ 

EF//SA. 

Mat khac, vi: 

ASBC = AS’BC (c.c.c) => BE - BF => ABEF can tai B 
=> OB iEFo BD 1 SA. 

Chu y. Di nghi cac em hoc sinh dd xuat mdt each giai khac dd chumg minh SA 
vudrig goc vdi BD. 

BAI TAP NGHI 

Bai tap 1: Cho tu didn ABCD co AB = CD = a, AC = BD = AD = BC = b. 

a. Chung minh ring doan ndi trung did’m eke cap canh ddi thi vudng goc vdi 
hai canh do. 

b. Ti'nh g6c hop bdi cac canh ddi cua tur didn. 

Bai tap 2: Cho hinh hdp ABCD.A|BiC,D, c6 ta't ca eke canh d£u bang nhau. 

a. Chung minh rang AC vudng goc vdi B,D,. 

b. Chung minh rang AB, vudng goc vdi CD,. 

c. Chung minh rlrg AD, vudng goc vdi CB,. 

Bai tap 3: Cho hinh td didn d£u ABCD. Chumg minh rang eke cap canh dci cua tur 
didn vudng goc vdi nhau. 

Bai tap 4: Chumg minh rang nd'u dudmg thang d vudng goc vdi hai dudng thing 
cat nhau a va b nlm trong mat phlng a thi no vudng goc vdi moi dudng thing nlm 
trong a. ' ’ ■ 


.t 


\ 


V 


V 
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CHU DE 2 

DUONG thAng vuOng goc vcn mAt phAng 

I. ki£n thCTc CO BAN 

1. DINHLfMODAU 

Neu dudng thong d vudng gdc vdi hoi dudng thong 
cat nhou a vd b ndm trong mot phong a thi no vudng gdc 
vci moi dudng thong ndm trong a. ♦ 

Nhu v&y: 

acWtb , , 

Vc c a ludn co d 1 c. 

d 1 a vp d 1 b 

2. DLfftNG THANG VUONG GOC Vdl MAT PhAnG 

Dinh nghia : Mot dudng thong goi Id vudng goc vci mot mat phong khi no vuong 
gdc vci moi dif&ng thong chxfo trong mot phong do. 

Khi dudng thing a vu6ng goc vdi mit phing a, ta ki hi£u li a 1 a hay ala. 
Dinh U1 : Tifmdt diem O cho trudc , to difng duac mdt vd chi mot mat plidng vudng 
gdc vci mdt difcmg thong d cho trudc. 

Cach dung: 

■ Qua O dung dudng thing d’ // d. 

■ Li'y hai mit phing phin bidt (P) va (Q) cung di 
qua d\ Trong (P) dung dudng thing a qua O vi 
vu6ng goc vdi d\ Trong (Q) dung dudng thing b 
qua O vi vudng goc vdi d’ 

Khi do (a, b) chinh \h mat phing cin dung. 

He qua 1 : Cho trudc diem O vd dudng thong o. Neu quo O to difng dudng thong h 
vudng gdc vdi o thi h chifo trong mot phong quo O vudng gdc vdi a. 

Hi qua 2 : Cho hoi dudng thong vudng gdc vdi nhou. Khi do cd mot vd chi mot mot 
phong clu'fo dudng thong nay vd vudng gdc vdi dudng thong kio. 

Dinh li 2: Tifmdt diem 0 cho trudc to difng duac mot vd vd chi mot dudng thong d 
vudng gdc vdi mot mot phong a cho trudc. 

Cach dung: 

■ Li'y dudng thing a nim trong a. 

■ Dung mit phing (P) qua O vudng goc vdi a cit a 
theo giao tuyd'n b. 

■ Trong (P) dung dudng thing d qua O vi vudng 
gdc vdi b 

Khi do d chmh la dudng thing cin dung. 

3. LlfiN Hfi GltfA QUAN Hfi SONG SONG VA QUAN H$ VUQNG GOC CUA Dl/CNG 

thAng vA mAt phAng 

Chung ta co cac md'i li£n h t sau: 





62 
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7 


Cho hai (lifting thang song song. Mat phdng nao 
vitdng gdr vtii (lifting thang nay thi rung vudng 
goi vtii (lifting thang kia. 

Tire la: 

[a // b 

a±a =>b±a. 

2. Cho hai mat phdng song song. D if ting thang nao 
vudng goc vtii mat phdng nay thi rung vudng gdr 
vtii mat phdng kia. 

Turc la: 

ot//p 

. aia = 5 ai|J. 

3. Hai mat phdng phdn hiet rung vudng gdr vtii mdt (lifting thang thi song song 
vtii tihau. 

Turc la: 

ala 

3 ^ P => a // p. 

Cho hai ducrng thang phdn hiet ciing vudng gdc 
mdt mat phdng thi song song vcri nhau. 

Turc la: 

ala 




1 





4 




4. 


b 1 a 


a//b. 



5. Neii mdt ducrng thang vd mdt mat phdng (khdng 
chda ducrng thang do) rung vudng gdc vcri mdt 
ducmg thang thi song song vcri nhau. 

Turc la: 

aid 
aid 




/ 


M 

1 


M’ / 


> a // a. 

4. PHEP CHl£u VUONG GOC 

Dinh nghia : Phep chieu song song trong do pltuomg 
chie'u vuong gdc vcri mat chie'u goi Id phep chie'u vudng 
gdc. 

Chu y: Phep chie'u vudng goc co d£y du cac ti'nh chat 
ciia phep chie'u song song. 

Dinh It 3 (Dinh If ba ducrng vudng gdc ): Cho ducrng thang a khdng vudng gdc vcri 
mat phdng a. Mot ducrng thang b ndm trong a vudng gdc vcri ducrng thang a khi vd 
chi khi b vudng gdc vcri hinh chieu cua a tren a. 

Turc la, vdi a’ la hinh chie'u vudng gdc cua a len a thi: 
albcaoa’lb. 




5. mAt phAng trung tri/c 

Dinh nghia : Mat phdng trung true cua mot doan thong 
la mat phdng vudng gdc v&i doan thdng do tai trung 
diem cua no. 

Dinh li 4: Tap hcrji nhiTng diem each deu hai ddu cua 
mot doan thdng la mat phdng trung true cua doan thdng 
do. 

6. PHEP D6l XlTNG QUA M0T MAT PhAng 

Dinh nghia : Phep doi xi'cng qua mat phdng a Id phep 
cho tuefng itng vdi nidi diem M trong khong gian mot 
diem M’ sao cho a Id mat phdng trung true cua doan 
MM’. 



II. CAC DANG TOAN LIEN QIIAN __ 

Bai toan 1: Chung minh ducmg thing vqdng gdc vdri mat phing - Mat phing 
__ trung true. Chung minh hai duong thing vu6ng goc vdi nhau. 

PHUONG PHAP CHUNG 

1. Di chung minh ducmg thing a vudng goc vai mat phing a, ta co the’ lira 
chon m6t trong cac each sau: 

& Cdch 1: Chung minh a vudng goc vdi iai duong thing cat nhau chua trong a. 
Cdch 2: Chung minh a song song vdi ducmg thing b vudng gdc vdi a. 

2. Di churng minh mat phing a la mat phing trung true cua doan AB ta di 
chdng minh a vudng gdc vdi AB tai trung diim I cua AB 

3. De chung minh hai ducmg thing a, b vudng gdc vdi nhau, ta co the lua chon 
/ mdt trong c£c each sau: 

& Cdch I: Chung minh ducmg thing a vudng gdc vdi mdt mat phing chua 
ducmg thing b. 

Cdch 2: Six dung dinh li ba ducmg vudng gdc. 

Cdch 3: N£u hai ducmg thing a'y cat nhau thi co the ap dung cac phudng 
phap da hoc trong htnh hoc phing. 

Vi du 1: Goi I la mdt di£m ba't ki d trong ducmg tron (O), tarn O, ban kinh bang 
R. CD la day cung cua ducmg tron (O) qua I. Tr£n ducmg thing vudng gdc vdi mat 
phing chura ducmg tron (O) tai I ta l£y didm S vdi OS = R. Goi E la didm doi tarn 


cua D tr£n dudng tron (O). 

a. Chung minh ring ASDE vudng tai S 

b. Chung minh ring SD1 CE. 

c. Chdng minh ring ASCD vudng. 

Gidi 


a. Trong ASDE, ta co: 

SO la ducmg trung tuy£n, 

SO = R = i.2R = -BD, 
2 2 


suy ra ASDE vudng tai S. 
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( 1 ) 

( 2 ) 


b. Tacongay: 

CE 1 SI, vi SI vu6ng goc vdri day 
CE 1 CD, goc ch<in nua dufrng tron. 

suy ra: 

CE 1 (SCD) => CE 1 SD. 

c. Tir ket qua c&u a), ta co: 

SE 1 SD. 

Tir (1) va (2) suy ra: 

(SCE) _L SD => SC 1 SD ASCD vuong tai S. 

Yi dij 2: Cho tur di£n OABC co OA, OB, OC doi mot vudng goc voi nhau. Goi 
II la hmh chie'u vuong cua di£m O tr6n mat ph&ng (ABC). 

a. Churng minh rang BC 1 (OAH), CA 1 (OBH), AB 1 (OCH). 

Chung minh rang H la true tarn cua A ABC. 

Chung minh rang 1 1 1 1 


b. 


c. 


+ 


d. 


a. 


b. 


OH OA OB z OC* 

Chung minh rang cac goc cua tarn giac ABC d£u nhon. 

Gidi 

Tir gia thiet: 

OH 1 (ABC) => OH 1 BC. (1) 

Ta c6: 

OA 1 OB 0 QA ± (QBC) OA ± BC 
OA ± OC 

Tir (1) va (2) suy ra BC 1 (OAH). 

Chung minh tuemg tu ta nhan dude CA 1 (OBH), AB 1 (OCH). 
Tir k£t qua c£u a), ta c6: 

BC 1 (OAH) => BC 1 AH. 

AC 1 (OBH) => AC 1 BH. 

TCr (3) v& (4) suy ra H la true tam cua AABC. 

Gia sir AH cat BC tai K, suy ra OK 1 BC. 

■ Trong AOBC vuong tai O, ta co: 

1 1 I 



(3) 

(4) 


OK 2 OB : OC 2 . 
Trong AOAK vuong tai O, ta co: 

+ 


1 


1 


1 


1 


1 


d. 


OH 2 OA 2 OK 
Gia sir OA = a, OB = b, OC = c. 
Xct AABC vudng tai O, ta co: 

AB 2 = OA 2 + OB 2 = a 2 + b 2 , 
BC 2 = OB 2 + OC 2 = b 2 + c 2 , 
AC 2 = OA 2 + OC 2 = a 2 + c 2 , 

AB 2 +AC 2 -BC 2 

cos B AC = - 

2AB.AC 

=> goc BAC nhon. 


OA 2 OB 2 OC* 


, dpem. 


+ b 2 + a 2 + c 2 


(b 2 + c*) 


2\/a 2 +b 2 .Va 2 + c 2 


>0 
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Chung minh tuomg tu, ta duoe cac goc ABC, ACB ddu nhon. 

Vly, clc goc cua tam giac ABC ddu nhon. 

Chu y : Vi du trdn da trinh bay each chirng minh clc ti'nh chat co ban cua tur didn 
vudng. 

Vi' du 3: Cho hinh chop S.ABCD co day ABCD la hinh vudng tam O, SA vuong 
goc vdri mat phing (ABCD). Goi H, I, K lln luot la hinh chid'u vuong goc cua did’m 
A trdn SB, SC, SD. 

a. Chung minh rang BC1 (SAB), CD i (SAD). 

b. Chufng minh rang (SAC) la mat phing trung true cua doan BD. 

c. Chung minh ring AH, AK cung vudng gdc vdi SC. Tir do suy ra ba dudng 
thing AH, AI, AK cung chura trong mdt mat phing. 

d. Chirng minh ring (SAC) la mat phing trung true cua doan HK. Tu do suy ra 
HK 1 AI. 

e. Ti'nh didn tfch tu: gilc AHIK, bid't SA = AB = a. 

Gidi 

a. Tu gia thie't: 

SA 1 (ABCD) => SA 1 BC. (I) 

Mat khac, ta co: 

AB 1 BC, vi ABCD II hinh vudng. (2) 

Tir (1) vl (2) suy ra BC 1 (SAB). 

Chufng minh tuctng tu ta duoe CD 1 (SAD). 

b. Tir gia thifi't: 

SA 1 (ABCD) => SA 1 BD. (3) 

Mat khlc, ta co: 

AC 1 BD, vi ABCD la hinh vudng. (4) 

Tu (3) vl (4) suy ra: 

BD 1 (SAC) tai trung di£m O cua BD. 

Vly, (SAC) II mat trung true cua doan BD. 

c. Tir gia thid't vl kd't hop vdi kd't qua clu a), ta duoe: 

AH 1 SB 

o AH 1 (SBC) => AH 1 SC. 

AH 1 BC 

Chung minh tuong tu ta duoe AK 1 SC. 

Nhu vly, vi AH, AI, AK cung vudng goc vdi SC ndn 
AK cung chua trong mat phing qua A vl vudng goc 

d. Gia su HK clt AI tai E. 

Nhln xet ring: 

ASAB = ASAD (c.g.c) SH = SK. 

Trong ASBD, ta co: 

— * — => HK // BD vl E II trung di&n cua HK. 

SB SD 

Kdt hop vdi kdt qua d clu a), suy ra: 

HK 1 (SAC) tai trung did’m E cua HK. 

Vly, (SAC) II mat phing trung true cua doan HK. 

Tir kdt qua HK 1 (SAC) suy ra HK 1 AI. 
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e. Ta co: 

s ahik = 1 ai.hk. 

trong do: 

■ Trong ASAC vu 6 ng tai A, ta diroc: 

1 1 1 1 1 AT 

— 7 = —7 + 7 = — h- 7 => AI = 

AI 2 SA 2 AC 2 a 2 2a 2 


(5) 


a\/6 


( 6 ) 


___ 2 SA 2 AC 2 a 2 2a 2 3 

■ Trong ASBD, ta diroc: 

SH SK 1 ULr r . n . , s , ytr a>/2 

— = — = — HK la duong trung binh => HK = -. 

SB SD 2 a 2 

(7) 

Thay ( 6 ), (7) vao (5), ta diroc; 

~ __ 1 aV<5 a>/2 _ a 2 >/3 

amik- * 

Vi du 4; Cho hinh chop S.ABCD, day la hinh vudng canh bang a. mat b£n SAB 
la tam giac d£u; SCD la tarn giac vu 6 ng can dinh S. Goi I, J lin lirot la trung di£m 
cua AB va CD. 

a. Tinh cac canh cua ASIJ va churng minh rang SI 1 (SCD), SJ 1 (SAB). 

b. Goi H la hinh chieu vudng goc cua S tr 6 n IJ. Chumg minh rang SH 1 AC va 
tinh d 6 dai SH. 

c. Goi M la m 6 t diim thudc dirdng thing CD sao cho BM 

Gidi 

a. Xet ASIJ, ta Idn lirot co: 

IJ = a, dircmg trung binh cua hinh vudng. 

~ r* 


1 SA. Tinh AM theo a. 
S 


a>/3 


duomg cao trong tam giac d£u 

1 a 

SJ = —CD = —, trung tuydn thudc canh 

2 2 


huy£n cua tam giac vudng. 
NhSn xet rang: 



SI- + SJ 3 = 

Khi do, vdi: 

CD 1 SJ 
CD 1 IJ 


[W3| 

2 

a 

2 

+ 

X 


= a 2 = IJ 2 => ASIJ vudng tai So SI 1 SJ. 


SJ1SI 

o CD 1 (SIJ) o CD 1 SI 


v W JL {OIJ ) CU _L >31 => SI 1 (SCD). 

Chung minh tucfng tu, ta duoc SJ 1 (SAB), 
b. Taco: 

SH 1 CD , theo kfe't qua trong a) co CD 1 (SIJ) 

SH 1 IJ , theo gia thie't 

suy ra: 

SH 1 (ABCD) o SH 1 AC. 
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Trong ASIJ ta c6: 

aV3 a 

SASIJ = — SH.IJ = -SI.SJ => SH = = -2— 2. - . 

2 2 IJ a 4 

c. Di£u ki£n d£: 

BM ISAo BM 1 AH, theo dinh If ba dubrng vu6ng goc. 

Ta co ngay AAIH ABCM la hai tam giac vu6ng d6ng dang, suy ra: 

— = —= - =>CM = 2IH. (1) 

CM BC 2 



Khi do, trong AADM ta co: 

^ \2 - 2 

AM : = AD 2 + MD 2 = AD : + (CM - CD) 2 = a : + —-a = — 

2 4 


oAM = 


a-y/5 

~ 


(turc la M ■ J). 


BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh tur didn SABC c6 AABC vu6ng tai B va SA 1 (ABC). 

a. Churng minh rang BC 1 (SAB). 

b. Goi AH la dudng cao cua ASAB. Churng minh rang AH ± SC. 

Bai tap 2: Cho hinh tut didn ABCD co AABC va ADBC la hai tam gidc can co 
chung day, goi I la trung did’m cua canh BC. 

a. Churng minh rang BC ± AD, tur do suy ra BC 1 (AID). 

b. VS dubmg cao AH cua AAID. Chung minh rang AH 1 (BCD). 

Bai tap 3: Cho hinh tur difin ABCD c6 AB 1 CD va AC 1 BD. Churng minh rang 
AD 1 BC. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD la hinh thoi tam O, bi£t rang 
SB = SD. 

a. Churng minh ring (SAC) la mat phang trung true cua doan BD. 

b. Goi H, K theo thur tu la hinh chifi'u vudng goc cua A trSn SB va SD. Chung 
minh rang SH = SK, OH = OK va HK // BD. 

c. Churng minh rang (SAC) la mat phang trung true cua doan HK. 

Bai tap 5: Cho hinh chop S.ABCD co day ABCD la hinh thoi tam O. Bi£t rang 
SA = SC va SB = SD. 

a. Churng minh rang SO 1 (ABCD) va AC 1 SD. 

b. Goi I, J l£n lucrt la trung die’m cua cic canh BA, BC. Chung minh rang 
IJ 1 (SBD). 
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Bai tap 6 : Cho hinh chop S.ABCD c6 day la hinh vu6ng canh bang a. Mat ben 

SAB la tam giac ddu SC = a\/2. Goi H va K lin luot la trung didm cua cac canh 
AB va AD. 

a. Chung minh rang SH 1 (ABCD). 

b. Chung minh ring AC 1 SK va CK 1 SD. 

Bai tap 7: Cho hinh chop S.ABCD co SA vudng g6c vdi mat phing (ABCD) va 
SA = a, day ABCD la hinh thang vudng dudng cao AB = a, BC = 2a. Ngoai ra con 
c6 SC vudng goc vdi BD. 

a. Chung minh rang ASBC vudng. 

b. Tinh AD. 

c. Goi M la mdt didm trdn doan SA, dat AM = x, vdi 0 < x < a. Tinh dd dai cua 
dubng thing cao DE trong ABDM theo a va x. Xic dinh x dd’ DE co gia tri 
ldn nha't, nho nha't. 

Bai tap 8: Cho hinh ch6p S.ABC c6 SA vudng goc vdi mat phing (ABC) va 

SA = 2a, ABC la tam giac vudng tai C vdi AB = 2a, BAC = 30°. Goi M la mdt di£m 
di dong trdn canh AC, H la hinh chid'u vudng goc cua S trdn BM. 

a. Chung minh ring AH d. BM. 

b. Dat AM = x, vdi 0 5 x < yfi . Tinh khoang cich tir S dd'n BM theo a va x. 
Tim cac gia tri cua x dd’ khoang cich niy cd gia trj nho nha't, Idn nha't. 

Bai tip 9: Cho AABC cd BC = 2a vi dudng cao AD = a. Trdn dudng thing vudng 
goc vdi (ABC) tai A ta liy didm S sao cho SA = a %/2 . Goi E, F theo thtr tu li trung 
didm cua SB vi SC. 

a. Chung minh ring BC 1 (SAD). 

b. Goi H la hinh chid'u cua A trdn EF. Chung minh ring AH nim »rong (SAD). 
Hay cho bid't vj tri cua didm H ddi vdi hai didm S va D. 

c. Tinh didn tich cua AAEF. 

Bai tap 10: Cho AMAB vudng tai M a trong mat phing a. Trdn dudng thing vudng 
gdc vdi mat phing a tai A ta lay hai didm C, Do hai .bdn didm A. Goi C li hinh 
chid'u vudng gdc cua C trdn MD, H li giao didm cua AM vi CC’. 

a. Chung minhring CC’ 1 (MBD). 

b. Goi K li hinh chidfu vudng gdc cua H trdn AB. Chung minh ring K li true 
tim cua ABCD. 

Bai tap 11: Cho hinh lang tru ABC.A,B,Ci cd diy ABC li tam giac ddu canh bing 
a, canh bdn AA, = a vi vudng gdc vdi diy. 

a. Goi I li trung didm BC. Chung minh ring AI1 BC,. 

b. Goi M li trung di£m BB,. Chung minh ring AM 1 BC,. 

c. Goi K li di&n trdn doan A,B, sao cho KB, = — vi J li trung didm B,C,. 

4 

Chung minh ring AM 1 (MKJ). 

Bai toan 2: Thid't didn qua mot di^m cho trude vi vudng gdc vdi mdt dudng 
thing cho trude.. . 
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PHlfONG PHAP CHUNG 

Dd tim thid't didn cua khd'i da didn (S) vdi mat phing a, a qua did’m M cho trade 
va vu6ng goc vdi mdt dudng thing d cho trade, ta lua chon mdt trong hai each sau: 
Cdch I: Dong mat phang a nha sau: 

■ Dung hai dudng thing cat nhau ciing vudng goc vdi d, trong do co 
it nhit mdt dudng thing qua M. 

• Mat phing xac djnh bdi hai dudng thing trdn chi'nh la a. 

■ Xac djnh thid't didn theo phuctng phap da hoc. 

Cdch 2: Nd'u c 6 hai dudng thing cit nhau hay cheo nhau a, b cung vudng goc 
vdi d thi: 

a //a hay chua a 
a // b hay chura b 

YLduJLi Cho hlnh tur didn S.ABC cd ABC Uk tarn giac ddu canh bang a. SA = a 
vi vudng gdc vdi mat phing (ABC). Goi M li mdt di^m tuy y trdn canh AC, a la 
mat phing qua M v& vudng gdc vdi AC. 

a. Tuy theo vj trf cua di£m M trdn canh AC, cd nhan xdt gi v4 thidt didn tao bdi 
a vdi tur didn S.ABC. 

b. Dat CM = x, vdi 0 < x < a. Tinh didn tfch S cua thid't didn trdn theo a va x vi 
xic djnh x d£ didn tfch niy cd gia trj ldn nhit. Ti'nh didn tfch Idn nhit dd. 

Giai 


a. Goi E la trung di&n cua AC, ta cd ngay BE 1 AC. Do dd, cin xet hai trudng 
hop khic nhau vj trf cua di^m M trdn canh AC vi trong dd ta su dung: 

SA 1 (ABC) => SA 1 AC. 


B 


N 



N 



A MEM v- ' 

Trudng hap I\ Vdi M thude doan CE, ta thuc hidn: 

■ Trong (ABC) dung Mx // BE va cit BC tai N (ta 
dupe MN 1 AC). 

■ Trong (SAC) dung My // SA va cit SC tai P (ta 
dupe MP1 AQ. 

J^hu vfty, trong trudng hpp niy ta dupe thid't didn la 
AMNP vudng tai M. 

Trudng hap 2: Vdi M thude doan AE (trir did’m E). 

■ Trong (ABC) dung Mx // BE vi cit AC tai N (ta 
dupe MN 1 AC). 

■ Trong (SAC) dung My // SA vi cit SC tai P (ta 
dupe MP 1 AC). 

■ Trong (SAB) dung Nz // SA vi cit SB tai Q (ta 
dupe NQ 1 AC). 

Nhu viy, trong trudng hpp niy ta dupe thid't didn la hinh thang vudng MNQP 
(vudng tai M vi N). 










b. Ta xet hai trudng hap cua diim M 

Trudng hap 1 : Vdi M thu 6 c doan CE, ta c 6 0 < x < ~ va di£n rich AMNP l£: 


Samnp= ^MN.MP. 

mm 

Trong ABCE, ta co: 

MN CM x WXT rr 

=-= — =0 MN = X v3 

BE CE a 

o 

Trong ASAC, ta co: 


= — z=$ MP = x - Cdch tinh thu nhat. 


SA CA a 

Thay (2), (3) v&o (1), ta duoc: 

c - 1 x /i x - 
^AMNP — T X V-t -X — 


ta co ngay: 


(SAMNp)Max *“ ~ 




i 2 s/3 


(1) 


(2) 


(3) 


dat duoc khi x = - . 

2 

Tnf&ng h<Jf> 2: Vdi M thudc doan AE, ta c 6 - < x < a va difin rich MNQP I&: 

2 


Smnqp= ^(MP + NQ).MN. 

2 . t 

Trong AABE, ta cd: 

MN AM a-x .... rr, . 

- = -=- => MN = V3 (a - x). 


(4) 


BE AE 


a 

2 


(5) 


Vi ASAC vudng cfin tai A nfin APMC vudng c&n tai N, do do: 

MP = CE = x - Cdch tinh thurhai. 

Trong ASAB, ta c 6 : 

a 

NQ BN ME x ~2 o 

SA BA EA a 

2 

Thay (5), ( 6 ), (7) vko (4), ta duoc: 


( 6 ) 


(7) 


Smnqp = ^(x + 2 x - a), yft (a - x) = (3x - a)(a - x). 


V3 


ta bidn d 6 i tifip: 
Smnqp = 


3 V 3 

2 

2 4ax a 

_ 3>/3 


2a 

Y __ —— 

2 

2 

A i 

3 3 

2 

9 

A 

3 

• 


'■S 
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suy ra (S MNQP ) M „ = 


a 2 V3 


dat diroc khi x = 


Tom lai, ta diroe: 

x 2 V3 

c _ 2 


vii 0 < x < 


S,d = 


y/i a 

—(3x - a)(a - x) vii — < x < a 
2 2 


a 2 V3 


va (S, d ) Mai =-- dat diroc khi x = —. 

6 3 

Vi du 2: Cho hinh chop S.ABCD co ABCD 1& hinh vu 6 ng canh b&ng a, 
SA = a\fl va vu 6 ng g<5c vcri (ABCD). Goi AH la duomg cao cua ASAB. 

CU 

a. Ti'nh ti s6 — va d 6 dai AH. 

SB 

b. Goi a lit mat phang qua A va vu 6 ng goc vdi SB, a cat hinh chop S.ABCD 
theo thid't didn la hinh gi ? Ti'nh didn ti'ch cua thi€t didn. 

Gidi 

a. Trong ASAB vu 6 ng tai S, ta co: 


SH . 

SH.SB 

1 

00 

> 

K» 

1 

(a72) 2 _ 2 

SB 

SB 2 

AB 2 +SA 2 " 

a 2 +(a>/2 ) 2 " 3 

1 

. 1 . 

1 

1 

1 3 

AH 2 " 

SA 2 

AB 2 ' 

" (a>/ 2) 2 

+ a 2 _ 2 a 2 



co AH = 


b. Dung thid't didn: 

■ Trong (SBC) dtmg Hx 1 SB va cat SC tai I. 

■ Ndi D vdi I, ta duc»c thidt didn la tur gi£c AHID. 

Nhan xet rang: 

BC1AB fiC AB BC sfi 

BC 1 SA 

Trong mat phang (SBC), ta c 6 : 

BC 1 SB [HI//BC//AD 

=o => AHID la hinh thang vudng tai A va H. 

HI 1 SB [HIJ.AH 6 6 . 

Trong ASBC, ta c 6 : 

HI _ SH _ 2 ^ H j _ 2a 
BC SB 3 3 


Turdd: 


* lanxuruu if 2 a) a >/6 5a 2 V6 

Sahid = - (AD + HI). AH = - a 3-— 


72 





Vi' du 3; Cho hinh vudng ABCD canh bang a. Tren ducmg thang vudng g 6 c vdi 
mat phang (ABCD) tai A lay di£m S sao cho SA = aV2. Goi a la mat phing qua A 
va vudng gdc vdri SC, a eat SB, SC, SD l£n lirot tai M, N, P. 

a. Chung minh rang AM 1 SB, AP1 SD va SM.SB = SN.SC = SP.SD = SA 2 . 

b. Chung minh rang tu giac AMNP ndi ti£p diroc va co hai ducmg cheo vudng 
gdc voi nhau. 

c. Goi O la giao didm cua AC va BD; K la giao didm cua AN va MP. Chung 
minh rang ba di^m S, K, O thang hang. 

d. Ti'nh dien tich tu giac AMNP. 

Gidi 

Dung thi£t didn: $ 

■ Trong (SAC) dung AN 1 SC. Ax 

■ Trong (SBC) dung Nx _L SC va cat SB tai M. 

■ Trong (SCD) dung Ny _L SC va cat SD tai P. ^ F\j 

Thfty ngay A, M, N, P d 6 ng phang vi cung thudc mat / M/ \ x. R 

phang qua N (hoac A) va vu 6 ng goc voi SC. / ,• 

a. Tac 6 : ^ - 0 — . V f 


BC1AB 
BC ISA 


=> BC _L (SAB) :=> BC _L AM. 


Mat khac, theo each dung ta co: 

SC 1 (AMNP) => SC 1 AM. (2) 

Tu (1) va (2) suy ra: 

AM 1 (SBC) => AM 1 SB. 

Chung minh tuomg tir, ta duoc AP 1 SD. 

Cac ASAB, ASAC, ASAD cung vu6ng tai A va l£n luot co cac ducmg cao AM, 
AN, AP, suy ra: 

SA 2 = SM.SB = SN.SC = SP.SD. (3) 

b. Ta c6: 

(AMI (SBC)’ [AM 1 MN fAMN=90" 


AP 1 (SCD) 


AP 1 PN 


APN 


AMNP ndi tifip ducmg tr6n ducmg kinh AN. 
Nhan x6i rang: 

BD 1 AC ^ BD ± => BD 1 AN. 

BD 1 SA 


Dd tha'y SB = SD, do do ttr (3): 

SM.SB = SP.SD o SM.SD = SP.SB o — = — 

SB SD 

=> MP // BD => MP IAN. 

Vay, tit giac AMNP n6i tife'p duoc va co hai dufrng cheo vuAng goc v6i nhau. 
c. Ta c6: 

[S,K,0€(SAC) , „ 


S.K.Oe (SBD) 


=> ba didm S, K, O thing hang. 
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d. Taco: 
S 


AMNP 


= -AN.MP. 

o 


(4) 


trong do: 

■ Trong ASAC vu6ng tai A, ta duoc: 

1111 


AN 2 SA 2 AC 2 
■ Trong ASBD, ta duoc: 

MP SM SM.SB 
BD ~ SB ~~ SB 2 
Thay (5), (6) v^o (4), ta duoc; 


2a 2 2a 2 


=> AN = a. 


SA 2 

SA 2 + AB 2 


o 

A. 

3 


MP = 


23n/2 


(5) 


( 6 ) 


„ _ 1 2aV2 

^AHIK - - a- - 




BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh tur didn S.ABC co ABC la tam giac ddu canh bang a, SA = 2a 
va vudng gdc vdi mat phing (ABC). Goi a la mat phing qua B va vu 6 ng gdc vdi 
SC. Tim thid't didn cua tur didn vori a va tmh difin tich cua thid't didn nay. 

Bai tap 2: Cho hinh tur didn S.ABC co ABC la tam giac vudng can dinh B, AB = a. 
SA = a va vudng goc vdi mat phing (ABC). Goi a la mat phang qua trung did’m M 
cua AB va vudng g 6 c vdi SB. 

a. Tim thid't didn cua tur didn vdi a. Thid't diftn la hinh gi ? 

b. Tmh difin tich cua thifi't didn. 

Bai tap 3: Cho hinh tu didn S.ABC c 6 ABC la tam giac vudng can dinh B, AB = a. 
SA = aV 2 va vudng goc vdi (ABC). Goi a la mat phang trung' true ciia SB, O la 
trung did’m cua BC, d la dudng thing qua O va vudng goc vdri (ABC). 

a. Tim giao did’m K cua d vdi mat phang a. 

b. Tmh dd dai OK. 

Bai tap 4: Cho hinh tur didn S.ABC cd ABC la tam giac vudng can dinh B, AB = a. 
SA = a\/3 va vudng goc vdi (ABC). M la mdt di£m tuy y trdn canh AB, dat 
AM = x, vdi 0 < x <'a. Goi a la mat phing qua M va vudng goc vdi AB. Tim thid't 
didn cua tur didn vdi a va tmh didn tich cua no. 

Bai tap 5: Cho hinh tur didn S.ABC co hai mat ABC va SBC la cac tam giac ddu 

. , 

canh bang a va SA = -y-. M la mdt di£m tuy y trdn canh AB, dat AM = x, vdi 

0 < x < a. Goi a la mat phing qua M va vudng goc vdi BC. 

a. Goi D la trung did’m BC, Chumg minh ring a // (SAD) 

b. Tim thid't didn cua tur didn SABC vdi a. Thid't didn la hinh gi ? 

c. Tmh didn tich cua thid't didn theo a va x. 

Bai tap 6: Cho tam giac ddu ABC cd dudng cao AH = 2a. Goi O la trung didm 
AH. Trdn dudng thing vudng gdc vdi mat phing (ABC) tai O, liy didm S sao cho 
OS = 2a. Goi I la mdt did’m trdn OH, dat x = AI, vdi a < x < 2a. Goi a li mat phing 
qua I va vudng gdc vdi OH. 
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a. Tim thifet difen cua tur difen SABC vdi a. Thifet difen la hinh gi ? 
h. Ti'nh difen ti'ch cua thifet difen theo a va x. 

Bai tap 7: Cho hinh chop S.ABCD co day ABCD la hinh thang vu6ng tai AviB 
vdi AB = BC = a, AD = 2a, SA = 2a va vu6ng gdc vdi mat phang (ABCD). Goi M la 
mot difem trfen canh AB, a la mat phang qua M, vudng goc vdi AB. Dat x = AM, 
vdi 0 < x < a. 

a. Tim thifet difen cua hinh chop S.ABCD vdi a. Thifet difen la hinh gi ? 

b. Ti'nh difen ti'ch thifet difen theo a va x 

Bai tap 8: Cho hinh vudng ABCD canh bang a, tarn O. Trfen dudng thang vudng 
goc vdi mat phang (ABCD) tai O lfey difem S sao cho SO = . Goi a la mat 

phang qua A va vudng goc vdi SC, a cat SB, SC, SD lfen luot tai M, N, P. 

a. Ti'nh do dai doan AN. Chung minh rang N la trung difem SC. 

b. Chung minh rang MP // BD. Tu do, suy ra each dung M va P. 

c. Chung minh rang tur giac AMNP co hai dudng cheo vudng goc vdi nhau. 
Ti'nh difen tich cua tu giac nay. 

Bai tap 9: Cho hinh thoi ABCD cd tarn O vdi cac dudng cheo AC = 4a, BD = 2a. 
Trfen dudng thang vudng gdc vdi (ABCD) tai O ta la'y difem S sao cho SO = 2aV3 . 
Mat phang a qua A va vudng gdc vdi SC cat SB, SC, SD l«Sn luot tai M, N, P. 

a. Chumg minh tur giac AMNP cd hai dudng cheo vudng gdc vdi nhau. Ti'nh 
difen tich tir tur giac AMNP. 

b. Chung minh rang MNP la tam gidc dfeu. 

Bai tap 10: Cho hinh tur difen SABC cd ABC la tam giac dfeu canh a, SA = a va 
vudng gdc vdi mat phang (ABC). Tim thifet difen cua tur difen SABC vdi mat phang a 
va ti'nh difen ti'ch cua thifet difen trong ede trudng hup sau: 

a. a qua S va vudng gdc vdi BC. 

b. a qua A va vudng gdc trung tuyfen SI cua ASBC. 

c. a qua trung difem M cua SC va vudng gdc vdi AB. 

Bai tap 11: Cho hinh lang tru ABC.A’B’C 1 cd day ABC la tam giac dfeu canh bang 
a, canh bfen AA’ = a vudng gdc vdi mat phang (ABC). Cd nhfen xet gi vfe thifet difen 
cua lang tru vdi mat phang a va ti'nh difen ti'ch thifet difen trong mdi trudng hop sau: 

a. a qua A va vudng gdc vdi B’C. 

b. a qua B’ va vudng gdc vdi AT, vdi I la trung difem cua carh BC. 


Bai toan 3: Tap hop hinh chifeu cua mdt difem cd djnh trfen mdt dudng thang di 
ddng. 


PHUONG PHAP CHUNG A 

Vdi yfeu cfeu " Tim tap hop hinh chieu vudng gdc M 
cua diem co dinh A tren dudng thang d di dong trong 
mat phang a cd'dinh va ludn qua mdt diem co' dinh O ", 
ta thuc hifen theo efee bude sau: pi 

Budc l: Dimg AH 1 a (H e a), theo dinh li ba , 

• dudng vudng gdc ta cd: / 

HMld. _ - 
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Buac 2: Trong mat phing a, vi HMO = 90° n£n M thudc dudng trdn dudng 
ki'nh OH chura trong a. 

/i du 1: Cho hinh vu6ng ABCD tarn O; S la mdt did’m di ddng tr6n tia Ax vudng 
>oc vdi mat phang (ABCD). 

a. Tim tap hop hinh chidu vudng gdc cua O trdn dudng thing SB. 

b. Tim tap hop chan ducmg cao ve tir dinh D trong ASDC. x 

Gidi 

i. Nhan tha'y ducmg thing SB nim trong mat phing 
SAB) co dinh va di qua didm B cd' dinh. 

Ha OH 1 AB, ttir giai thid't: 

SA 1 (ABCD) => SA 1 OH => OH 1 (SAB). 

Goi M la hinh chid'u vudng gdc cua O trdn ducmg 
hing SB, suy ra: 

SB 1 MH, theo djnh It ba ducmg vudng gdc 

=> BMH = 90° => M thudc ducmg trdn ducmg ki'nh BH chua trong (SAB). 
Khi S di ddng trdn tia Ax thi M thudc nua dudng trdn ducmg kinh BH trong nua 
nat phing (SAB) bd AB. 

i. Nhan tha'y ducmg thing SC nim trong mat phing (SAC) cd' dinh va di qua difi’m 
- cd' djnh. 

Ta cd: 



DOl AC 
DO ISA 


=> DO 1 (SAC). 


Goi N la hinh chid'u vudng gdc cua D trftn dudng thing SC, suy ra: 

ON 1 SC, theo djnh li ba dudng vudng gdc 

=> ONC = 90° => N thudc dudng trdn dudng ki'nh OC chira trong (SAC). 
Khi S di ddng trfin tia Ax thi N thudc nua dudng trdn dudng ki'nh OC trong nua 
nat phing (SAC) bd AC. 

/i du 2: Trong mat phing a cho gdc vudng xOy, d lit dudng thing c 6 djnh trong 
t, d cit Ox, Oy Bin luot tai A va B. Goi Oz ia tia vudng gdc vdi a, S la mdt did’m 
rdn Oz. Goi AE, BF la dudng cao cua ASAB. 

a. Cho gdc xOy'ed' dinh, S di ddng trftn ta Oz. Tim tap hop c£c di£m E va F. 

b. Cho S cd djnh, gdc xOy quay quanh O. Chumg minh ring true tarn cua 
ASAB cd dinh. Tim tap hop cic difi’m E vi F. 

Gidi 

i. Ta Bin luot tim tap hop cic didm E va F. 

■ Tim tap hap diem E: Nhan tha'y dudng thing 
SB nim trong mat phing (yOz) cd djnh vi di 
qua di<?m B cd djnh. 

Ta cd: 

AO 1 BO 

AO ISO _ Ar . , , ^ x 
=> AO 1 (xOz) 

=> OE -L SB, theo djnh If ba dudng vudng gdc => OEB = 90° 

=> E thudc dudng trdn dudng ki'nh OB chura trong (yOz). 
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Khi S di dong trdn tia Oz thi E thudc nua duong tron ducmg kmh OB trong 
nua mat phang (yOz) bo Oy. 

■ Tim tap hcrp diem F: Thirc hidn tuong tu ta duoc F thuoc nira ducmg tron 
ducmg kmh OA trong nura mat phang (xOz) bo Ox. 

b. Gia sir AE n BF = H, suy ra H la true tarn cua ASAB va ta di chung minh H co 
dinh. 

Keo dai SH ca AB tai K, ta co: 

o AB J_ (SOK) => AB _L OK => K c 6 dinh => H co dinh. 

AB _L SO 

Trong mat phang (S, d) co dinh va co SH c6 dinh va: 

■ Vi SEH = 90° ndn E thudc nua ducmg tron ducmg kmh SH trong nira mat 
phang (SBK) bd SK. 

■ Vi SFH = 90° ndn F thuoc nira ducmg tron duong kmh SH trong nira mat 
phang (SAK) bo SK. 

BAI TAP NGHI 

Bai tap 1: Cho hinh chop S.ABCD co ABCD la hinh vudng tarn O, SA vudng goc 
voi mat phang (ABCD). Goi I la trung di im ciia canh SC, M la mot di6m di ddng 
trdn canh AD. 

a. Tim tap hop cac didm K, hinh chieu vudng goc ciia I tr£n CM. 

b. Tim tap hop chan ducmg cao E ve tir dinh B trong ASBM. 

Bai tap 2: Cho AABC d6u, S la m6t didm di d6ng trdn tia Ax vu6n goc vdfi mat 
phang (ABC). 

a. Tim tap hop hinh chilu vudng goc cua A tr£n SB. 

b. Goi N la hinh chilu vudng goc cua A tr6n mat phang (SBC). Chung minh 
rang duong thang SN qua trung diim cua BC. Tim tap hop cac di^m N. 

c. Goi K D trung di£m cua canh SC. Chung minh rang BK 6 trong mot mat 
phang c 6 dinh. Tim tap hop cic hinh chilu vudng goc cua A trdn BK. 

Bai tap 3: Cho AABC ddu 6 trong mat phang a. Ve Bx va Cy la hai tia ciing chidu 
va cung vudng goc voi a. Cho M, N la hai didm Idn luot di ddng trtn Bx, Cy. Tim 
tap hop chan H cua dufdng cao AH cua AAMN khi M, N di ddng thoa mdt trong c&c 
didu kidn dudi day: 

a. BM = CN. 

b. 2BM = CN. 

c. BM + CN = 2a, vdi^ la dd dai khdng ddi. 

m 

. . ... " ’ "i . . . . "" " T ".—.. - . . 

Bai toan 4: Tim tap hop hinh chifi'u vudng goc cua mdt didm cd djnh tr6n mdt 
mat phing di ddng. 

PHITONG PHAP CHUNG 

Vdi ydu cau " Tim tap harp hinh chie'u vudng goc H ciia mot diem cd'dinh A tren 
mat phang a di ddng ludn chuta mdt difdng thang d cd'dinh ", ta thirc hidn theo cac 
bude sau: 

Bitctc 1: Xac djnh mat phang (3 qua A vudng goc vdi d. Tim a = a D P 
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Bum- 2: Goi H la hinh chidu vudng goc cua A ldn a, 
thi H cung la hinh chidu vudng gdc cua A 
trdn a. 

Bum 3: Goi E la giao didm cua d vdi p. Trong mat 

phing P, AHE = 90° ndn H thudc ducmg 
trdn ducmg kinh AE. 

Vi du 1: Trong mat phing a cho ducmg tron (C), ducmg kinh AB, SA vu6ng goc 
vdi a. Goi M la mdt didm di ddng trdn (C), H la hinh chidu vu6ng g6c cua did’m A 
trdn mat phing (SBM). Tim tap hop cac didm H. 

Gidi 

Nhan thiy mat phing (SBM) chura ducmg thing SB c0 dinh. Ta di dimg mat 
phing qua A va vu6ng goc vdi SB bang each: c 



■ Trong (SAB) ha AK 1 SB. 

■ Trong (SBM) dung Kx 1 SB va cat SM tai H. 
Khi do: 


(AKH) 1 SB va (AKH) n (SBM) = KH. 

Ta di chung minh AH 1 (SBM), that vay: 

•• 

RV1 | AM 

oBMl (SAM) => BM 1 AH 

BM 1 SA 


SB1AH 



AH 1 (SBM). M 


Trong (AKH), ta cd: 

AHIHKo AHK = 90° 

ndn H thudc ducmg tron ducmg kfnh AK trong mat phing (AKH). 

Vi du 2: Cho hinh ch6p S.ABCD co day ABCD la hinh thoi tarn O canh a, 

ABC = 60°, SO = a v& vudng goc vdi mat phing (ABCD). Goi M li mdt di£m trdn 
canh SB. 

a. Khi M la trung diem cua canh SB, tinh didn tich cua thidt didn cua hinh 
. chop S.ABCD vdi mat phing (ADM). 

b. Khi M di ddng trdn canh SB. Tim tap hop hinh chidu vuong goc cua S trdn 
mat phing (ADM). 

Gidi 

a. Ta cd: 

AD e (ADM)vA BC e (SBC) 

- AD//BC 

(ADM) n (SBC) = Mx 

~ ; => Mx // AD // BC 

va Mx cit SC tai N. 

Khi do, ta nhan duoe thidt didn AMND li hinh thang. 

Trong hinh thang AMND ha AK 1 MN, ta duoc: 

Samnd= ^(AD + MN).AK (1) 

trong do: 

■ Trong ASBC cd MN la ducmg trung binh ndn: 



B C 

M K N 



A D 
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MN = ^BC= - 
2 2 


Trong ASAB vu6ng tai A c6 AM la trung tuyln thudc canh huy£n n£n: 

AM = — SB = — >/sA 2 + AB 2 = —. ' (3) 

2 2 2 

Trong ASAC vu6ng tai A co AN la trung tuyd'n thudc canh huy6n ndn: 


AN = -SC= - VSA 2 +AC 2 = 
2 2 


Trong AAMN c&n tai A, ta c6: 


^AM 2 - MK 2 = J—- — 

V 2 16 


Thay (2), (5) vao (I), ta duoc; 


c 1 L . a) a>/7 _ 3a 2 V7 

^amnd — — a H— .- — -. 

2 2 4 16 

b. Nhan thay mat phang (ADM) chura ducmg thing AD cd' dinh. Ta di dung mat 
phing qua S va vudng goc vdi AD bang nhan xdt: 

AKIMNoAKlAD 

Khi do: 

(SAK) 1 AD va (SAK) n (ADM) = AK. \ 

Trong (SAK) ha SH 1 AK thi H cung la hinh chi£u f ’ t P wv 
vu6ng g<Sc cua S trdn (ADM). / 

Trong (SAK), ta c6: / 

SH 1 AH <=> SHA =90° B C 

ndn H thudc ducmg trdn ducmg ki'nh SA trong mat phang (SAK). 

Han ch£ qul ti'ch - De nghj ban doc tirlam 


BAI tapd£ NGHI 

Bai tap 1: Cho hinh tur difin S.ABC c6 SI vudng goc vdi mat phang (ABC) va I la 
trung die’m cua canh AB. M la mdt difim di ddng tren canh SC. Tim tap hop hinh 
chieu vudng goc cua S trdn mat phang (ABM). 

Bai tap 2: Cho hinh chop S.ABC co SA vudng g6c vdi mat phang (ABC), tarn gidc 
ABC vuOng tai B. Goi M la mdt di^m trdn canh SA. Tim tap hop hinh chid'u vudng 
goc cua S trdn mat phang (MBC) khi M di ddng tir S dd'n A. 

Bai tap 3: Trong mat phang a cho ducmg tr6n (y) tarn O, A la did’m cd' djnh trdn 
(y) va BC la day cung di ddng cua (y) lu6n vudng goc vdri OA. Trdn dudng thing 
vuong goc vdi a tai A la'y did’m c6' d|nh S khdc A. Ttm tap hop hinh chid'u vudng 
goc cua A trdn mat phang (SBC). 

Bai tap 4: Cho hinh vudng ABCD tarn O, trdn tia Ax vudng goc vdi mat phang 
(ABCD) lay diem S. 

a. Cho S di ddng trdn tia Ax. Tim tap hop hinh chid'u vudng goc cua O trdn mat 
phang (SBC). 

b. Cho S cd' dinh, M la mdt didm di ddng trdn doan AC. Tim tap hop hinh 
chid'u vudng goc cua A trdn mat phang (SMB). 
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CHU DE 3 

HAI MAT PhAnG VUONG GOC 


I. KlfcN THtrc CO BAN 

1. HAI MAt phAng vuOng g6c 

Dinh nghia: Hai mat phdng goi la vudng gdc vai nhau 
neu mot trong hai mat phdng do chi'fa mdt dudng thdng 
vudng gdc vai mat phdng kia. 

Nhu vAy: a 1 p <=> 3a e a: a 1p. 

2. cActinhchat 

Dinh li1 : Neu hai mat phdng vudng goc vai nhau thi hat 
cu dudng thdng nao ndm trong mat phdng nay va vudng 
goc vai giao tuyen thi vudng goc vai mat phdng kia. 
a 1 3 vji aH3 = d 
a€av|iald 

Dinh li 2: Neu hai mat phdng a va p vudng goc vai nhau 
va A Id mot diem ndm tren a thi dudng thdng a di qua A 
vd vudng goc vai P se ndm trong a. 

(\ 1 3 va A 6 a 
A € a ± 3 

Dinh li 3: Hai mat phdng cat nhau cung vudng goc vai 
mat phdng thu ha thi giao tuyen cua hai mat phdng do 
vudng gdc vai mat phdng thi'fha. 
c*n3 = d 
a 1 ^ va 3 -i -1 


Tdc la: 


a 1 p. 


Turc 1^: 


=> a e a. 


Tuc la: 


d e y. 





Dinh li 4: Qua mot dudng thdng khong vudng gdc vai mot mat phdng, ta dung ductc 
mot vai chi mot vd chi mot mat phdng vudng goc vai mat phdng ay. 


3. HiNH LANG TRU DONG 

Dinh nghia: Mot hinh long tru duac goi Id hinh Idng tru dung neu cdc cunh hen 
cua no vudng gdc vai cdc mat day. 

Nhan xet rang cdc mat hen cua hinh Idng tru difng id nhitng hinh dul nhdt vd 


deu vudng gdc vai day. 


D, C, 




A 

Lang tru dimg 



Lang tru deu 










Tii co cac truimg hop: 

!. Mot hinh long ti n di'fng cd day Id mot mien da gidc den dune gpi Id Ling ti n 
den. Nhir vAy, lang tru den c6 cac mat ben 1A nhung hinh chu nhAt bang 
nhau. 

2. Mot hinh lang ti n di'fng cd day Id hinh hinh hdnh dupe gpi Id hinh hop dung. 
Nhir vAy, hinh hop dung c6 bon mat b£n la nhifng hinh chu nhfit vA hai day 
la hinh hinh hAnh. 

3. Mot hinh long ti n di'fng i d day Id hinh t In? nhdf dupe gpi Id hinh hop chi? 
illicit. Nhu vAy, hinh hop chu nhat co sail mat d£u la nhung hinh chu nhAt. 

4. Hinh hop i d tat i d car mat den Id hinh vndng gpi Id hinh lap plnrcnig. 


4. HtNH CHOP d£ t t 

Dinh nghfa Mot hinh chop dupe gpi Id hinh chop den nen day cua no Id mien da 
gidc den vd chan dudng cao cua hinh chop ti ling vtti tarn cua da gidc den do. 

NhAn xct rang ede canh hen cna hinh t hop den tlii 
Ining nhan vd ede mat hen cna no Id nliitng tarn gidc i an 
thing nhan. , 

Doan thing noi dinh cua hinh chop vdi trung di£m 
cua m6t canh day bA't ki goi la trung doan cua hinh chop 
d£u. 



5. HINH CHOP CUT B^U 
Dinh nghia. Mot hinh chop cut dupe cdt ra tifmdt hinh chop den dupe gpi Id hinh 
chop cut den. 

Khi do: 

■ Hai day 1A hai da g»ac d£u va dong dang. 

■ Duong noi tAm OO, cua hai day goi IA dudng cao 
cua hinh chop cut d£u. 

■ Cac mat ben cua hinh chop cut deu la nhung hinh 
thang can va bang nhau. 

■ Doan thing ndi trung diem cua hai canh day thu6c mot mat ben goi IA trung 
doan cua hinh chop cut deu. 

II. CAC DANG TOAN LlfeN QCAN 



Hai loan 1: Chung minh hai mat phlng vu6ng goc. 

_ Cluing minh dudng thing vuong g o c vd i mat phlng. 


PHUtJNG PHAPCHUNG 

1. chung minh hai mat phlng vuong gdc vdi nhau ta di chung minh mat 
phang nay chi'ra mdt dudng thing vudng goc vdi mat piling kia. 

2. Dd chung minh dudng thing vuong goc vdi mat phang ngoai nhung each ta 
bict, ta con co thdm hai cadi sou: 

Cat li 1: Su dung kdt qua cua djnh HI. 

Cat li 2: Sir dung kdt qua cua dinh H 3. 

Cho hinh chop S'. A BCD cd day ABCD la hinh thoi canh bang a va 
SA = SB = SC -= a. 
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a. Chung minh ring (SBD) 1 (ABCD). 

b. Chung minh ring ASBD vudng. 

Gidi 

a. Goi O la tam cua hinh thoi, ta c6: 

AC i. SO, vi ASAC can tai S / A, X \ \b 

AC 1 BD, vi ABCD !a hinh thoi 

suy ra: 

(SBD) 1 AC e (ABCD) => (SBD) 1 (ABCD). 

b. Nhdn xet rang: 

AD AC = ASAC = ABAC (c.c.c) => OD = OS = OB 

ASBD vudng tai S vi co trung tuyen bang nira canh huydn. 

Vi du 2: Cho hinh tuf didn ABCD co hai mat (ABC), (ABD) ciing vuong goc vdi 
mat phdng (DBC). Ve cac ducmg cao BE, DF ciia ABCD va ducrng cao DK cua 
AACD 

a. Chung minh rang AB 1 (BCD). 

b. Chung minh rang (ABE) 1 (ADC) va (DFK) 1 (ADC). 

c. Goi O va H ldn luot la true tarn cua ABCD va AACD. Chung minh rang 
OH 1 (ACD). 

Gidi A 

a. Ta co: Av K 


(ABC) n (ABD) = AB 

/ f/V 

(ABC) 1 (BCD) va (ABD) 1 (BCD) 

//b 

=> AB 1 (BCD). 



b. Taco: 

ICD1 BE 


CD1 AB 


(ABE) 1 CD e (ACD) => (ABE) 1 (ADC). 


Ta cd: 


DF 1 BC 


0 ) 


( 2 ) 


=> DF 1 (ABC) => DF 1 AC. 

IDF1AB 

Mat khde, ta lai co: 

DK L AC. 

Tut (I) vd (2) suy ra: 

(DFK) 1 \C e (ACD) => (DFK) 1 (ADC), 

c. Tu kdt qua trong b) Id: 

(ABE) 1 CD AE 1 CD AEnDK-- H. 

Ta co: 

[(ABE)n(DFK) = OH 
|(ABD) 1 (ACD) va (DFK) 1 (ACD) 

XU&M Cho AACD vi ABCD ndm trong hai mat phdng vudng goc vdi nhau, 
AC = AD = BC = BD = a va CD = 2x. Goi I, J theo thu tu la trunr didm ctia AB va 
CD. 

a. Chung minh rang T . T vudng goc vdi AB vA CD. 


=> OH 1 (ACD). 
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h. Tinh AB va IJ theo a va x. 
c. Xac dinh x sao cho (ABC) i (ABD). 

Gidi 

a. Xet AACD va ABCD, ta co: 

CD chung 

AC = AD = BC = BD 

suy ra: 

AJ = BJ « AJAB c&n tai J IJ i. AB. 

Xet ACAB va ADAB, ta co: 

AB chung 

AC = AD = BC = BD 

suy ra: 

DI = Cl o AICD c&n tai I => IJ ± CD. 

b. Trong AAJC vu6ng tai J, ta co: 

AJ- = AC 2 - CJ 2 = a 2 - x 2 => AJ = Va 2 -x 2 . 

Nhfln xet rang: 

(ACD) 1 (BCD) 

(ACD)n(BCD) = CD => AJ 1 (BCD) => AJ 1 BJ. 

AJ 1 CD 

Trong AAJB vu6ng can tai J, ta co: 

AB = AJ sfc = V2(a 2 -x 2 ) va IJ = — = . 

2 2 

c. NhAn xet rang: 

(ABC) n (ABD) = AB 
DI 1 AB 

do do, dd’ (ABC) 1 (ABD) d'\6u kidn \h: 

DI 1 (ABC) => DI i Cl <=> AICD vu6ng tai dinh I 

oIJ= 'cDo = I.2xoa = xV3. 

2 2 2 

Vay, vcri a = x V? thi hai mat phang (ABC) va (ABD) vudng g6c vdi nhau. 

BAI TAP NGHI 

Bai tap 1: Cho tur didn ABCD co ABC la tarn giac vu6ng tai B va AD vudng goc 
vdi (ABC). Chung minh rang (ABD) 1 BCD. 

Bai tap 2: Cho hinh chop S.ABC co day ABC la tam giac vudng tai C, mat bdn 
(SAC) la tam giac ddu va n3m trong mat phang vudng goc vdi mat phang (ABC). 
Goi I la trung didm SC. 

a. Chting minh rang (SBC) 1 (SAC). 

b. Chung minh rang (ABI) 1 (SBC). 

Bai tap 3: Cho AABC vudng tai A. Ve BB, va CC, cung vudng goc vdi mat phang 
(ABC). X 


D 
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a. Chung minh rang (ABB,) 1 (ACC,). 

b. Goi AH, AK la cac dudng cao cua AABC va AAB,C,. Chung minh rang hai 
mat phang (BCC,B,) va (AB,C,) cung vudng gdc vdi mat phang (AHK). 

Bai tap 4: Cho hinh tur didn ABCD co AB = BC = a, AC = b, DB = DC = x, 
AD = y. Ttm hd thurc lidn hd giua a, b, x, y dd : 

a. (ABC) 1 (BCD). 

b. (ABC)l(ACD). 

Bai tap 5: Cho AABC ddu canh a. Goi D la didm dd'i xung vdi A qua BC. Trdn 
ducmg thang vuong gdc vdi mat phang (ABC) tai D lay didm S sao cho SI) 

Churng minh rang: 

a. (SAB) 1 (SAC). 

b. (SBC) 1 (SAD). 

Bai tap 6: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, SA vudng 
gdc vdi mat phang (ABCD), M va N la hai didm Dn lupt n3m trdn cac canh BC, CD. 
Dat BM = x, DN = y. Tim hd thuc lidn hd giua a, x, y dd hai mat phang (SAM) va 
(SMN) vudng gdc vdi nhau. 


Bai toan 2: Xac dinh mat phang P chda dudng thang a va vudng gdc 
phang ex (a khdng vudng gdc vdi a) - Thid't di£n. 


)c vdi mat 


PHllONt; PHAP CHUNG 

Ta thuc hidn theo cac bude: 

Bif('n I: Chon mdt didm A trdn a sao cho qua A co 
the dung dupe dudng thang b vudng gdc 
vdi a mdt each dt nha't. 

Burn 2: Khi do, mat phang (a, b) chfnh la mat 
phang P can dung. 

Chu y: Nd'u co dudng thang d 1 a thi P // d hay p chua d. 

Vi du 1: Cho hinh chop S.ABCD, day ABCD la hinh vudng tarn O va canh a, SA 
= a va vudng gdc vdi mat phang (ABCD). 

a. Goi a la mat phang qua O, trung diem M cua SD va vudng gdc vdi 
(ABCD). Hay xdc dinh mat phiing a, mat phang a cat hinh chdp S.ABCD 
theo thid't didn Id hinh gi ? Trnh dien tich thie't didn. 

b. Goi P Id mat phang qua A, trung didm E cua CD va vudng gdc vdi (SBC). 
Hay xac djnh mat phang p, mat phang p cat hinh chdp S.ABCD theo thid't 
didn D hinh gi ? Tfnh didn tich thid't didn. 

Gidi 

a. Ta l<in lupt thuc hidn: 

■ A Yu dinh mat phang or. Trong (SAD)^3irng Mx // SA 
va cat AD tai Q ia trung die’in cua AD, ta co: 

MQ 1 (ABCD) => MQ € a. 

V3y a ia mat phang (OMQ). 

■ Xl'u dinh tide) dien: Keo dai QO cat BC tai P ia trung ^ 
didm cua BC, ta co: 







PQ <E a va CD € (SCD) 

PQ // CD => My // CD // PQ 

n n(SCD) = My 

va My cat SC tai N la trung dig’m cua SC. 

Vay, mat phang a cdt hinh chop S.ABCD theo thid't difin la hinh thang vu6ng 
MNPQ. 

■ Tinli dien tich thiet (lien: Ta co: 


S\ispy = "(MN + PQ).MQ 
trong do: 

MN = ^CD = ^, vi MN la duong trung binh cua ASCD, 
PQ = a, 

MQ = SA = j, vi MQ la duong trung binh cua ASAD, 




b. Ta Idn luot thuc hien: 

■ Xi'n hinh mat pining P: Trong (SAB) ha AH 1 SB va 
H la trung didm cua AB, ta c6: 

HC 1 AB BC ± => BC 1 AH 

BC 1 SA 


Nhu vdy: 

AH 1 SB 
AH 1 BC 


=> AH i (SBC) => AH € p. 



VAy P la mat phdng (AHE). 

Xi'n hinh thiet hien : Keo ddi AE cdt BC tai K, noi HK cdt SC tai F. 

Vay, mat phang P cat hinh chop S.ABCD theo thiet di£n Id tut giac AEFH. 
Tinli hien tich thiet (lien: Ta co: 

Saehh = Snhak "* Saekf 


= -AH.KH - — KE.KF.sinF.KF = .-AH KH 

2 2 2 


-KE.KF.~- 
2 AK 


Trong ASAB, ta co: 

*. AH = - SB = —. 

' 2 2 

Trong AADE, ta co: 

AE= a/aD : + DE 2 = 

2 

Trong AK AB, ta c6: 

CE = -AB=>KE = AE = — 
2 2 
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a 

T' 

BAI TAP NGHI 

Bai tap 1: Cho hinh chop S.ABCD, co A BCD ia hinh vudng canh a. SA = aV3 va 
vudng goc v<5ri mat phing (ABCD). Goi a Id mat phing chura AB vd vu6ng goc vori 
mat phang (SCD). 

a. Hay xac dinh mat phang a, mat phang a cat hmh chop S.ABCD theo thid't 
didn la hinh gi ? 

b. Tinh didn ti'ch thid't didn. 

Bai tap 2: Cho hinh ch6p S.ABCD, co ABCD Id hinh thang vudng tai A va D, 
AB = 2a, AD = DC = a. SA = a va vudng g6c vdi mat phang (ABCD). 

a. Chumg minh rang (SAD) 1 (SCD) va (SAC) 1 (SBC). 

b. Goi a la mat phing chura SD va vudng goc vdi mat phang (SAC). Hay xac 
djnh mat phang a, mat phang a cat hinh chop S.ABCD theo thidt didn la 
hinh gi ? Tinh didn ti'ch thid't didn. 

Bai tap 3: Cho hinh chop S.ABCD, co ABCD la hinh thang vudng tai A va D, 
AB = 2a, AD = DC = a. Gia sit hai mat phang (SAB) va (SAD) ciing vudng goc vdi 
mat phang (ABCD) va SA = a. Goi E li trung did’m cua SA, , M la mdt di^m trdn 
canh AD, dat AM = x, vdi 0 < x < a. Goi a ia mat phing chura EM va vudng gdc vdi 
mat phang (SAD). 

a. Hay xdc dinh mat phang a, mat phang a cat hinh chdp S.ABCD theo thid't 
didn ia hinh gi ? Tinh didn tich thid't didn. 

b. Tim tap hop hinh chid'u cua D trdn a khi M di ddng trdn canh AD. 

Bai tap 4: Cho hinh chdp S.ABC, day ABC la tarn gidc vudng cdn tai B, AB = a, 
SA = a>/3 vudng gdc vdi mat phang (ABC). Goi E va F Idn luot la trung did’m cua 
SC va SB, M ia mdt didm trdn canh AB, dat AM = x, vdi 0 < x < a. Goi a ia mat 
phang chura EM va vudng gdc ydi mat phang (SAB). 

a. Hay xdc dinh ro mdt phing a, mdt phing a cit hinh chdp S.ABCD theo thid't 
didn Id hinh gi ? 

b. Chumg minh ring FM = >/a 2 - ax + x 2 . Tinh didn ti'ch thid't didn theo a vd x. 

c. Goi K ia hinh chid'u vudng gdc cua S trdn a. Tim tap hop cac didm K khi M 
di ddng trdn canh AB. 

Bai toan 3: Hinh lang tru dung. 


Trong AHAK vudng tai H, ta co: 

KH = VAK 2 -AH 2 = 

2 

Trong ASBK, ta co SC v& SH la hai dirong trung tuy£n, do do: 


KF = - KH = a>/2 
3 


TCr do, ta duoc: 


'AEFH 


2 ay/2 3aVI _ J_ ay/5 
2 2 2 2 


aVI 


.. 72 .^- = — 

2 aV5 4 
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PHITONG PHAPCHUNG 

1. Nam vimg dinh nghTa va cac tmh chit cua hinh ling tru dung d& vc hinh va 
chung minh mot s 6 tmh chit khac. 

2. Vice xac dinh thiet dien cua hinh lang tru dung cat boi mot mat phing diroc 
thuc hien dua tren nhung phuemg phap da biit. 

Vi d\f 1 : Cho hinh hop chu nhit ABCD.A,B,C,D, co AB = a, BC = b, CC, = c. 
Chung minh ring cac dufrng chco cua hinh hdp chu nhit bing nhau va bing 

>/a : -f b” -f c : . 


Giai 


D, 


B, 


D 

... 




B 


Nh&n xct rang hai hinh chu nhit AA,C,C va BB,D,D 
bing nhau, suy ra: 

AC, = A,C = BD 1 = D,B 

tuc la, cac dircmg chco cua hinh h6p chu nhit bing nhau. 

Trong A ABC vu6ng tai B, ta c6: | D 1 J A 

AC 2 = AB 2 + BC 2 = a 2 + b 2 . 

Trong A ACC, vudng tai C, ta co: 

AC, = JaC 2 + C,C- = '/a” +b : + c 2 . 

V» du_2: Cho hinh lang tru dung ABC.A,B,C,, day ia tarn giac dcu canh a, 
AA, = n\fl . Goi M, N lan luot la trung die’m cac canh AB va A,C,. 

a. Xik dinh thiet dien cua lang tru vdri mat phdng a qua MN va vuong goc vdri 
(BCC,B,). Thiet di<?n la hinh gi ? 

b. Tmh dien tich thiet dien. 

Giai 

a. Goi E, E, thco thur tu la trung diem cua BC va B,C,, ta co ngay: 

AE 1 BC => AE 1 (BCC.B,). B, 

A,E, 1 B,C, => A,E, 1 (BCC,B,). 

ii 

AE — A,E,. 

Dodo: 

■ Dtnig Mx // AE cat BC tai Q la trung diem cua BE. 

■ Dung Ny // A,E, cat B,C, tai P la trung diem cua E,C,. B 
Vi MQ // NP nen M, N, P, Q d6ng phang, do v&y MNFQ ^ 

chinh la thiet dien cin dung. 

Nhan xet rang: 

MQ = ^AE = ^ A,E, = NP => MNPQ 15 hinh binh hanh. 

MQ 1 (BCC,B,) => MQ 1 PQ. 

Va>\ thiet dien MNPQ la hinh chu nhAt. 

b. Ta co: 

^MNPQ = MQ.NP. 

Trong AABC, ta co: 

AE = , vi AABC ddu va c6 canh bang a. 



Trong AABE, ta co: 
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PQ = EC, = ^EC 2 -f C,C 2 = 
TCr do, ta ducrc: 

a>/5 a : 7i5 


>mnpq 


4 ‘ 2 


aV 5 
2 


BAI TAP NGHI 

Bai tap 1: Chung minh rang mdt hinh hop co: 

a. Hai mat cheo vudng goc vdi nhau la mot hinh hop chu nhAt. 

b. Bd'n duomg cheo bang nhau la mdt h'rnh hdp chfr nhat. 

Bai tap 2: Cho hinh lap phucrng ABCD. ABjC.D,. Chung minh rang: 

a. AC, 1 (A,BD) vh AC, i (CB,D,). 

b. BC, 1 (A,B,CD). 

Bai tap 3: Cho hinh lang tru dung ABC.A,B,C,, day ABC la tam giac vu6ng can 
tai A va AB = a, AA, = a. Goi M, N ldn luot la trung diem cac canh AB va A,C,. 

a. Xac dinh thiet dien cua lang tru vdi mat phang a qua MN va vuong goc vdi 
(BCC,B,). Thiet dien la hinh gi ? Tinh dien tich thiet dien. 

b. Xac dinh thiet dien cua lang tru vdi mat phAng |1 qua A va vudng goc vdi 
B,C. Thiet dien la hinh gi ? Tinh dien tich thiet dien. 

c. X&c dinh thiet dien cua lang tru vdi mat phang y qua B, va vuong goc vdi 
A,L vdi I la trung diem cua canh BC. Thiet dien la hinh gi ? Tinh dien tich 
thiet dien. 


Bai tap 4: Cho hinh hop chd nhat ABCD AjBjCjD, co AB = a, BC = b, CC, = c. 
Goi M, N, E Lin luot LI trung diem cac canh AB, BC va C,D,. 

a. Xac dinh thiet dien cua lang tru vdi mat phang a qua ME vA vuong goc vdi 
(BDD,B f ). Thiet dien 1A hinh gi ? Tinh dien tich thiet dien. 

b. Xac dinh thiet dien cua lang tru vdi mat phang qua MN va vudng goc vdi 
(ACB,). Thiet dien la hinh gi ? Tinh dien tich thiet dien. 

Bai tap 5: Cho lang tru tam giac deu ABC.A,B,C,, canh day a, dudng cao h. a la 
mat phang qua A va vudng goc vdi B,C. Bien hu)n theo a, h cac dang thiet dien cua 
lang tru cat bdi mat phang cx va tinh dien tich thiet dien. 

Bai tap 6: Cho hinh Lip phucrng ABCD.A,B,C|D,, canh a. M va N la hai diem di 
ddng Lin luot tren canh A,D va BD sao cho A,M = DN = xjl ! , vdi 0 < x < a. Goi 
a la mat phang qua MN va vudng goc vdi (A,B,CD). 

a. Tuy theo x hay tim thiet dien cua hinh lap phuong va mAt phang a 

b. Tinh thiet dien khi no 15 hinh ngu giac. 

Bai tap 7: Cho hinh lap phuomg ABCD.A^.CiD, canh a. Diem M thude AD, va 
diem N thude BD sao cho AM = DN = x, vdi 0 < x < aji 


a. Chung minh rang khi x 



thi MN ngAn nhAt. 
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h. Chung minh ring MN luon ludn song song voi mat phdng (A,D,BC) khi x 
bidn thien. 

c. Khi MN ngan nhdt, chung minh ring MN la doan thing vuong goc chung 
cua AD, va DB va MN song song voi A,C. 

Bai tap 8: Cho hinh Dp phuong ABCD.A,B,C I D,, canh co do dai bing I. Diem M 
di dong tren canh AA’ la die-m N di d6ng trdn canh BC sao cho AM = BN = h, voi 
0 < h < I. 

a. Chufng minh khi h thay d6i thi MN luon cdt va vuong goc voi mot ducmg 
thing co dinh. 

b. Goi T la trung diem cua D,C,. Hay dung thid't dien tao boi mat phdng 
(MN I) va hinh lap phuong. 

c. Tmh h de chu vi thief didn dat gia tri nho nhflit. 

Bai tap 9: Cho hinh hop chu nhftt ABCD.A|B,C,D, co AB = a, BC = b, CC, = c. 
Goi O, O, la tarn cua ABCD va A,B,C|D|. Goi a la mat phdng qua O, va song song 
voi A,D va DO 

a. Hay dung thief dien cua hinh hop voi mat phdng a. Thiet dien la hinh gi ? 

b. Tun dic ; u kidn cua a, b, c dd thiet didn la hinh thoi co mot goc bang 60°. 

Bai tap 10: Cho lang tru luc giac deu ABCDEF.A,B,C,D,E,F,, canh day a, dirdng 
cao h. Goi M la trung diem cua DD,. Xac dinh thiet dien cua lai g tru cdt boi mat 
phdng (ABM). Tmh dien tich cua thidt didn. 


( Bai toan 4: Hinh cho p deu - Hinh chop c ut ddu. 



PHUONG PHAP CHUNG . 

1. Nim vung dinh nghla va cac tinh chi* cua hinh chop ddu va hinh chop cut 
ddu dd ve hinh va chung minh mot so tmh chat khac. 

2. Vide xac dinh thiet dien cua hinh chop deu va Vmh chop cut ddu cat boi 
mot mat phdng duoc thirc hien dira tren nhimg phuong phap da bidt. 

YlihU i Cho hinh chop tu giac ddu S.ABCD. M6t mat phdng a cat cac canh SA, 
SB, SC, SD cua hinh chop theo thur tu tai A h B,, C,, D,. 

a. Xet dac didm cua tu giac A,B,C,D, khi A,B, hoac A,C, hoac ca hai duong 
thdng do song song voi mat phdng (ABCD). 


a. 



Chtfng minh ring - +-=- + - 

& SA, SC, SB, SD, 



■ Vdri A,B, // (ABCD) thi: 



Voi A,B, n f ABCD) 
V() A,C, n (ABCD) 
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A,B, // AB // CD n> A,B, //C,D, vh A,D, = B,C, 

Do do, tu giac A|B,C|D, la hinh thang can. 

Vdi A,C, //(ABCD) thi 
A,C,//AC. 

Mat khac, ta lai cd: 

AC 1 BD 

AC 1 SO AC j_ (SBD) ^ AC 1 b,D, => A,C, 1 B,D,. 

Do do, tu giac A,B,C|D| co hai ducmg cheo vuftng gdc vdri nhau. 

■ Vdi A,B, // (ABCD) va A,C, // (ABCD) thl 
(A,B.C,D,)//(ABCD) 

E)o do, tu giac A|B|C|D, la hinh vudng. 
b. Ban doc tu lam 

Hift'rnt’ dan: Tlirfc hien phep tinh (lien rich ASA,C| va ASB,D,. 

BAI TAPd£ NGHI 

Bai tap 1: Cho hinh chop tut giac ddu S.ABCD co canh bdn va can : i day ddu bang 
a. 

a. Ti'nh do dai ducmg cao va Irung doan cua hinh chop. 

b. Goi E la trung didm cua SC, chimg minh rang (EBD) 1 (SAC). 

Bai tap 2: Cho hinh chop tu giac ddu S.ABCD co canh bdn va canh day ddu bang 
a. Goi M la trung didm SB. 

a. Chumg minh rang ASBD vudng. 

b. Xac djnh thid't didn cua hinh chop vdi mat phing a qua AM va vuong goc 
vdi (SBD). Tmh didn tich thidt didn. 

c. Xac djnh thid't didn cua hinh chop vdi mat phang P qua DM va vuong gdc 
vdi (SBD). Ti'nh didn rich thid't didn. 


Bai tap 3: Cho hinh chdp tarn giac ddu S.ABC cd canh bdn bang 


a>/3 


va canh 


day a. Goi a la mat phing qua A, song song vdi BC va vudng gdc vdi mat phang 
(SBC). 

a. Hay xac dinh mat phing a. Mat phing a cit hinh chdp theo thid't didn la 
hinh gi ? 

b. Ti'nh didn tich thid't didn. 

Bai tap 4: Cho hinh chdp luc giac ddu S.ABCDEF cd canh bdn bang 2a va canh 
day a. 

a. Chirng minh ring (SBE) ± (SDF). 

b. Goi a la mat phing qua A, song song vdi BC va vudng gdc vdi mat phing 
(SBC). Hay xac djnh mat phing a. Mat phing a cit hinh chdp theo thid't 
didn li hinh gi ? Ti'nh didn ti'ch thid't didn. 



CHU DE 4 

KHOANG CACH 

I. KIEN THCC CO BAN 

1. KHOANG CACH Ttt MAT Dlf-M TCJI MOT DlTdNG THANG 
Trong khdng gian cho die*m O va dudng thing d, ke 

OH 1 d vdfi H e d. 

Dinh nghia : Dp dai (loan OH dupe goi Id khoang each 
tit diem O ttii (lifting thong d. 

Nhan xet : 

■ Khoang each tjjr diem O tdi dudng thing d la be nhit so vdi khoang each tur 
O den moi didm cua d. 

■ Khoang each tir diem O toi duong thing d bing 0 khi va chi khi Oed. 

2. KHOANG CACH Tlf MOT DlfiM TOI M0T MAt PHANG 
Trong khdng gian cho didm O va m&t phing a, goi H 

la hinh chid'u vuong goc cua O tren a. 

Dinh nghia. Do dai doan OH dupe goi Id khoang each 
lit diem O tdi mat phang a. 

Nhan xet: 

■ Khoang each tCr diem O tdi mat phing a la be nhit so vdi khoang each tu O 
d£n moi diim cua a. 

■ Khoang each tuf didm O tdi mft phing a bing 0 khi va chi khi O g a. 

3. KHOANG CACH GltjfA M0T Dl/ONG ThAnG VA M0T MAT PhAnG SONG SONG 

Trong kh6ng gian cho dudng thang d song song vdi 

mat phang a. La'y di&n A bat ki trdn d, goi H la hinh 
chie'u vudng goc cua A trdn a. 

Dinh nghia: Dfi dai doan AH ditoc goi Id khoang each 
tit difang thong d tdi mat phang a. 

Nhan x it: Khoang edeh tir dudng thang d tdi mat phang a Id be nhat so vdi khoang 
each tir mdt diem tuy y thude d tdi mdt diem bat ki cua a. 

4. KHOANG CACH GILfA HAI MAT PhAnG SONG SONG 
Trong khdng gian cho hai mat phang a, P song song 

vdi mhau. 

Dinh nghia: Khoang each tit mdt diem tuy y cua a tdi P 
diftfc goi Id khoang each git'fa hai mat phang a vd p. 

Nhan xtt: Khoang each giua hai mat phang a "> K. be nhat so vdi khoang each tir 
mdt diem tuy y thude a tdi mdt die’m bat ki cua p. 



A d 



O 
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B ai loan 1: Khoang each tCr m6t diim tdi m6t dudng thing. 


PHUONt; PHAP CHUNG Q 
De tinh khoang each tu dieim O tai dudng thing d, ta 
thuc hien theo cac bude sau: 

Batic 1 Trong mat phing (O, d) ha OH X d vai H e _ 3 _ d 

d. H 

Bade 2: Thuc hien vide xac dinh dd dii OH dira \vtn hd thuc lirgng trong tam 
giac, tuf giac vi duang tron. 

Chut !L_r_2_ 

1. N6u t6n tai dudng thing a qua O va song song vai d 

th • : _ t— d 

d(0, d) = d(A, d), vdi A e d. K 

2. N£u AOnd = I thi: A 

d(Q,d) = OI 

d(A,d) AI _□_d 

I h K 

Vi 1: Cho hinh chop S.ABCD co day ABOD la hinh vuong canh a, Um O, 
SA = a vi vuong goc vai mat phing (ABCD). Goi I, M theo thu tu la trung diem cua 
SC, AB 

a. Chumg minh ring OI 1 (ABCD). 

b. Tinh khoang edeh tir I den dudng thing CM, tu do suy ra khoang cao tu S 
tdi CM. 


5. DUCfNG VUdNG GOC CHUNG VA KHOANG CACH GltfA HAI DUONG THANG 

CHEO NHAU a 

Dinh It: Cho luii dudng thong cheo nhau a va h, ludn co 

day nhdt mot dating thong d cot cd o va h, va vudng goc 

vai mdi dating thong ay. Dating thong d duac goi Id —_ 

dating vuong goc chung cua a va h. N ^ ^ 

Gia sud cit a, b theo thur tu tai M va N. 

Dinh nghta: Doan MN duac goi Id doon vudng goc chung cua a vd h. Dp ddi dopn 
thong MN duac goi Id khoang each yiifo hoi dating thong cheo nhau a vd h. 

Nhan xit: Khoang each giua hai duemg thing cheo nhau bang khoang each giura: 

■ Mot trong hai dudng th*ing do va mat phing song song vdi no eh lira dudng 
thing edn lai. 


■ Hai mat phing song song lin luot chura hai dudng thing do. 

Tu do suy ra " Khoang each giua hoi dating thong cheo nhau Id he nhdt o vai 
khoang each giua hai diem hot ki Ion heat ndm tren hai dating thong ay 


II. CAC DANG TOAN LlfcN QUAN 


92 


Gidi 

a. Trong ASAC, ta co: 

OI la durong trung binh 
=> OI // SA ==> OI ± (ABCD). 

b. Goi H la hinh chid'u vudng goc cua I ldn CM, ta co: 
[ ( M 1 HI CM ± (1QH) CM ± 0H 
CM 1 OI 

Trong AABC co K la trong tam, ta co: 

OB = — AC = —. 

2 2 

OK = - OB = —. 

3 6 





Trong AOCK vudng tai O, ta c6: 

l I 


+ 


+ 


20 


OH 2 OK 2 OC 2 (a72/6) 2 (aV2/2) 2 a 2 

Trong AOIH vudng tai O, ta co: 


=> OH = 


7m 


f a 


a 

\ 2 > 

+ 

720, 


3a 2 a730 

— => IH =- 

10 10 


Vfty, khoang each tit I tdi CM bang 

Vi SI n CM = C ndn: 
d(S,CM) SC 


aV30 


10 


a730 


= 2 => d(S, CM) = 2d(I, CM) = 2IH = 
d(I,CM) IC 5 

Vi du 2: Cho hinh chop S.ABC c6 SA = 2a va vu6ng goc vdi mat phang (ABC), 

AABC vu6ng tai C vdri AB = 2a, BAC = 30°. Goi M la mdt difi’m di ddng trdn canh 
AC, H 13 hinh chifi’u vudng goc ciia S trdn BM. 
a. Chung minh rang AH 1 BM. 

h. Dat AM = x, voi 0 < x < ^. Tfnh khoang cich tCr S dd'n BM theo avax. 
Tim cac gia tri cua x dd khoang each nay c6 gia tri nho nha't, I6n nhat. 

Gidi 

a. Vi SA 1 (ABC) ndn AH 13 hinh chi£u vu6ng gdc cua 
SH trfin (ABC), do dd: 

AH 1 BM, theo dinh K ba ducfng vudng goc. 

b. Ta tha'y ngay khoang each ttr S d£n BM chfnh la SH 
v3 trong ASAH ta c6: 

SH 2 = SA 2 + AH 2 . (1) 

Trong AABC vudng tai C co BAC = 30° ndn: 

BC = — = a v3 AC = AB.cos BAC = 2a.cos30° = aT?. 



Trong ABCM vudng tai C, ta co: 
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BM 2 = BC : + CM 2 = BC 2 + (AC - AM) 2 
= a 2 + (a\/3 - x) 2 = x 2 - 2 >/3 ax + 4a 2 

c=> BM = Vx 2 '- 2v%x + 4a 2 . 


Nhdn xet ring AAMH v& ACMB la hai tam giac vu6ng c6 AMH 

chung d6ng dang, suy ra: 

AH AM A „ AM.BC xa 

-=- r>AH= - = . 

BC BM BM */ v - o./i.jv _L a » 2 


BC BM BM >/x 2 — 2>/3ax 4- 4a 2 

Thay (2) v& SA = 2a vao (1), ta diroe: 

OII *. . «. x 2 a 2 5x 2 a 2 —8\/^a , x-f 16a 4 

SH" = 4a- + —- T -— = - 7=-;— 

x- -2v3ax + 4a- x“ - 2>/3ax + 4a“ 
cu l5x 2 a 2 ~8^a\ + 16a 4 

° f 

Tir he thuc (1) voi SA = 2a khong d6i, ta co nhin xet: 

■ SH dat gia tri Ion nhit khi: 

AH Max <=> AM Max o M = C o x = a >/3. 

■ SH dat gia tri nho nhSt khi: 

AH Min <=> AM Mm oM = Aox=0. 


oSH = 


= CMBndn 
( 2 ) 


bai tap Df- nghi 

Bai tap 1: Cho hinh chop S.ABCD co day ABCD li hinh thang vudng dudng cao 
AB = a, BC = 2a, SA = a va vuong gdc vdi mat phing (ABCD). Ngoai ra con co SC 
vuong goc vdi BD. 

a. Chumg minh ring ASBC vudng. 

b. Ttnh dd dai AD. 

c. Goi M la mdt didm trdn doan SA, dat AM = x, vdi 0 < x < a. Tmh khoang 
cich tu D ddn BM theo a vi x. Tim cac gia tri cua x d£ khoang each nhy cd 
gia trj nho nha't, Idn nha't. 

Bai tap 2: Cho hinh chdp S.ABCD co day ABCD la hinh vudng canh a, tam O, SA 
= a vi vudng gdc vdi mat phing (ABCD). Goi M la di£m di ddng trdn doan CD, dat 
CM = x. Goi K la hinh chidu vudng gdc cua S trdn BM. 

a. Tmh dd dai doan SK theo a vi x. 

b. Tim tap hop cac didm K thoa man tinh chat trdn. 

Bai tap 3: Cho AABC cd BC = a, AC = b, AB = c. Trdn dudng thing vudng goc 
vdi (ABC) tai A lay di^m S sao cho SA = d. Tmh khoang edeh tur S ddn dudng thing 
BC. 

Bai tap 4: Cho mat phing a vi mdt di£m O ngoai a, A la mdt di£m cd cljnh thude 
a sao cho OA khdng vudng gdc vdi a, d la dudng thing di ddng trong a nhung 
ludn di qua A. Goi M li hinh chidu vudng g jc cua O trdn d. 

a. Tim tap hop cic didm M thoa ma i mh chit trdn. 

b. Tim vi tri cua d dd dd dii OM li Id. nhdt. 


Bai toan 2: 


Khoang each td mdt didm tdimOt mat phin 





PHUONG PHAP CHUNG 

Dc tmh khoang each tir diem O tdi mat phAng a, ta 
thuc hien theo cac bude sau: 

Bum I: De dung OH vdi H la hinh chieu vuong gdc 
cua O Idn a, ta thirc hi£n: 

■ Lay dudng thang a nAm trong a. 

■ Dung mAt phAng (P) qua O vuong goc vdi a cAt a theo giao tuyen 
b (cAn chon a sao cho mat phAng (P) d£ dung). 

■ Trong (P), ha OH 1 b tai H. 

Bum 2: Dung AH 1 c tai H., khi do OH la khoang each tu O den a. 

Bum 3: Tmh do dai cua doan OH la khoang cAch tu A den a. 

Chu y: 

1. Trong buck 1, truck khi chon a va dung mat phAng (P) n£n xet xem a va (P) da 
co sAn trdn hmh ve chira. Neu co, chung ta se giam thidu duoe phep dung hinh. 

2. Neu da co san dudng thAng d vu6ng goc voi a thi chi 
cAn dung Ox // d ta duoc Ox 1 a. 

3. Nd'u OA //a thi: 

d(0, a) = d(A, a). 

4. Neu OA cAt a tai I thi: 

d(0,ct) OI 
d(A,a) AI 

5. Sir dung tmh chat cua true dudng tron, cu the*: 

Dinh nghia : Duemg vuong goc vdi mat pining chua 
dudng n on tai tarn cua dudng trdn gpi Id true cua 
dudng trdn d6. 

Ta cd thi diing tmh chA't cua true dudng trdn d£: 

a. Chung minh dudng thAng vu6ng goc vdi mAt phAng 

b. Tinh khoang each tir mot difi’m din mdt mAt phAng. 

Cu the’ voi trudng hop: 

• Neu O la tAm dudng tron ngoai ti€Tp AABC va M la mdt di6m each deu ba 

d\£n\ A, B, C thi dudng thAng MO la true cua dudng trdn ngoai ti£p AABC. 
Khi do MO 1 (ABC) va MO = d(M, (ABC)). 

■ N6u MA = MB = MC vA NA = NB = NC trong do A, B, C la ba di^m khdng 
thAng hAng thi dudng thAng MN 1A true cua dudng trdn qua ba didm A, B, C. 
Khi do MN 1 (ABC) tai tAm O cua dudng trdn qua ba diim A, B, C. 

Vi dy 1: Cho hinh chdp S.ABCD cd day ABCD 1A hinh vudng tAm O canh bAng 

a, SA ~ a^3 va vudng goc vdi mAt phAng (ABCD). 

a. Hay dung dudng thAng qua trung didm ciia canh SC vA vuong gdc voi mAt 
phAng (ABCD). 

b. Hay dung dudng thAng qua A va vudng gdc vdi mat phAng (SBC). Tinh 
khoang each tir A d in mat phAng (SBC). 

c. Tmh khoang each tir O d6'n (SBC). 

d. Tmh khoang each tir trong tAm cua ASAB dftn (SAC). 
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Gidi 

a. Goi M la trung di£m cua SC. 

Trong ASAC, ta c6: 

OM IS dudng trung binh 
=> OM // SA => OM 1 (ABCD). 

Viy OM IS ducmg thing cin dung. 

b. Nhin xit ring: 

I 80 1 AB => BC 1 (SAB) => (SAB) 1 (SBC). 
|BC1SA 

Ha AH vuong goc vdi SB, ta co ngay AH 1 (SBC). 
VSy AH IS ducmg thing cin dung. 

Trong ASAB vudng tai A, ta co: 

III I I 4* 



AH 2 


+ 


AB 2 


SA 2 

VI AO n (SBC) = C ntn: 
d(Q,(SBC)) OC 


r T + ~V = — => AH = 
(aV3) 2 a' 3a- 




= - => d(0, (SBC)) = -d(A, (SBC)) = 
AC 2 2 


I 


d( A,(SBC)) 

d. Goi E IS trung di£m AB, ha EF 1 AC, ta dupe: 
EF 1 AC 
F.F 1 SA 

do do EF chinh la khoang cich tu E tcri (SAC). 
Trong AOAB, ta c6: 


AH = 


EF 1 (SAC) 



■ Jl 

EF IS du&ng trung b'inh => EF = -- OB = ~~ 

Goi G IS trong tSm AABC, vi EG n (SAC) = S nfin: 
d(G .(SAC )) GS 
“ ES 


* => d(G, (SAC)) = ~ d(E, (SAC)) = 


d(E,(SAC)) 

Vi du 2: Cho hinh chop S.ABC c6 ASB= 90", RSC = 60°, 
SA = SB = SC = a. Goi I IS trung difim cua canh AC. 

a. Chung minh ring SI 1 (ABC). 

b. Tinh khoang cich ttr S den mat phing (ABC). 

Gidi 

a. Trong ASAB vuAng cin tai S, ta co: 

AB = SA \fl =aj2.. 

Trong ASBC cin tai S co BSC = 60° nfen IS tarn giac 
d£u, suy ra BC = a. 

Trong ASAC cin tai S, ta c6: 

SAC = 30°, 

AC 2 = SA 2 + SC 2 - 2SA.SC.cosASC = 3a 2 <=> AC 
Nhin xet ring: 

AB 2 + BC 2 = 2a 2 + a 2 = 3a 2 = AC 2 




a\/3. 
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<=> AABC vudng tai B => I la t&m dudng tr6n ngoai tid'p AABC. 

VAy vdi SA = SB = SC, ta duac: 

SI 1 (ABC) va d(S, (ABC)) = SI. 
b. Trong ASAI vudng tai I, ta co: 

SI = vSA.sin SAI = SA.sin SAC = a.sin30° = —. 

2 

VAy, khoang each tir S den mat phAng (ABC) bang -. 

4m 

BAI TAP d£ NGHI 

Bai tap 1: Cho mat phang a. Mot dudng thAng AB cat a tai diem O sao cho O la 
trung dieim cua doan AB. Chung minh rang A va B each d£u a. 

Bai tap 2: Cho hinh chop S.ABC co ABC la tarn giac cAn dinh A, AB = a, 

BAC = a, SA = SB = SC = . Tmh khoang each tir S den mat phAng (ABC). Tim 

dieu kidn cua a de bai toan co nghla. 

Bai tap 3: Cho hinh chop S.ABC co day ABC la tarn giac vu6ng tai A vdi 

BC = 2a, ABC = 60°. Goi M la trung di6m cua canh BC. Biet SA ~ SC ~ SM av ; 5 

a. Tinh khoang each tu S d^'n mat phang (ABC). 

b. Tinh khoang each tu S d£n AB. 

Bai tap 4: Cho h'rnh chop S.ABC co day ABC la tarn giac vuong can tai B va 
AC = 2a, SA = a va vu6ng goc vai mat phang (ABC). 

a. Chung minh rang (SAB) 1 (SBC) 

b. Tinh khoang edeh tu A den mat phang (SBC). 

c. Goi O la trung diem cua AC. Tinh khoang each tir O d£'n (SBC). 

Bai tap 5: Cho hinh chop S.ABCD co day ABCD la hinh vu6ng canh bang a, 
SA = a vd vuong goc vdi mat phang (ABCD). 

a. Goi I la trung di£m cua SD. Chung minh rang AI X (SCD). 

b. Tmh khoang each tir trong tarn ASBC d£n mat phang (ABCD). 

Bai tap 6: Cho hmh chop S.ABCD co day ABCD la hinh chu nhftt vdi AB = a, 
AD = 2a, SA = a va vuong gdc vdi mat phang (ABCD). Goi I, M theo thu tu la 
trung diem cua canh SC, CD 

a. Tinh khoang each tir A den mat phang (SBD). 

b. Tinh khoang each tir I den mat phang (SBD). 

c. Tmh khoang each tir A deii mat phang (SBM). 

Bai tap 7: Cho hinh thoi ABCD tdm O, canh bang a va AC = a. Tir trung diem I! 
cua canh AB dung SI 1 vudng gdc vdi mat phang (ABCD) vdi SM = a. 

a. Hay dung dudng thang qua II vudng gdc vdi mat phang (SCD) va tinh 
khoang each tir II deii mat phang (SCD). 

b. Tinh khoang each tir O den mat phang (SCD). 

c. Tinh khoang each tir A den mat phang (SBC). 

Bai tap 8: Cho AABC can dinh A co A = 120°, canh BC ~ a. LA'y didm S d 

ngoai mat phang chua lam giac sao cho SA = a. Tinh khoang each tir A tdi mat 

phang (SBC). 
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Bai tap 9: Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh bang a, 
SA = a va vuong goc vdi mat phAng (ABCD). 

a. Tim trfcn mat phAng (ABCD) m6t di^m each d£u ba di£m S, B, C va tinh 
khoang each chung Ay va khoang each tir didm do den mat phAng (SBC). 

b. Tim trdn mat phAng (SBC) mot diem each d£u ba diem B, C, M vai M la 
trung diem cua canh CD. Tinh khoang each chung Ay. 

Bai tap 10: Trong mat phAng a cho AABC vudng tai A co BC = 2a, ACB ~ 60”. 
Dung hai doan BB’ = a, CC’ = 2a cung vuong goc vdi a va acung m6t ben doi vai 
a. Tinh khoang each ttr: , 

a. C den mat phAng (ABB'). 

b. Trung didm cua B'C den mat phAng (ACC’). 

c. B' d£n mat phAng (ABC’). 

d. Trung diem cua BC den mat phAng (AB’C). 


Bai loan 3: 


Khoang each giua duang th&ng va mat phAng song song. 
Khoang each gitr a hai mat phAng song song. 


PiurONi; ph ap chum; 

1. Cho duang thAng d song song vai mat phAng a, de tinh khoang each giua d 
va a ta thuc hidn theo cac btroc: 

Birin: I: Chon mdt diem A tren d, sao cho khoang each ttr A d£n a co the 
duac xac dinh d6 nhAt. 

Bitefi 2: Ket luan d(d, a) = d(A, a). 

2. Cho hai mat phAng song song a va fC de tinh khoang each giua a va \\ ta 
thuc hidn theo cac bude: 

Birin I: Chon mot diem A tren a, sao cho khoang each tir A den ($ .6 the 
duac xac dinh dd nhAt. 

Birin 2: KAt luan d(a, [J) = d(A, |i). 

yishiA: Cho hinh chop S.ABC co day ABC la tarn giac dC ; u canh bang a, mat 

b£n (SBC) vu6ng goc vdi day. Goi M, N, P theo thu Ur la trung diem AB, SA, AC.* 

a. Chung minh rAng (MNP) // (SBC). 

b. Tinh khoang each giua hai mat phAng (MNP) va (SBC). ' 

Giai 

a. Vi M, N, P theo thur tu la trung diem AB, SA, AC n<*n: 

MN // SB, do MN la duang trung With trong AS \B 
MP // BC, do MP la duong trung With trong A \BC Q 

suy ra (MNP) // (SBC). 

b. Tir k£t qua cAu a), ta co: 

d((MNP), (SBC)) = d(P. (SBC)). 

Mat khac ta lai co AP n (SBC) = C nen: 
d(P,(SBQ) PC I 

d(A, (SBC)) ‘ AC 2 

d(P, (SBC)) = — d(A, (SBC)). 

Ha AH vuong goc vai BC, ta co ngay AH 1 (SBC). Vfty AH la khoang each tir 
diem A tai (SBC). 
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C 




Vi A ABC ddu co canh b&ng a n£n AH = 


■a >/3 


Tu do, suy ra: 
d(P, (SBC)) 


-AH = — 
2 4 


VAy, khoang each giura hai m&t phang (MNP) va (SBC) bang 


aV3 


Vi du 2: Cho hinh chop S.ABCD co SA = a>f6 va vuong goc vdi mat phang 
(ABCD), day ABCD la nua luc giac d£u n6i tid'p trong duong tr6n dudng kfnh AD = 2a. 

a. Tinh cac khoang each tir A va B d£n mat phang (SCD). 

b. Tinh khoang each tu duong thang AD d£n mat phang (SBC). 

c. Tinh dicn tich cua thiet di£n cua hinh chop S.ABCD v6i mat phang a song 

song voi mat phang (SAD) va c£ch m6t khoang bang — 

4 s 


Gini 


a. Nhan xet rang: 
fCDl AC 


=> CD ± (SAC) => (SCD) 1 (SAC). 

CD 1 SA 

Ha AH vuong goc vdi SC, ta c6 ngay AH 1 (SCD). 
V(ty AH la khoang each tir di£m A tori (SCD). 

Trong ASAB vu6ng tai A, ta c6: 


AH 2 SA 2 + AC 2 (a>/6) 2 ' (a>/3) 2 2a 2 

Goi 1 la trung didm AD, suy ra: 

BI // CD => BI // (SCD) => d(B, (SCD)) = d(I, (SCD)). 
Mat khac, ta lai c6 AI n (SCD) = D ndn: 
d(I,(SCD)> 



D 


aV2 


— = - => d(I, (SCD)) = id(A, (SCD)) = - AH = 
d(A,(SCD)) AD 2 2 2 2 

b. Nhan xdt rang: 

AD // CD => AD // (SBC) => d(AD, (SBC)) = d(A, (SBC)). 

Ha AK vuong goc vdi BC, ta dirac: 

BC I AK 

. => BC 1 (SAK) => (SBC) 1 (SAK) va (SBC) n (SAK) = AK. 

BC 1 S A 

Ha AG vudng goc vdi SK, ta c6 ngay AG 1 (SBC). 

Vay AG la khoang each tir didm A tai (SBC). 

Trong ASAK vudng tai A, ta c6: 

1111 13 


AG 2 SA 2 AK 2 (aV6) 2 (aV3/2) 2 2a 2 

c. Nhan xet rang: 

[AK 1 AD , /rw _ 

=> AK 1 (SAD). 

AK 1 SA 


=> AG = 


a>/6 


3 
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Gia su m&t phang a song song vdi mat phang (SAD) cat AK tai E, khi do: 

P% * 

d(a, (SAD)) = AE = —- = - AK => E 1& trung didm cua AK. 

4 2 

Ta di xac dinh thi€Tt di£n tao boi hinh chop vdi mat phang a qua E va song song 
vdri (SAD), nhu sau: 
a //(SAD) 

a n (ABCD) = Ex =>Ex // AD 
(SAD) fl( ABCD) = AD 

va Ex cat AB, CD thco thut tir tai M, N la trung d\im cua m6i doan. 

Trong mat phang (SAB) dung My // SA va cat SB tai Q la trung did’m cua SB. 
Trong mat phang (SCD) dung Nz // SD va cat SC tai P la trung didm cua SC. 

Vay, thiftt di£n tao boi hinh chop voi mat phang a la MNPQ, ngoai ra vi: 

MN // CD // PQ => MNPQ la hinh thang 

MQ // SA => MQ X (ABCD) MQ _L MN => MNPQ la hinh thang vu6ng 
Tir do, ta duoc: 

Smnpq= ^(MN + PQ).MQ 
trong do: 

MN = ~ (AD + BC) = ^, vi MN la ducmg trung binh cua ABCD, 


PQ = ~ BC = ~, vi PQ la dufmg trung binh cua ASBC, 

MQ = -^ SA = , vi MQ la dudng trung binh cua ASAB, 


suy ra: 



1 [h. i 

2 * 2 


a>/6 

~ 2 ~ 



BAIT*Pd£ NGHI 

Bai tap 1: Cho hinh hdp chO nhat ABCD.A|B,C,D, c6 AB = a, BC = b, CC, = c. 

a. Tinh khoang each tir AA, d£n mat phang (BDD,B,). 

b. Goi M, N theo thu tir la trung didrn AA,, BB,. Tfnh khoang each tir MN d£n 
mat phang (ABC,D,). 

c. Chumg minh rang (AB,D,) // (C,BD). Tfnh khoang each giua hai mat phang 
(AB,D,) va (C,BD). 

Bai tap 2: Cho hinh lang tru dung ABC.A,B,C, co AA, = a, day ABC la tarn giac 
vu6ng tai A co BC = 2a, AB = aV3. 

a. Tfnh khoang each tu AA, d£n mat phang (BCC,B,). 

b. Tinh khoang each tir A dd’n (A,BC). 

c. Chirng minh rang AB vudng goo v6i mat phang (ACC,A,) va tinh khoang 
each tir A, d£n mat phang (ABC,). 

d. Goi M, N, P theo thcr tir la trung die’m cua AA,, BB,, CC,. Tfnh khoang each 
giua hai mat phang (BMN) va (A,C,P). 
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Bai tap 3: Cho hinh chop S.ABCD c6 day ABCD la hinh vu6ng canh a, SA = 2a 
va vudng goc vdi day. 

a. Ti'nh khoang ci'-h tir A din mat phing (SBC), tir C din (SBD). 

b. M, N lin luqt la trung did’m cua AB va AD. Chumg minh rang MN song 
song vdi mat phang (SBD) va ti'nh khoang each tir MN din (SBD). 

c. Mat phang a qua BC cat cac canh SA, SD theo thur tu tai E, F. Cho bid't AD 

a J2 

each cC mot khoang la ——, ti'nh khoang each tir S din mat phang a va diin 
ti'ch tu giac BCFE. 

Bai tap 4: Cho hinh ch6p S.ABCD co SA = 2a va vudng goc vdi mat phang 
(ABCD), day ABCD la hinh thang vudng tai A va B, AB = BC = a, AD = 2a. 

a. Ti'nh cic khoang each tir A va B din mat phang (SCD). 

b. Ti'nh khoang each tir duimg thang AD din mat phang (SBC). 

c. Ti'nh diin ti'ch cua thii't diin cua hinh chop S.ABCD vdi mat phang a song 

song vdri mat phing (SAD) va cith mdt khoang bang 


Bai toan 4: Doan vudng goc chung cua hai duemg thing chdo nhau. 
Khoang each giua hai duemg thing chdo nhau. 


PHUONG PHAP CHUNG 

1 . dtmg doan vudng goc chung cua hai duimg thing chdo nhau a va b, ta lua 
chon mdt trong c£c edeh sau: 

Cui h I: Ta thuc hidn theo cac budre: 


Birac 1: Dimg mat phing a chua b song ^^ a 

song vdi a. 

Buac 2: Chon M trfin a, dung MH vudng r -- —7 

goc vdri a tai H. / | / 

Birac 3: Tir H, dung duemg thing a, song /®\ _ 

song vdri a, va cit b tai B. 

Birac 4: Tir B, dung duimg thing song song vdri MH, cit a tai A. 
Doan AB li doan thing vudqg gdc chung cua a vi b. 

Cdch 2: Ta thuc hidn theo cic budre: 


M a 


Birac 2: 


Birac 3: 


Birac 4: 


Birac 1 : Dung mat phing a vudng gdc vdri 

a vi tai O. 

Birac 2: Dung hinh chiS'u vudng gdc b, 
cua b trfin a. Dung chid'u vudng 
gdc H cua O trdn b,. 

Buac 3: Tir H, dung duemg thing song 
song vdi a, cit b tai B. 

Buac 4: Tir B, dung duimg thing song song vdi OH, cit a tai A. 
Doan AB li doan vudng gdc chung cua a vi b. 

(Ap dung chc tntdng hap a 1 b): Ta thuc hiin theo cic bude: 

Buac 1: ung mat phing a chua b, vudng 

c vdi a tai A. 


Buac 2: 


Buac 3: 


Buac 4: 



Cdch 3: 
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Bifac2: Dung AB ± b tai B. Doan AB la 

doan vudng goc chung cua a va b. 

2. Dd’ ti'nh khoang cdch giOa hai ducmg thing chdo nhau, ta 
lira chon mdt trong cdc cdch sau: 

Cdch 1: Ti'nh dd ddi doan vudng goc chum? V co). 

Cach-2: Ti'nh d(a, a) vdi a 14 mat phing chu.. b lg soi 
Vi du 1: Cho hinh chop S.ABCD co day la ABi ' j hinh vudng tam O canh 

bang a, SA = a va vudng goc vdi (ABCD). Ti'nh khoang ~a/n giua hai dirdng thing: 

a. SB va AD. d. SCvaAD. 

b. SCvaBD. e. SB va AC. 

c: SB va CD. ,'j 

Gidi 

a. Nhdn xet ring: 

AD 1 AB, vi ABCD la hinh vudng 
AD 1 SA, vi SA vudng gdc vdri (ABCD) 
suy ra AD 1 (SAB). 

T)img AM vudng gdc vdi SB thi AM la doan vudng gdc chung cua SB va AD. 
Trong ASAB vudng can tai A, ta cd: 

ii nm . aV2 


AM = -SB = - VsA 2 + AB 2 = 

2 2 2 

Vay, khoang c4ch giua SB va AD bang 


aV2 



D 


b. Nhan xet ring: 

BD1 AC, vi ABCD la hinh vudng 
BD J. SA, vi SA vudng gdc vdi (ABCD) 
suy ra BD 1 (SAC). 

Dung OH vudng gdc vdi SC thi OH la doan vudng gdc chung cua SC va BD. 

Nhan xdt ring AHCO va AACS la hai tarn gidc vudng cd chung gdc nhon C nfin 
chung ddng dang, suy ra: , 

OH 
SA 

•• 

trong dd: 

OC = - AC = — 

2 2 

v2 


OC SA.OC 

- => OH = - 

SC SC 


SC 2 = SA 2 + AC 2 = a 2 + (a>/2) = 3a 2 => SC = 


suy ra: 


a. 


OH = 


aV2 

y _ a 


vs 




Vay, khoang cdch gifla SC vd BD bang 


• a>/6 
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c. NhAn xet rAng: 

CD // AB => CD // (SAB) 

zo d(CD, SB) = d(CD, (SAB)) = d(D, (SAB)) = DA = a. 
Vay, khoang each giura SB va CD bang a. 

d. NhAn xet rAng: 

AD//BC=> AD//(SBC) 


F) 

=> d(AD, SC) = d(AD, (SBC)) = d(A, (SBC)) = AM = 

' Jl 

VAy, khoang each giua SC va AD bang 

e. Diflig: 

Bx // AC => AC // (S, Bx) iz> d(AC, SB) = d(A, (S, Bx)) 

Ha AE vu6ng goc vdi Bx, ta duoc: 

f Bx I AE * 

=> Bx 1 (S, Bx) => (S, Bx) 1 (SAE) vd (S, Bx) n (SAE) = SE. 

Bx 1 SA 


Ha AF vudng goc vdi SE, ta c6 ngay AE 1 (S, Bx). 
VAy AF la khoang edeh tir di£m A tori (S, Bx). 
Trong ASAE vudng tai A, ta c6: 
aV2 


AH = OB = 


AF 2 


SA 2 


+ 


AE" 


(aV2/2) 2 


=> AF = 


a>/3 


VAy, khoang each gitra SB va AC bang 




Vi' du 2: Cho hinh chop S.ABC co SA = 2a va vudng goc vdi mat phang (ABC), 
day ABC la tam giac vudng can tai B vdi AB = a. Goi M la trung di£m cua AC. 

a. Hay dung doan vudng goc chung cua SM va BC. 

b. Tfnh dd dai doan vudng goc chung cua SM va BC. 

Giai 

a. Dd’ dung doan vudng goc chung cua SM va BC ta cd 
the lira chon mdt trong hai each trinh bay sau: 

Cadi I : Goi N la trung didm AB, suy ra: 

BC // MN ==> BC // (SMN). • 

Tacd: 

V 

[MN1 AB 



MN 1 SA 


=> MN 1 (SAB) => (SMN) 1 (SAB) va (SMN) n (SAB) = SN. 


Ha BH 1 SN suy ra BH 1 (SMN). 

Tit H dung Hx song song vdi BC va cat SM tai E. 

Tu E dung Ey song song vdi BH va cat BC tai F. 

Doan EF la doan vudng gdc chung cua SM va BC. 

[BC 1 AB „ , 

=> BC1 (SAB). 

BC 1 SA 


Cadi 2: Nhan xet rang: 
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Do do (SAB) chinh la mat phing qua B thudc BC va vuong goc vdi BC. 

Goi N la trung didm AB, suy ra: 

MN // BC => MN 1 (SAB) 

suy ra SN ia hinh chi£u vudng goc cua SM trfin (SAB). 

Ha BH 1 SN suy ra BH 1 (SMN). 

Tfir H dung Hx song song vdi BC va cat SM tai E. 

Tir E dung Ey song song vdi BH va cat BC tai F. 

Doan EF la doan vudng goc chung cua SM va BC. 
b. Nhan xet rang ASAN va ABHN la hai tarn giac vudng co hai goc nhpn ddi dinh 
nfin chung ddng dang, suy ra: 

BH BN SA.BN 

SA SN SN 

trong do: 

BN = - AB = - 
2 2 

SN 2 = SA 2 +AN 2 = (2a) 2 +(-1 = ■— => SN = 

2 4 2 


suy ra: 


2a.- 

BH = —= 
av!7 


2a Vn 

17 


2 


Vfty, khoang cdch gifla SM va BC bang 


2a yfn 
17 



Cho hinh chop S.ABCD co day la ABCD la hinh thoi tarn O, canh a 
goc A = 60° va co dudng cao SO = a. 

a. Tinh khoang cdch tir O dd'n (SBC). 

b. Tmh khoang c£ch gifia hai dudng thing AD va SB. „ 

Gidi X 

a. Ha OI vudng goc vdi BC va kdo dai OI cat AD tai J. / Wv 

Tacd: /i j yvv 

80X01 => BC 1 (SOI) /jk j V\\ B 

=> (SBC) 1 (SOI) va (SBC) o (SOI) = SI 
Ha OH vudng goc vdi SI, ta cd ngay OH 1 (SBC). 0 


Vay OH la khoang cich tir did’m O tdi (SBC). 


Vdi hinh thoi ABCD, ta co: 

BD = a, vi AABD d6u => OB = - 

2 

AC = 2AO = 2.— = a c/3. 

2 

Trong AOBC vudng tai O, ta cd: 
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I 


OI 2 


OB 2 OC 2 


+ 


(a/2r 

Trong ASAE vuong tai A, ta co: 

1 i 1 1 


(aV3)“ 


OH- 


so 2 


+ 


OI 2 


+ 


(aV39/I3) 2 


JL3_ 

3a 2 


16 

3a 2 


=> OI = 


a>/39 


=> OH = 


13 


a>/3 


a>/3 


V3y, khoang each tir O dd'n (SBC) blng — 

b. Nh&n xet ring: 

AD // BC => AD // (SBC) 

=> d(AD, SB) = d(AD, (SBC)) = d(J, (SBC)). 

M|t khac, ta lai co JO n (SBC) = I ntn: 

d (J, (SBC)) = — = 2 => d(J, (SBC)) = 2d(0, (SBC)) = 20H =,ff 
d(0,(SBC)) OI , 2 


V&y, khoang each giua SB va AD blng 


a V3 


>1 iff!' 


Vi du 4: Cho dircmg tron dudng kinh AB = 2R chda trong mat phdng a, SA 
vuong goc vdi mat phang a va SA = h, vdi 0 < h < 2R. Goi M la m6t di£m di dong 
trdn dudng trdn. Xac dinh vi tri cua M dd doan ndi trung did’m hai doan AM va SB 
la doan thang vudng goc chung cua chung, khi do tinh dd dai cua doan vudng goc 
chung nky. 

Gidi 

Goi E, F ther rhu tu la trung did’m cua AM va SB. 

Nhan xet ran,- dira trdn tinh chat duemg trung tuydn trong tarn giac vudng, ta co: 

ac I c i - we I on \h" + 4R~ ^ 

AF = - Sd va MF = - SB = J - 

2 2 2 
=> MF = AF o AAFM can tai F 
=> EF1 AM. 

Nhu vay, dd EF la doan thang vuong goc chung cua B 

AM va SB didu kidn la: 

EF 1 SB <=> AESB can tai E 
oSE = BE. 

Dat AE = x, suy ra ME = x. 

Trong ASAE vudng tai A, ta c6: 

SE 2 = SA 2 + AE 2 = h 2 + x 2 => SE = Vh 2 +x 2 . (2) 

Trong AEMB vudng tai M, ta c6: 



BE 2 = BM 2 + ME 2 = (AB 2 - AM 2 ) 2 + ME 


2\3 


= 4R 2 - 4x 3 + x 2 = 4R 2 

=> BE = V4R 2 - 3x 2 . 

Thay (2), (3) vao (I), ta dupe: 


3x 2 


(3) 


\/h 2 +x 2 = \l4R 2 -3x 2 o h 2 + x 2 = 4R 2 - 3x 2 
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Trong AMEF vudng tai E, ta c6: 

rc ' ».-■> wc’ h~ -f 4R“ * 4R" — h“ h" cc h \fl 

EF = MF" - ME" =-= — => EF =-. 


V*)y, vdri di6m M thudc durcmg tron sao cho AM = >/4R 2 - h 2 thi EF la doan 


th&ng vudng g6c chung cua AM va SB, va khi do EF = 


hV3 


BAI TAP Dfi NGHI 

Bai tap 1: Cho hai tam gidc c&n ABC vd ABD co day chung AB va khong cung 
nim trdn mdt mat phing. 

a. Chumg minh rang AB 1 CD. 

b. Xac dinh ro doan thing vudng g6c chung cua AB va CD. 

Bai tap 2: Cho tur difin ABCD c6 ABC ia tam giac ddu canh a, AD vudng goc vdi 
BC, AD = a va khoang each tur D dd'n BC ia a. Goi H la trung difim cua BC, I ia 
trung did’m cua AH. • - 

a. Chufng minh rang BC 1 (ADH) va DH = a. 

b. Chung minh rang DI1 (ABC). 

c. Hay dung va tinh dd dai doan vudng gdc chung cua AD va BC. 

B4i tap 3: Cho hinh chdp S.ABC cd SA = 2a va vudng gdc vdi m$t phang (ABC), 
ddy ABC ia tam giac vudng tai B vdi AB = a. Goi M ia trung didm eta AB. Hay 
dung va tfnh dd dai doan vudng gdc chung cua SM va BC. 

Bai tip 4: Cho tur didn OABC, trong dd OA, OB, OC dd'i mdt vudng gdc va 
OA = OB = OC = a. Goi I ia trung di£m cua BC. Hay dung va tinh dd dai doan 
vudng gdc chung cua c4c cap dudng thing: 

a. OA va BC. 

b. AlvaOC. 

Bai tip 5: Cho hinh vudng ABCD cauih bang a, I ia trung di£m cua AB. Dung IS 
vudng gdc vdi mat phang (ABCD) va IS = —Goi M, N, P lin luot ia trung di£m 


cua c4c canh BC, SD, SB. Hay dung va tinh dd dai doan vudng gdc chung cua cac 
cap dudng thing: 

a. ABvaSD.. 

b. SAvaBD. 

c. NPvaAC. 

d. MN va AP. 

Bii tap 6: Cho hinh lang tru ddng ABC.A,B|C, cd d4y )a tam gidc dfiu vd 
AA, = h. Bift't khoang edeh giOa A|B, vd BC, Id d. Tfnh canh ddy cua lang tru then d 
vd h. 

Bdi tap 7: Cho lang tru ABC. A,B,C, cd ede mat bdn ddu Id hinh vudng canh a. 
Goi D, E, F ldn luot Id trung ditlm cac canh BC, A,C,, C,D,. Hay dung vd tinh do 
ddi doan vudng gdc chung cua ede cap dudng thing: 
a. A,B vd B,C. 


b. DEvaAB,. 

c. A.Bva B,C,. 

d. DEvaA.F. 

Rai tap 8: Cho hinh lang tru dung ABC.A,8,0, c6 day la tam giac d£u canh a va 

a 72 


AA, = 


Goi O, O, theo thu tir la trung di6m cua AB vi A,B,. 


a. Chung minh rang AB 1 (COO,). 

b. Tmh khoang each giua hai duemg thing AB va B,C. 

Rai tap 9: Cho tu dien ABCD co hai mat ABC va ACD nim trong hai mat ph&ng 
vuong goc vai nhau, AABC vuong tai A, AACD vu6ng tai D. 

a. Chung minh ring ode tam giac ABD va BCD d£u vuong. 

b. Goi I, J theo thir tir la trung diem cua AD va BC. Tim di6u ki6n d i IJ la doan 
vuong goc chung cua hai duong thing AD va BC. 

Rai tap 10: Cho tu didn ABCD c6 bon mat la b6'n tam giac co dien rich bang nhau. 
Chumg minh ring doan nd'i trung di£m hai canh doi didn cua tu dien cung la doan 
vuong goc chung cua hai canh do. 


> 
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CHU DE 5 

GOC 


I. Ki£n THtfC CO BAN 
1. NHAC LAI GOC GILfA HAI Dl/ONG THANG 
Dinh nghia: Gdc giifa hai dating thdng hat ki a va h 
trong khong gian Id gdc giifa hai ductng thdng rung di 
qua mdt diem va I an heat song song vcfi hai duett) g thdng 

dd, ki hidu lk (a,b) hay (b,a ). 

Dkc bidt: 

■ Khi a va b trung nhau hokc song song vdi nhau thi (3Tb) = 0°. 

■ Khi a vk b vudng goc thi (a,b) = 90°. 



nhu vky, ta lu6n c6 0 < (a,b) ^ 90°. 

2. GOC GILfA DUCSNG THANG VAmATPhAnG 
Dinh nghia : Gdc giifa ductng thdng a va mat phdng a Id 
gdc giifa ductng thdng a va hinh chieu a, cua no tren a, 
ki hi£u Ik ( a,a ) hay ( cx,a ). 

Dkc bi6t: 



■ Khi a thude a hokc a song song vdri a thi (a,b) = 0°. 


* Khi a vudng g6c vdri a thi (a,a) = 90°. 
nhu vky, ta ludn co 0 ^ (a,a) < 90°. 


3. G6c GILfA HAI MAT PhAnG 

Dinh nghia: Gdc giiia hai mat phdng a va p la gdc giifa 
hai (lifting thdng hin Iif0 vudng gdc vtii hai mat phdng 

do, kf hidu lk (0,ft) hay (a,0).' 

Dkc bidt: 



■ Khi a vk p trung nhau hokc song song vdri nhau thi (a,b) = 0°. 

■ Khi a vudng g6c vdri p thi (a,0) = 90°. 
nhu vky, ta ludn cd 0 < (a,0) £ 90°. 

4. NHIDlfiN 

Dinh nghia: Hinh hap hai hai nita mat phdng a va P cd 
chung hti a dirac goi Id nhi dien, kf hidu lk [a, a, p] hokc 

la. Pl¬ 
at nhi didn la, a, P] beri mkt phkng (P) vudng gdc vdri a tai didm O vk ckt a, P 
theo thti tu la cac nuta duemg thkng Ox vk Oy. Khi do, gdc xOy duoc goi la gdc 
phdng cua nhi dien [a, a, PJ, kf hidu Sd[a, P] hokc vid't tkt (a, p). 

Dkc bidt, khi a vudng gdc vdi 0 thi [a, PI = 90°, ta noi fa, P) lk nhi dien vudng. 
Nhu vky, ta ludn cd 0 <, [a, PI £ 180°. 
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5. DI$N TICH HINH CHrf-U CUA M0T TAM GIAC 
Dinh It: Neu mot tam gidc cd diet} tich S thi hi/th chieu 
cua no co dien tich S' hang tich ciia S vdi cosin cua gdc 
(p giifa mat phdng cua tarn gidc vd mat chieu 
Tuc \h: 

S' = S.coscp. 

He qua : Neu S Id dien tich cua mot da gidc phdng. S' Id dien tich cua da gidc 
chieu vd <p Id gdc giua mat phdng cua da gidc vd mat phdng chieu thi fa co: 

S' = S.coscp. 



6. TAMDlfiN 


Dinh nghia: Hi/th hop hoi ha tia Ox, Oy, Oz khong dong phdng dupe gpi Id mot 


tarn dien , ki hieu la Oxyz. 

Trong do: 

■ Cac tia Ox, Oy, Oz goi la cac can it cua tam dien. 

■ Cac mi£n goc xOy, yOz, zOx duoc goi la cac mat 


cua lam dien. 



■ D6 ldn cua cac goc xOy, yOz, zOx goi la gdc 
phdng a dinh cua tam di£n. 

Mot tam di£n goi la tam dien vuong neu ba goc phdng 
a dinh cua no d£u la goc vudng. 

II. CAC DANG TOAN LlfcN QUAN 



Bai toan 1: 


Goc eiua hai duome than 



PHUONG PHAP CHUNG 

Chung ta da thu nh&n duoc phuong phap tmh gcSc giua hai dudng thing trong 
chii d£ 1. 

✓ 

Vi du 1; Cho tur dien ABCD. Goi M, N ldn lirot Id trung did’m cua cac canh BC, 
AD. H3y tmh goc giOa AB vd CD, bi£t AB = CD = 2a vd MN = a sjl. 

Giai p 

Goi E la trung di^m AC, ta co: /s. 

EM//AR ^ (Xb^CD)= MEN. n/I^V 

EN //CD ■ / I N. 

Trong AMEN, ta co: AC . -^>B 

ME = ^ AB = a,vi ME la dircrng trung binh trong AABC 

NE = ^ CD = a,vt NE la dubmg trung binh trong AACD 

suy ra: 

ME" + NE : = a 2 + a 2 = 2a 2 = MN 2 « AMEN vudng tai E « MEN = 90°. 
Vdy, goc giua>AB vd CD bang 90°. 

V» du 2i . Cho tur di£n d£u ABCD canh bang a. Goi O \k t<hn dufrng tr6n ngoai 
titfp ABCD. 
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A 


a. Chumg minh rang AO 1 CD. 

b. Goi M la trung di£m cua CD. Ti'nh g6c giua AC vd BM. 





BN = —-, vi BN 1& trung ttiyfin trong AABD d6u 


MN = --AC = - ,vt MN la ducmg trung binh trong AACD 


cosBMN = 


MB" -f MN‘ - BN~ _ _MN_ 
2MB.MN " 2MB 


a 

2 


vs 


2 ." 




Vay, ta dirac cos( AC,BM ) = 




BAI TAP NGHI 

Bai tap 1: Cho hinh Idp phuong ABCD.A,B,C|D|. Goi M, N, P theo thi'r tu la trung 
didm cua AB, BC, C,D,. Hay ti'nh goc giua cac cap ducmg thing: 

a. AB, va BC,, AC, va CD,. 

b. MN va C,D„ BD va AD,, MN va AP, A,P va DN. 

Bai tap 2: Cho hinh hop chU nhdt ABCD.A,B|C|D, co AB = a, BC = b va AA, = c. 

a. Hay ti'nh goc giUa AD, vd B,C. 

b. Hay ti'nh goc giUa AB va A,C. 

Bai tap 3: Cho tu dien d£u ABCD canh bang a. Goi O la tarn ducmg tron ngoai 
tiep ABCD. Hay ti'nh cosin cua goc giua AC vd DO. 

Bai tap 4: Cho tut dten ABCD. Goi M, N ldn luot la trung di£m cua cdc canh BC, AD. 

a. Hay ti'nh cosin cua goc giua AB va DM, bifit ABCD Id tu di6n ddu cd canh 
bang a. 

b. Hay ti'nh goc giua AB va CD, bifi't AB = CD = 2a vd MN = aA 

Bai tap 5: Cho tur didn ABCD, cd AB = CD = a, AC = BD = b, AD = BC = b 

a. ChUng minh rang doan n6i trung didm cac cap canh dd'i thi vu6ng g6c vdi 
hai canh do, ti'nh dd dai cua chung. 

b. Hay ti'nh goc hop bdi cac canh dd'i cua tU didn . 

Bai tap 6: Cho hinh chop SABCD co day ABCD Id hinh binh hanh vdi AB = a, 
AD = 2a, SAB 1a tam giac vuong cdn tai A, M la diem trdn canh AD (M khac A va 
D). Mat phang a qua M song song vdi mat phdng (SAB) cat BC, SC, SD ldn luot tai 
N,P,Q. 

a. Chumg minh rang MNPQ Id hinh thang vuong. 
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h. Dat AM = x, vai 0 < x < 2a. Tinh dien tich cua MNPQ theo a va x. 



[ Bai loan 2: Goc gifra mot dufrng thing va m6t mat phing. ^ 

PHUONG PHAP CHU^G 

De tinh goc giua dufrng thing a va mat phing a, ta thuc hi£n theo cac buac: 
Riffle 1 Tim giao diem O cua a vdri a. 

Rian 2: Chon di£m A e a va dung AH 1 a, vai 
H g a. 

Khi do AOH =(a^a ) 

Rian 3: Tinh so do cua AOH dira tren cac he thuc luang giac. 

Vi dy 1: Cho hinh chop S.ABC day ABC la tarn giac vuong tai A, BC = a, 

SA = SB = SC = —. 

2 

a. Tinh khoang each tir S tori mat phing (ABC), 
h. Tinh goc giua dufrng thing SA va mat phing (ABC). 

Gidi 

a. Goi O la trung di£m cua BC, suy ra O la tarn duang tron ngoai ti£p AABC. 

Ngoai ra, theo gia thiet ta co SA = SB = SC ntn SO la 
true duang tron cua ba AABC, suy ra: 

SO 1 (ABC) vi SO = d(S, (ABC)). 

Trong ASAO vu6ng tai O, ta co: 

I a 


OA = 2 BC = 2 t trung tuyfin thufre canh huy6n 


SO 2 = SA 2 - OA 2 = 


(a^3 


a 

2 


.2. 


^SO = 



B 


b. VI SO I (ABC) nen OA la hinh chi£u vu6ng goc cua SA trdn (ABC), do do: 
(S/U ABC), ( ABC )) = SAO. 

Trong ASAO vu6ng tai O, ta co: - - 


X 


cos SAO = 


n 




OA 

SA 


2 _ ^3 

dV3 3 


Vi)y. tadiroc cos( SA,( ABC)) = 


S 

3 


Vi' du 2: ' Cho hinh chop tur giac d£u S.ABCD co canh ddy bang a, tam O. Goi M 

va N ldn luot la trung di£m cua cac canh SA va BC. Bi£t rang goc giira MN va 
(ABCD) bang 60°. 

a. Tinh MN va SO. 

b. Tinh goc giija MN va mat phang (SBD). 

Gidi 

a. Goi H la trung diem OA, suy ra: 
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MH // SO => MH 1 (ABCD) 
suy ra NH la hinh chid'u vu6ng goc cua MN trdn 
(ABCD), do do: 

(MN,(ABCD)) = MNH = 60°. * 

Trong AHNC, ta co: 

NH 2 = CN 2 + CH 2 - 2CN.CH.cos NCH 

a)“ 3a\/2) ^ a 3a V2 c0 10a 2 

= - + - -2.-. -.cos45 =- 

2 4 2 4 16 


NH = 


i\sfU) 


Trong AHMN vuong tai H, ta co: 

ax/iu 

MN _ _ NH _ 4 _ WH) 


cos MNH cos 60° 


MH = NH.tg MNH = .tg60° = 

4 4 

Trong AOSA, ta co MH la dudng trung binh n£n: 
SO = 2MH = 

2 

b. Gia sir: 

AN n BD = K => (SAN) n (SBD) = SK 
Gia sir: 

MNnSK = J^MNn (SBD) = J. 

Goi I la trung diim OB, ta co: 

NI // OC => ( NI 1 B ° => NI1 (SBD) 


Nil SO 




S o 


suy ra IJ la hinh chi£u vu6ng goc cua MN tr£n (SBD), do do: 

( MKmD )) = NU . 

Trong AOBC co NI D dudng trung binh n£n: 

NI = -OC= 

2 4 

Trong AABC co trung tuy£n AN v& BO ndn K 1& trong tAm, suy ra: 
KA „ 


Dira vao hinh b£n, theo dinh li MSlSlaus, ta diroc: 

KA JN SM _ | ^ o JN - = 1 
KN ‘ JM ' SA ° JM ‘ 2 

aVlO 

« — = 1 <oIN= iMN= 4 . ^ 

JM 2 a 
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Trong ANIJ vudng tai I, ta c6: 

a 72 

. — NI 4 7s 
sinNIJ = — - --- - ~ 


JN 


a>/Fo 

4 


Vay, ta duae sin( MN,(SBD)) = 


7s 


Cho hinh lang tru dting ABC.A,B,C, co diy ABC vu6ng c&n tai A. 
Doan n6i trung di£m M cua AB va trung didm N cua B,C, co dd dai bang a, MN 
hop voi day g6c a vd mat bdn (BCC,B,) g6c p. 

a. Tinh cac canh day va canh b6n cua l&ng tru theo a va a. 


b Chimg minh rang 


cos a = 72 sin p. 


B, 


Giai 


a. Goi H la trung dit?m BC, ta co: 

NH // BB, => NH 1 (ABC) 

suy ra MH lit hinh chid'u vudng gdc cua MN trdn (ABC), 
do dd: 


( MN,(ABC)) = NMH = a. 

Ngo&i ra: 

AH -L BC 

=>AH1 (BCC,B,). 

AH _L BB, 

Goi E 1& trung didm BH, suy ra: 

ME // AH => ME 1 (BCC,B,) 

suy ra NE hinh chid'u vudng gdc cua MN trdn (BCC^,), do do: 

( mnT(bcc7b 7) ) = MNE = p. 

Trong AMNH vudng tai H, ta cd: 

MH = MN.cos NMH = a.cosa. 

NH = MN.sinNMH = a.sina => AA, = a.sina. 

Trong AABC can tai A, vi MH ID dtrimg trung binh ndn: 

AB = AC = 2MH = 2a.cosa. 

BC = 7aB 2 + AC 2 =2 72 a.cosa 



B 


AH= - BC 
2 


72 a. 


cosa. 


b. Trong AMNE vu6ng tai E, ta c6: 

-AH -72a. 

sinp = M = 2_ = 2- 

MN MN a 


cosa 


cosa 

"7T 


<=> cosa = 72 .sinp. 
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va day ABC la tarn 


BAI TAP Dfi NG^I 

Bai tap 1: Cho hinh chop S.ABC cd SA = SB = SC = 
gi£c d£u canh a. 

a. Ti'nh khoang cdch tir S tori mat phang (ABC). 

b. Trnh gdc giua duong thang SA va mat phang (ABC). 

Bai tap 2: Cho AABC vu6ng tai A, canh AB = a nim trong mdt mat phang a, 

canh AC = aV2 va tao vdi a mdt goc 60°. Ti'nh goc giua BC va a. 

Bai tap 3: Cho hinh chop S.ABCD c6 day ABCD la hinh vu6ng canh a, 

SA = a \fZ va vudng goc vdri mat phang (ABCD) 

a. Ti'nh goc giua SB va CD. 

b. Ti'nh goc giua SC va (ABCD). 

c. Trnh goc giua c£c cap SC va (SAB), SB va (SAC), AC va (SBC). 

Bai tap 4: Cho hinh lang tru dung ABC.A,B|C, co day la tarn giac d^u canh a. 
Bid't rang BC, hop vdi (ABB,A,) g6c 30°. 

a. Ti'nh AA,. 

b. Ti'nh khoang cich tir trung di£m M cua AC dd'n mat phang (BA,C,). 

c. Goi N la trung dn?m cua canh BB,. Ti'nh goc gi&a MN va (BA,C,). 

Bai tap 5: Cho hinh chop S.ABCD day ABCD la hinh vudng canh a, SA = 2a va 

vudng goc vdi mat phang (ABCD). Mat phang a qua BC, hop vdi AC goc 30°, cat 
SA, SD l£n lupt tai M, N Ti'nh difin ti'ch thifi't didn BCNM. 

Bai tap 6: Cho hinh chop S.ABCD cd day ABCD la hinh chu nhat, SA vudng goc 
vdi mat phang (ABCD). Canh SC co do dai bang a, hop vdi day goc a va hop vdi 
mat bdn SAB goc p. 

a. Ti'nh SA. 

b. Chung minh rang AB = a-^cos(a + p).cos(a - p). 


| Bai toan ?:■ Goc gida hai mat phang. 

Dd ti'nh 
Cach 1 


Cach 2 


PHUONG PHAP CHUNG 

gdc giOa hai mat phang a va p, ta lira chon mdt trong hai each sau: 

(Sir clung clinh nghia ): Ta thuc hidn theo c<1c bude: 

Bude l: Chon di£m O, tir do ha OE, OF theo thu tu vudng gdc vdi 
a va p. 

Bude 2: Tilth sd do cua gdc EOF. 

Bude 3: Khid ': _ 

■ (oTp) = EOF, nd'u EOF < 90°. ^ 

■ (c*3 ) = 180° - EOF, ndu EOF > 90°. 

Ta thuc hidn theo cac bude: 

Bude 1 . Tim giao tuyd'n d cua a va p. 

Bude 2: Chon difim O trdn d, td dd: 

■ Trong a dung Ox 1 d. 
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■ Trong p dung Oy 1 d. 

Buac Ti'nh sd do cua g6c xOy . 

Buat 4: Khi dd: 

■ (a,0) = xOy , nfi'u xOy < 90°. 

■ (a??) = 180° - xOy , ne'u xOy > 90°. 

Vi du 1; Cho AABC vu6ng tai A co canh huydn BC thudc mat phang (P). Goi P, 
y la gdc hop bdi hai ducmg thing AB, AC vdi (P). Goi a li goc hpp bdi (ABC) vdi 
(P). Chung minh ring: 

sin 2 a = sin 2 p + sin 2 y. 

Gidi 

Ke AH vu6ng goc vdi mat phang (P), ta dupe: 

ABH = p va ACH ACH = y. 

Ke HI vudng goc vdi tnat phang BC, suy ra: 

BC 1 AI, theo djnh If ba ducmg vudng goc 

=> AIH = a. 

Trong AABC vudng tai A, ta cd: 

1 = 1 1 AH 2 _ AH 2 AH 2 

IA 2 ~~ AB 2 + AC 2 ^ IA 2 ~ AB 2 + AC 2 



<=> sin 2 a = sin 2 p + sin 2 y. 

Vi du 2; Cho hmh lang tru dung ABC.A,B|C| cd day ABC ia tarn giic ddu canh 
a, AA, = a. Tinh gdc giua hai mat phang (ABC,) va (BCA,). 

Gidi 



Goi E ia tarn hinh vudng (ACC,A,), suy ra: B 

(ABC,) n (BCA,) = BE 
Trong (EBC), ha CO 1 BE, O e BE, ta cd: 

BE i CO 

=} BE 1 (OAC) => BE 1 OA. 

BE _L AC 

Vay, ta nhan dupe gdc AOC AOC. ^ 

Goi F ia trung di£m AC, trong ABEF vudng tai F, ta cd 

1 Si 

EF = — A A, = —, vi nd ia dudng trung binh 



trung tuyd'n trong mdt tarn giac d£u 


J_ = JL + _L = 1 ! 1 - ^OF= — 

OF 2 EF 2 BF 2 (a/2) 2 (a>/3/2) 2 ~ 3a 2 4 


Trong AOFA vudng tai F, ta cd: 
OA 2 = OF 2 + AF 2 = f—I 


a 

+ - 


7a 2 

— =>OA = OC = 
16 


a>/7 

4 
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Trong AOAC, ta cd: 


cos AOC .= 


OA 2 4- PC 2 - 
20A.0C 


AOC tu. 


VSy, ta duoc: 

((ABC,),(BCA,)) = 180° - AOC 

=> cos( (ABC.MBCA?)) = cos( 180° - AOC) = - cos AOC = 


Vi du3: Cho hinh chop S.ABCD c6 day ABCD ia ntra luc giac ddu ndi tid'p 
dudng trdn dudng kfnh AB = 2a, SA = a%/3 va vudng g6c vdi mat phang (ABCD). 

a. Tinh goc giua hai mat phang (SAD) va (SBC). 

b. Ti'nh goc giua hai mat phang (SBC) va (SCD). 

Giai s 

a. Ta cd thi? lua chon mdt trong hai each trinh bay sau: fcv 
Cdch 1 : (Dung goc dua trdn giao tuydn): Gia su: WxN. 

ADn BC = E => (SAD)n (SBC) = SE. \\\\ 

Nhan xdt rang: \\ \ 

AD 1 BD, vl ABCD la nua luc giic ddu A .\\..^\B 

SA i. BD, gia thid't 

suy ra: \/ 

BD 1 (SAD) => BD 1 SE DM, 7C 

Ha DF1 SE tai F, suy ra: h/ 

(BDF) 1 SE E 

Nhu vay, ta duoc mdt g6c phang giOa hai mat phang (SAD) va (SBC) la BFD. 
Vi AABE d<*u ndn AE = AB = 2a. 

VI ACDE ddu ndn DE = CD = a. 

Trong ASAE vudng tai S, ta cd: 

SE 2 = SA 2 + AE 2 = (aV3) 2 + (2a) 2 = 7a 2 => SE = aV7. 

. Hai tarn giic vudng SAE va DFE cd chung gdc £ ndn chung ddng dang, suy ra: 


DF DE 
SA ~ SE 


=> DF = 


SA.DE 


aV3.a 

aV7 




Trong AABD vudng tai A, ta cd: 

BD = AB.sin BAD = 2a.cos60° = aV3. 
Trong ABDF vudng tai D, ta cd: 


tgBFD = 


= \fl => BFD nhon. 
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V&y, ta duoc tg( (SAD),(SBC)) = \fl. 

Cdch 2: Nh£n xet rang: 

AD 1 BD, vi ABCD 1& nua luc giac <S6u 
SA 1 BD, gia thi£t 

suy ra BD 1 (SAD). (1) 

Trong (SAC) ha AJ 1 SC tai J, ta co: 

BC 1 AC, vi ABCD \k nua luc giac d6u ndi titfp 
BC 1 SA, gia thi£t 


suy ra: 

BC 1 (SAC) i=> BC ± AJ => AJ 1 (SBC). 
Trong (SAC) ha OK 1 SC tai K, suy ra OK // AJ. 
Tit (1), (2) va (3) suy ra 

((SADMSBC)) = ( BDXJ) = (BOOK) = 
Trong nua luc giac d^u ABCD, ta c6: 
oc= 2 i 

3 2 3 

OB= —+ = 2a ^ 

2 3 2 3 

Trong ASAC vudng tai S, ta c6: 

SC 2 = SA 2 + AC 2 = SA 2 + (AB 2 - BC 2 ) 

, = ( a ^) + (4a 2 ~ a2 ) = 6a 2 => SC - a>/6. 


( 2 ) 

(3) 


KOB. 

S 



Hai tam gidc vudng SAC v& OKC co chung goc nhon C 
suy ra: 

OK OC SA.OC aVJ - 3 a >/6 

SA SC SC av 6 6 

Trong AKOB vudng tai K, ta cd: 


aV6 

cos KOB = — = —V = 
OB 2aV3 



ndn chun& d 6 ng dang, 


3 

_ J2 

Vay, trf duoc cos( (SAD),(SBC)) = —. 

4 

b. Trong (SAC) ha AJ 1 SC tai J, ta cd: 

BC 1 AC, vi ABCD la nua luc gidc d 6 u ndi tiftp 
BC 1 SA, gia thidt 

suy ra: 

BC 1 (SAC) => BC 1 AJ => AJ 1 (SBC). (4) 
Ha AH ± CD.tai H, suy ra: 


S 



117 




CD J. AH 


=> CD _L (SAH) 


[CD 1 SA 

=> (SCD) 1 (SAH) va (SCD) 1 (SAH) = SH. 
Ha AI ± SH tai I, suy ra AI1 (SCD). 

Tit (4) vk (5) suy ra 

((SCD),(SBC)) = LAJ. 

Trong ASAH vudng tai A, ta c6: 

aV3 

1 1 + 1 1 


AH = 


+ 


1 


AI" SA" AH 2 (aV3) 2 (aV3/2) 2 

Trong ASAC vudng tai A, ta c6: 

AC = SA = aV3 => AJ= -SC= = 

2 2 

Trong AAIJ vudng tai I, ta c6: 

aVl5 

AI 5 _ Vfo 


i76 


cosIAJ = 


AJ 


a 


76 


V^tad^cosa-SCDl^BC))^. 


(5) 


5 

3a 2 


=> AI = 


aVT5 

* 5 


BAI TAP d£ NGHI 

Bii tip 1: Cho hlnh chdp S.ABC cd A3C la tam giic vudng can dinh B, AB = a. 
SA = 2a va vudng gdc vdi m& phing (ABC). Goi M la trung di&n cua AB. 

a. Tfnh gdc gitfa hai mat piling (SCM) va (ABC). 

b. Tfnh khoang c4ch tit A tori mat phang (SCM). 

Bii tap 2: Cho hlnh chdp S.ABC cd ABC la tam gidc vudng dinh B, AB = 2a, 

BC = a 73. SA .= 2a vi vudng gdc vdi mat phang (ABC). Goi M la trung difim cua 


AB. 

a. Tfnh gdc gitfa hai mat phing (SBQ vi (ABC). 

b. Tfnh khoang c4ch tit A tdi ducmg thing CM. 

c. Tfnh gdc gifiahai mat phing (SCM) va (ABC). 

d. Tfnh khoing c4ch tit A tdi mat phing (SCM). 

Bii tip 3: Cho hlnh chdp S.ABCD cd SA = SB = SD = 



ABCD la hlnh 


thoi canh a vi A = 60°. 

a. Tfnh khoang each tit S tdi mat phing (ABCD) va dd dai SC. 

b. Chung minh ring (SAC) 1 (ABCD) \k SB 1 BC. 

c. Tfnh gdc giita hai mat phing (SBD) vi (ABCD). 
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PHl/ONG PHAP CHUNG 

Chung ta da bid't dupe phucmg phap giai b4i todn vd g6c giua hai mat phAng vdi 
hai each xdc djnh gdc trung gian dd’ tfnh (vi g6c giQa hai mat phAng chi nhdn gi4 tri 
tit 0° din 90°). Tuy nhidn, dd'i vdi bai todn v6 s 6 do cua gdc nhi didn th6ng thudng 
chung ta edn xac djnh dupe g6c phAng, do vfty c4n thuc hidn theo ede bude sau: 

Burin 1: Xac djnh canh cua nhj didn v4 g6c phAng 
nhj didn. 

Bude 2: Ti'nh s<5 do cua goc phAng nhj didn dua trdn I ° 

ede hd thuc lupng gidc trong tarn giac. ^ 

Chu y: D£ thuc hidn dupe bude 1 chung ta thudng su , 

dung mdt trong ba kdt qud sau: 

1. Nd'u cd dudng thing ala thi lira chon mdt didan 
A thude P r6i: 


Bai tap 4: Cho hinh lang tru ABC. A,8,0, cd day ABC la tarn gidc ddu canh a. Cdc 
canh bdn tao vdi day mdt goc 60° va hinh chid'u vudng goc H cua A ldn mat phAng 
(A,B,C|) trimg vdi trung did’m cua canh B,C,. 

a. Ti'nh khoang each giua hai ddy cua lang tru. 

b. Tfnh goc giua hai dudng thAng BC v4 AC,. 

c. Ti'nh gdc giua hai mat phAng (ABB,A,) v4 (ABC). 

Bai tap S: Trong mat phAng a cho dudng trdn (C) tarn O, b4n ki'nh R. Trdn dudng 
thAng vudng gdc tai O vdi a lAy didm S sao cho OS = R. Goi M, N 14 hai di^m trdn 

(C) sao^cho MON = 90°, a va b 14 hai tid'p tuyd'n vdi (C) tai M v4 N. Tfnh gdc gida 
hai mat phAng (S, a) v4 (S, b). 

Bai tap 6 : Cho hinh chdp S.ABCD, d4y ABC 14 tarn gi4c vudng tai B vdi AB = a, 
SA vudng gdc vdi mat phAng (ABC). Mat (SAC) hop vdi mat (SAB) mdt gdc a v4 
hap vdi mat (SBC) mdt gdc p. Dung cAc dudng cao AH, AK cua ASAC v4 ASAB. 

a. Chung minh ring BAC = a, AHK = p. 

b. Chung minh ring SA = 

Bai tap 7: Cho hinh chdp S.ABCD, ddy ABCD 14 hinh binh hanh t4m O. Hai mat 

bdn SAB v4 SCD vudng tai A v4 C, cung hop vdi ddy gdc a. Bid't ABC ABC = <p. 

a. Chung minh SO vudng gdc vdi mat phAng (ABCD). 

b. Chung minh (SBC) v4 (SAD) cung hop vdi day ABCD mdt gdc P thoa hd 
thurc cotgP = cotga.costp. 

Bai tap 8: Cho hinh chdp S.ABCD, ddy ABC vudng tai B, AB = a, BAC = a, 
SA = a v4 vudng gdc vdi mdt phAng (ABC). Goi P 14 gdc giua hai mat bdn (SAC) v4 
(SBC). 

__ , • , i (i vl + cos 2 a 

a. Chung minh rdn£ tga.tgP =-. 

cos a 

b. AABC phai thoa thdm di£u kidn gi dd P = 60°. 


Bai toan 4: Gdc nhj didn. 
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■ Dung Ax//a va cat P tai B. 

* Ha AH (hoSc BH) vu 6 ng g 6 c vdi d tai H. >L\? Ss \ 

Ta duoc AHB la g 6 c phing cua nhj difin. x r I 

2. Ndu co mdt dudng thing a cat hai mat cua nhj 
didn tai A, B va vudng gdc vdi c<u\h d cua nhi 

di£n thi ta c 6 the’ dung g 6 c phing cua nhj difin do .<£>. a 

nl.Usau: ‘ / A/\ 

■ Ha AH (hoic BH hofc CH vdi C la die’m bat \ ^\ \ 

ki trSn a) vudng goc vdi d tai H. , 

Ta duoc AHB la gdc phing cua nhj difin. A 

3. NS'u hai mat cua nhj difin lin luot chda hai tarn J 

giac can AMN vi BMN co chung day MN thi: /y? 

■ Goi H la trung di&n MN, suy ra: 

HA 1 MN va HB1 MN hV7>^ 

Ta duoc AHB la gdc phing cua nhj difen. N 

Vi du 1: Cho hinh chdp S.ABCD co day ABCD la hinh thang vudng tai A va D 

vdi AB = 2a, AD = DC = a, SA = a \ll \h vudng gdc vdi mat phang (ABCD). 

a. Tinh sd' do nhj didn (S, BC, A). 

b. Tinh sd' do nhj difin (A, SB, C). 

c. Tinh gdc giua hai mat phing (SBC) va (SCD). 

Gidi 

a. Tacdngay: 

[ BC L AC /iV\ 

=> BC 1 (SAC) p/i-Ao \ 


[BC ± SA 

(BC -L SC G (S.Bf m~-V 

7> [BC J. AC6(A,BC) 

suy ra SCA li gdc phing nhj didn (S, BC, A). 

G<?i E la trung die’m AB, suy ra AE = BE = a va CE = a. 

Trong ASAC vudng tai A, ta cd: 

AC = aj2 , vl AC la dudng cheo cua hinh vudng ADCE 

=> AC = SA => ASAC vudng tai A => SCA = 45°. 

Vay, sd do nhj dien (S, BC, A) bing 45". 
b. Ta cd: 

fCEl AB 

=> CE 1 (SAB). 

CE X SA 

Ha CF X SB tai F, suy ra: 

EF1 SB, theo djnh H ba dudng vudng gdc 

Do dd, gdc CFE la gdc phing nhj didn (A, SB, C). 

Hai tarn giac vudng SAB va EFB cd chung gdc nhon B n£n chung ddng dang 
suy ra: 
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EF EB _ c SA.EB 

sa = m^ ef -~S~ 

Trong ACEF vudng tai E, ta c6: 


a 


%/2.a 


iTS 


TuV2) 3 


+ (2a) 2 


tgCFE = 


CE 

EF 


3 


= S => CFE = 60°. 


Vfty, sd do nhi didn (A, SB, C) bang 60°. 
c. Ha AP 1 SD tai P, suy ra: 

[APJ-SD 

=> AP ± (SCD). 

API CD 

Ha AQ 1 SC tai Q, suy ra: 

[AQ 1 SC 


AQ i. BC 


^ AQ 1 (SBC). 


TO (l) va (2) suy ra ((SCD).(SBC)) = PAQ. 

Trong ASAD vudng tai A, ta cb: 

SD : = SA 2 +AD 2 = (aV2)* + a 2 = 3a 2 =>SD= a 73, 
1 11 
AP* 


SA 2 AD 2 
Trong ASAC vudng tai A, ta co: 


J_ J 

(av/2) 2 + “ 2 


3 D aj6 
— => AP=- 


a 


2a‘ 


SA = AC = a 72 =x> AQ = = a. 


Trong AAPQ vudng tai P, ta c 6 : 

a a/6 

— AD 

cos PAQ = — = -i- = 
AQ a 


76 

3 


VSy, ta duoc cos((SBC),(SCD)) = 


76 


(O' 


( 2 ) 


Vi du 2: Cho hinh chop S.ABCD co ABCD la hinh vudng canh a, tim O, 

SA = a72 vk vudng gdc vdi mat phang (ABCD). Tinh sd' do nhi didn (B, SC, D). 

Gidi 

Trong ASAC vudng lai A, ta co: <j 

AC = a 72 => SC = 2a. 

Goi M la trung di£m cua SC, suy ra: 


BM = ^ SC = a, v) ASBC vudng tai B 


ABMC c£n tai B 


1 


DM = — SC = a, vi ASDC vudng tai D 



B 
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I 


ADMC c£n tai D 

Goi H la trung d'\im CM, suy ra BHD \k goc ph&ng nhi di£n (B % , SC, D). 
Trong ABHD, ta c6: 


BD = aV2 , 



Vay, nhi didn (B, SC, D) c6 cos( B,SC,D ) = - —. 

•3 

Vt du 3: Cho hinh chQ nhat ABCD c6 AB = a, AD = b. Trdn hai fia Ax; Cy ciing 
chi£u va cung vu6ng g6c vdi mat phang (ABCD) ldn lupt la'y hai di£m M, N. Dat 
AM = x, CN = y. Chting minh ring didu kidn c£n va du di nhi didn (M, BD, N) c6 
s6' do bang 60° la: 



suy ra AEM va CFN theo thi'r tu la g6c nhj didn cua 
(A, BD, M) va (C, BD, N). 


Ta c6: 

(A, BD, M) + (M, BD, N) + (C, BD, N) = (A, BD, C) = 180° 

Vay, di£u kidn c£n va du dd’ nhj didn (M, BD, N) c 6 s6 do bang 60° 1&: 

(A, BD, M) + (C, BD, N) = 120° o AEM + CFN = 120° 

o tg( AEM + CFN) = tg 120° <=> tgA - ^Ll tgC Sj : =- (1) 

1 —tgAEM.tgCFN 


Trong AABD vudng tai A, ta co: 


1 1 

-r H-r 

AB 2 AD 2 


* + J_ -^aE = 


Trong AAEM vudng tai A, ta c6: 


tg AEM = 


X'J a 


AE % ab 

Trong AACFN vu6ng tai A, ta co: 
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2 


, g CTN = "U*^± 

CF ab 

Thay (2), (3) vao (1), ta diroc: 

xVa 2 + b 2 | y>/a 2 + b 2 
ab _ ab 


= -V3 


I x V a + b yya + b 
ab ab 

o ab >/a 2 + b 2 (x + y) = \/3 [xy(a 2 + b 2 ) - a 2 b 2 ] 
(x + y%b_ /rf a 2 b 2 
Va 2 + b 2 a + b 


BAI T*P D£ NGHI 

Bai tip 1 : Cho td didn ABCD c 6 ABC la tam gidc vudng c4n vdi AB = AC = a, 
DBC la tam giac d£u, nhi didn canh BC c 6 sd do bang 30°. 

a. Tfnh AD vd khoang ckch tut A dd'n mat phing (BCD). 

b. Tfnh sd do cua cdc nhi didn canh BD vd AD. 

Bai tap 2: Cho hinh chdp S.ABC co ddy ABC Id tam giac vudng can vdi AB = BC 
= a, SA = a vd vudng gdc vdi mat phang (ABC). Goi E vd F Idn lucrt Id trung di£m 
cdc canh AB vd AC. 

a. Tfnh sd do cua nhi didn (A, SC, B). * 

b. Tfnh goc gifla hai mat phdng (SEF) vd (SBC). 

Bai tdp 3: Cho hinh chdp S.ABCD cd ABCD Id hinh vudng canh a, tam O, SA = a 
vd vudng gdc vdi mat phdng (ABCD). Tfnh sd do nhi didn (B, SC, D). 

Bai tap 4: Cho hinh vudng ABCD canh a, SA = aV3 vd vudng gdc vdi mat phdng 
(ABCD). Tfnh sd do cua cac nhi didn sau: 

a. (S, BC, A). 

b. (S, BD, A). 

c. (SAB.SCD). 

Bai tip 5: Cho hinh vudng ABCD canh a. Tit trung di^m H cua canh AB dimg HS 
vudng gdc vdi mat phdng (ABCD) sao cho nhi didn canh AD cua hinh chdp 
S.ABCD cd sd do bang 60°. Goi K Id trung didm cua canh AD. 

a. Tfnh SH vd khoing cdch tur K dd'n mat phing (SCD). 

b. Tfnh sd do nhi didn (A, SD, C). 

c. Tfnh sd do nhi didn (B, SC, K). 

a>/3 

Bai tAp 6: Cho ch 6 p S.ABCD c 6 ABCD la hinh thoi canh a, tAm O, OB =-, 


SO = -— vA vudng g 6 c vdi m&t phing (ABCD). 
3 

a. Chumg minh rang ASC vudng 

b. Chufng minh (B, SA, D) Id nhj didn vudng. 

c. Tfnh sd do cua nhj didn (S. BC, A). 
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Bai tap 7: Tfir didm M ngoai mat phing a ta ha dudng vu6ng gdc MA va hai 
dudng xidn MB, MC tori mat phing a. Bidt MA = a va MB. MC ddu tao vdi mat 
phing a cac goc 30°, MB va MC vu6ng g6c voi nhau. 

a. Tfnh dd dai doan BC. 

b. Tfnh s6' do cua nhj didn (M, BC, A). 

Bai tap 8: Cho hinh lang tru dung ABC.A^C, co day ABC vudng can dinh A, 
BC = 2a. Cho bidt nhi didn (A, B^,, B) co s6' do bang a. 



Chiing minh ring AA, = 


2 a cosa 



b. Goi H, K lin luat la hinh chidu vudng g6c cua A trdn B,C va A,C. Chung 


minh ring AHK la g6c phing cua nhj didn (A, B,C, A,) va AHK = n - 2a. 


Bai toan 5: 


Phdp chidu vudng goc va urng dun 




PHl/ONG PHAP CHUNG 

1. Td cdng thuc didn u'ch hinh chidu: 

S’ = S.costp, 

ndu bidt hai trong ba dai iuong S, S’, (p ta tfnh duac dai luong cdn lai. Dac bidt 
dua vao cdng thuc nay ta co thd tfnh gdc giura hai mat piling ma khdng cin dung 
gdc phing. 

2. Td dinh If hinh chidu cua mdt gdc vudng: 

" Hinh chieu vudng goc cua mdt gdc vudng Id mdt goc vudng khi vd 
chi khi gdc vudng dem chieu cd it nhdt mdt canh song song voi mat 
chieu hay ndm trong mat chieu " 

ta cd thd chung minh duac dudng thing vudng gdc vdri dudng thing hay dudng 
thing song song vdi mat phing. 

Chit y: Cin luu y dd'n hai tfnh chit sau cua phdp chidu vudng gdc: 

1. Ndu doan thing A,B, li hinh chidu vudng gdc cua doan AB trdn mat phing a 
thi A,B, <, AB. Diu ding thurc xay ra khi va chi khi AB // a hay AB c a. 

2. Phdp chidu vudng gdc bao loan ti sd cua hai doan thing cung phucmg. 

Vf du 1: Cho hinh chop S.ABC cd SA = a va vudng gdc vdri mat phing (ABC), 

SB = 2a,SC = *aV2, BSC = 90°. s 

a. Tfnh gdc <p giua hai mat phing (ABC) va (SBC)-.** 

b. Tfnh didn tfch AABC. 

Gidi \ \ \ 

a. Ha SI ± BC tai I, suy ra: ^ \.. 

AI Jl BC, djnh U ba dudng vudng gdc. 

Suy ra, gdc gida hai mat phing (ABC) va (SBC) la SIA = (p. B 
Trong ASBC vudng tai S, ta cd: 
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b. Ta co: 


S^abc = S ASBC .cosq> = — SB.SC.cos60° = — .2a. a>/2 . — = —^ . 

2 2 2 2 

Vi dy 2; Cho AABC c6 dinh A n&m trong mat phing a, hai dinh B, C co hinh 
chig'u trdn a lin lucrt \k B, va C, sao cho AAB,C, la tarn giic d£u canh a. Gia su 

CC, = a va BB, = ^. Goi I la giao di£m cua BC va B,C,. 

2 * 

a. Chiing minh rang IA _L AC. 

b. Tmh didn tfch AABC r6i suy ra gia tri ciia goc cp giua hai mat phing a va (ABQ. 

Giai 

a. Tir gia thiet CC, = 2BB,, suy ra B, B, theo thur tir la trung di£m cua IC va IC,. 
Trong AAIC,, ta co: 

B,A = B,C, = B,I AAIC, vudng tai A 
Vay, ta c6: 

flA J_ AC. 

1 => IA 1 (ACC,) => IA 1 AC. 


IA 1 CC, 


b. Ta c6: 


Saabc — ~ Saajc ~ ^ AC.AI 


( 1 ) 


trong do: 



AC 2 = C,C 2 + C,A 2 = a 2 + a 2 = 2a 2 => AC = a ^ 

AI 2 = C,I 2 - C,A 2 = 4a 2 - a 2 = 3a 2 AI = 

Thay (2), (3) vao (1), ta duoe: 

1 rr rr a 2 \/6 
Saabc — — .av2 .aV3 — —-—. 


( 2 ) 

(3) 


4 


Ta c 6: 
S 


AAB,C, _ 




, vi AAB,C, 14 tam giic d£u canh a 




S aab,c, “ S Aa bc-COS(P => coscp 


*AAB,C 


i'-i 


*AABC 


y/2 


! V6 


=>(p = 45°. 


Vi du 3: Cho hinh h6p chO nhat ABCD.A,B|C,D,. M6t mat phing a cit AA„ 
BB,, CC„ DD, lin lum tai A’, B\ C, D'. Dat AA’ = a, BB’ = b, CC’ = c, DD’ = d. 
Chdng minh ring: 

a. Tir giic A’B’CD' 14 hinh binh h4nh v4 a + c = b + d. 

b. Di«u ki6n cin v4 du 6i A’B’C’D’ 14 hinh thoi 14 a = c hay b = d. 
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B, 



<2 

y ' 

J 




v-'" 


B' 


B 


A’ 


A 


c. N£u a = b thi A’B’C'D' lk hinh chG nhkt. Mftnh d£ dao co dung khdng ? 

Gidi 

a. Nhkn xdt ring: £> ^ 

(ABBiA^CDD.C,) 

a n(ABB,A,) = A'B' => A’B’//C’D’. C, 

an(CDD,C|) = C'D' 

(BCC,B, )//(ADD, A,) C 

an(BCC,B|) = B'C' =>A'D'//B'C\ 

aD(ADD,A I ) = A'D' C 

suy ra, tti giac A’B’C'D' la hinh binh hknh. 

Gia su AC n BD = O vk A’C’ n B’D’ = O’, ta co: 

OO’ = ^ (AA’ + CC’), vi OO’ la dudng trung binh cua hinh thang ACC’A’ 
OO’ = ~ (BB’ + DD’), vi OO’ lk dudng trung binh cua hinh thang BDD’B’ 


suy ra: 

^(AA’ +CC’)= ^ (BB’ + DD’) oa + c = b + d, dpcm. 

b. Nhkn xet rang hinh chidu vudng g6c cua g6c A'OB’ Idn (ABCD) 1a AOB . 
D^ A’B’C'D' 1a hinh thoi di£u kidn ckn vk du lk: 


A'OB' = 90° o 

O'A 7/0A 

A'C7/AC 

AA =CC 

o 

o 

<=> 


O'BV/OB 

B'D'//BD 

BB' = DD' 


c. Ndu a = b, ta duoc: 


AA’ = BB’ => A’B’ // AB => ABC' = 90° => A’B’C’D’ lk hinh chG nhkt. 
Thky ngay, dao lai khdng dung vi vdi vai tr6 b, d nhu nhau ndn A’B’C’D’ cung 
se la hinh chir nhkt khi a = d. 


BAI TAP NGHI 

Bai tap 1 : Cho AABC ckn tai dinh A vk a lk mat phkng chura dudng cao AH. Goi 
B,, C, theo thur tu lk hinh chidu vudng gdc cua B vk C Idn a. Chumg minh rkng 
AAB,C, cftn. 

Bai tap 2: Cho AABC vudng tai B, AB = 2a, BC = a. Trdn hai nda dudng thang Bx 
vk Cy vudng goc vdi mat phkng (ABC) vk d cung mdt phia dd'i vdi (ABC) Iky cac 
di£m B, vk C, sao cho BB, = a, CC, = x. Tfnh theo a vk x dd dki ckc doan AB,, B,C, 

vk AC,. 1 ur do suy ra gid tri cua x sao cho gdc AB,C, = 90°. 

Bai tap 3: Cho hinh thoi ABCD cd dinh A d trong mat phkng a, cac dinh khkc 

khdng d trong a, BD = a, AC = a-v/2. Olid! vudng goc hinh thoi Idn mat phkng a ta 
duoc hinh vudng AB’C’D’. 

a. Tmh didn tfch cua ABCD vk AB’CD'. Suy ra gdc giOa (ABCD) vk a. 

b. Goi E vk F lkn luot lk giao di£m cua CB, CD vdi mat phkng a. Tfnh didn 
tfch cua tut gikc EFDB vk EFD’B’. 
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Bai tap 4: Cho hinh jphop S.ABCD co day ABCD la hinh vu6ng canh a, SA vudng 
gdc vdi mat phAng (ABCD) vA SA = a. Tfnh didn tich thid't didn cua hinh chop da 
cho vdi mat phAng a trong mdi trucmg hop sau: 

a. a qua SB vA hop vdi (SAB) goc 45°. 

b. a qua AC va hop vdi (ABCD) goc 30°. 


Bai tap 5: Cho AABC cAn tai A, dudng cao AH = aV3,dAy BC = 3a; BC chda 
trong mat phAng a. Goi A’ la hinh chid'u vudng goc cua A trdn a. Khi tarn giac 
A’BC vudng tai A’, tfnh goc giua a vA (ABO. 

Bai tap 6: Cho AABC ddu, canh a chura trong mAt phAng a. Trdn cAc dudmg thAng 
vudng goc vdi a ve tir B vA C lA'y cAc doan BD = CE = a 4l nAm cung mdt 


bdn ddi vdi a. 

a. Chumg minh rAng AADE vudng. Tfnh dien tich cua tarn giAc nAy. 

b. Tfnh goc giua hai mat phAng (ADE) vA a. 

Bai tap 7: Cho hinh chop S.ABC co cAc mAt bdn hop vdi dAy mdt goc cp. 

a. Chung minh hinh chid'u vudng goc cua S trdn mAt phAng (ABC) 1A tAm cua 
dudng tron ndi tid'p tarn giAc ABC. 

s 

b. Churng minh rAng S SAB + S SbC + S SCA = 

cos^p 

Bai tap 8: Cho lang tru ABC.A’B’C co dAy 1A tarn giAc ddu canh a, AA’ vudng 
goc vdi mat phAng (ABC) vA A A’ = h. Mdt mAt phAng a cAt ba canh ben cua lAng 
tru. Tfnh didn tich cua thid't didn cua lang tru vdi a trong cAc trucmg hop sau: 

a. Gdc gitfa a vA (ABC) bAng 60°. 

b. a vudng gdc vdi BC’. 


B ai toan 6: Tam didn. | 

PHUONG PHAP CHUNG 

1. NAm vflng dinh nghla vA cAc tfnh chA't cua tarn didn ve hinh vA chimg 
minh mdt s6 tfnh chA't khAc. 

2. Vide xAc dinh thid't didn cua tarn didn cAt bdi mdt mAt phAng duoc thuc hidn 
dua trdn nhung phuong phAp da bid't cho tuf didn. 

Vi dy 1; Cho ba tia Ox, Oy, Oz khdng ddng phAng vA xOy = 90°, xOz = yOz 
= 60 ( -. Tfnh gdc giua hai mAt phAng (xOz) vA (yOz). 

Gidi 

Tren Oz lA'y didm C sao cho OC = 1. 

Trong (xOz) dung Ct 1 Oz vA cAt Ox tai A. 

Trong (yOz) dung Cm 1 Oz vA cAt Oy tai B. 

Khi do, ta duoc mdt gdc phAng 1A ACB ACB. 

Trong AABC, ta cd: 

AC = BC = OC.tg60° = ^3, 



x 
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AB = OAa/2 _ 20C>/2 = 2v2 ) 


cosACB =• 
Vay, ta dirae: 


AC 2 +BC 2 -AB 2 2(>/3) 2 — (2>/2) 2 1 


2AC.BC 


2(V3) 2 


ACB tu. 


((xOz),(yOz)) = 180°- ACB 


=> cos((xOz),(yOz)) = cos(180° - ACB)= - cosACB = 

Vi du 2: Cho tu didn OABC c 6 ha mat OAB, OAC, OBC la nhung tarn giac 
vu 6 ng tai dinh O. Goi a, P, y lin luat la g 6 c giua mat phing (ABC) vdi cac mat 
phing (OAB), (OAC), (OBC). Chumg minh ring: 

cos 2 a + cos 2 p + cos 2 y = 1 . 

Gidi 

Goi H la hinh chie'u vudng goc cua O ldn (ABC). 

OA J.OB 

=>OAl (OBC) => OA 1 BC. 

OA±OC 
Mat xhic, vi: 

OH 1 (ABC) => OH 1 BC => (OHA) 1 BC 
=> HA 1 BC. 

Chumg minh tuorng tu, ta co HB 1 AC, do d 6 H la true 
tarn AABC. 

Dat OA = a, OB = b, OC = c vi gia su 

AH n BC = X„ BH n AC = B„ CH n AB = C, 
suy ra OA,A = a, OB,B = p, OC C = y. 

Trong AAOA, vudng tai O, ta c 6 : 

cosa = cosOA,A = cos(90°- OA,A) = sinOAA, = 

^ , n OH OH 

Tuemg tu, ta cung co cosp =- va cosy =-. 

b c 

Trong cic AAOA, vi AOBC vudng tai O, ta c 6 : 



1 


1 




1 


1 


1 1 
+ 


OH OA 2 OAf OA 2 OB 2 OC 2 


1 1 

T + 


1 


b 2 + c 2 


OH 2 OH 2 OH 2 , , 2 _ 2 , . 

o — 5 — H--— H-r— = 1 o cos*a + cos P + cos y = 1 , dpem. 

a b c 

Vi du 3: Cho tarn difin Sxyz co Sx, Sy, Sz d 6 i mdt vudng g 6 c. Liy cic difi’m A, 
B, C trtn Sx, Sy, Sz. Goi H li true tim cua AABC. 

a. Chumg minh ring SH 1 (ABC). 

b. Chimg minh ring (Ssbc ) 2 = S ABC . Shbc, Tut d 6 suy ra: 

(S A Bc ) 2 = (Ssab ) 2 + (^SBe)' + (Ssca) 2 - 

Gidi 


a. Tac6: 
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SA 1 (SBC) =? SA i BC. 


[SA 1 SB 
SA 1 SC 

Mat khac, vi H la true tftm cua AABC n£n 

AH ± BC (2) 

Tut(l) va (2) suy ra: 

BC 1 (SAH) => BC 1 SH. (3) 

Chirng minh tuemg tu, ta dtroc AB 1 SH (4) 

Tir (3) va (4) suy ra SH 1 (ABC), 
b. Trong ASA A, v".5ng tai S, ta co: 

SA? = AA,.HA, - SA? .BC : = -AA,.HA,.BC : 


(i; 


s 



•B 




4 4 

^ (Ssbc) ~ S ABC . S HBC , dpem. 

Chung minh tuong tu, la co: 

(SsaB Y = S A BC • S H AB (Ssca)" = ^ 

Khi do: 

(Ssab) 4* (S SBC ) 4 (Ssca) = S ABC . S HAB 4 S ABr 
= ($hab 4 S HB(t 4 S hCt% ) S ARC = (S ABC ) , dpem. 


■ S, 


3 ABC • °HCA- 


S H bc Sarc . S 


ABC • °HCA 


BAI TAP NGHI 

Bai tap 1: Cho ha tia Ox, Oy, Oz kh6ng cung nam trdn m6t mat phang sao cho 
xOy = xOz = a (0<a<^~)va yOz = p. Goi y 1& goc giua Ox va mat phang 


(yOz). Chung minh rang 


cos a 


cos 


p- 


Bai tap 2: Cho tir didn ABCD co ha mat ABC, ACD, ADB la nhung tarn gidc 
vu6ng tai dinh A, M la m6t didm d trong ABCD. Goi a, p, y Idn lircrt la goc giua 
AM va cic mat phang (ABC), (ACD), (ADB). Chung minh rang: 
sin 2 a 4 sin : p 4 sin : y = 1. 

Bai tap 3: Cho ba tia Ox, Oy, Oz kh6ng cung n&m trdn m6t mat phang sao cho 

xOz = yOz = a (0 < a < ~); M la m6t didm trdn Oz. Chung minh rang hinh 

chidu vu6ng gp£ cua didm M trdn mat phang (Oxy) nam trdn duong phan giac cua 
goc xOy. 

Bai tap 4: Cho ba tia Ox, Oy, Oz kh6ng cung nam trdn m6t mat phang va 
xOy = a; xOz = P (0 < a, p < 90°), yOz = y. Lay A trdn Ox vdi OA = 1. Qua A 
ve mat phang vu6ng goc voi Ox cat Oy, Oz Idn luert tai B va C. 

a. Tfnh cac canh cua tarn giac ABC theo a, p, y 

b. Suy ra didu kidn eSn va du de hai mat phang (xOy) va (xOz) vu6ng g6c vdi 
nhau la cosy = cosa.cos p. 
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Bai tap 5: Cho tur di tn OABC c6 cac c&p canh doi di£n b&ng nhau timg ddi mdt. 
Churng minh rang di£u ki£n cdn va du de hai mat ph&ng (OAB) va (OAC) vuong 
goc voi nhau la AAPC c6 tgB.tgC = 2. 

Bai tap 6: Cho ba tia kh6ng d6ng phang Ox. Oy, Oz doi m6t hop voi nhau goc 60° 
A la mdt didm c6 dinh tr6n Oz voi OA = a. 

a. Chung minh hinh chifiu vuong g6 cua Oz tr£n mat ph&ng (Oxy) la duomg 

ph^n giac cua goc xOy . 

b. Goi A’ la hinh chi£u vudng goc cua A tr£n mat ph&ng (Oxy). Tinh AA' theo a. 

c. M, N la hai di6m 14n lirot tr£n Ox, Oy. Gia sir M c6 dinh, N di dong tren Oy. 
Tim tAp hop hinh chilu cua A tr£n MN. 

d. Dat OM = x, ON = y. Churng minh rang d'xiu ki£n c^n va du di tarn giac 
AMN vudng tai A Ik a(x + y) — xy = 2a 2 . 

Bai tap 7: Cho ba tia Ox, Oy, Oz khong dong phang va vudng goc voi nhau tung 
ddi mdt. Tren Ox, Oy, Oz \&n luot l&'y cac di£m A, B, C sao cho AC = 20B 
BC = 20A. Dat a = OA. 

a. Tmh OB, OC theo a. 

b. Goi M va N la chan cac dudng vudng goc ke t£r O Idn luot dd'n AC va BC. 
Chung minh rang MN vudng g<5c vori OC. 

c. Tmh cos MON. 

d. Goi D1* trung didm cua AB. Chung minh rang: 

tg 4 OCD MN , 

—+-= 1 . 

tg 4 OCA AB 

Bai tap 8: Cho ba tia Ox, Oy, Oz khdng d6ng phdng, d6i mdt hop vdi nhau gdc 
60° Trfin Ox, Oy, Oz l&i luot la'y ba di£m A, B, C. Goi H la hinh chidu vudng goc 
cua A trdn mat phiing (yOz). Dat OA = a, OB = x, OC = y. 

a. Tinh cac goc BOH, COH va dd dai cac doan OH, AH. 

b. Tim h£ thurc gifia a, x, y dd BAC = 90°. 

c. Gia su BAC = 90". Tinh y theo a va x. Tim didu kien cua x dd y t6n tai. 

d. Chumg minh nd'u dudng thang BC qua H thi ta cd hd thurc 3xy = a(x+y). 

e. Tinh x, y theo a, cho but BAC = 90° va H thudc dudng thing BC. 

Bai tap 9: Cho hinh chop O.ABC co OA, OB, OC va ddi mdt vudng goc vdi nhau 
OA = OB = OC = a. Goi K, M, N Win luot la trung didm cac canh AB, BC va AC, E 
la diem ddi xung cua O qua K. 

a. Churng minh ABCE va AOME la nhung tarn giac vudng va mat phing (ABC) 
vudng goc vdi mat phang (OCK). 

b. Goi I la giao diem cua CE vdi mat pning (OMN). Chung minh mat phang 
(OMN) vudng goc vdi CE vh MN vudng goc vdi OI. Tinh didn tich tur giac 
OMIN. 

c. Tinh khoang each gida hai dudng thang OB va CE. 

d. F la mdt didm di ddng trdn canh OA, CH la dudng cao cua tarn giac BCF. 
Tim tap hop didm H. 

Bai tap 10: Hinh chop O.ABC co ede canh OA, OB, OC ddi mdt vudng goc vdi 
nhau va ldn luot hop vdi mat phang (ABC) cac goc a, p, y. 
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a. Chufng minh he thuc cos 2 ot + cos 2 p + cos 2 y = 2. 

b. H la true t&m tam giac ABC. Cac canh OA, OB, OC hop vai OH cac goc 
a', P\ y\ Chung minh ring: 

cos 2 a’ + cos 2 P’ + cos 2 y’ = sin 2 a’ + sin 2 p’ + sin 2 y’ = 2 
Ding thuc tr£n con dung nfla khong neu H la m6t diim tuy y trong mat 
phing (ABC). 

c. Dat S = S OAB + S 0BC + S OCA va h la khoang each tir O d£n mat phing (ABC). 


Tim gia trj nho nhtft cua ti s 6 


Bai tap 11: Cho tur didn SABC co ba goc a dinh S d£u vu6ng. Dat a = SA, b = SB, 
c = SC. Goi H, G lin luot \k true tarn, trong tarn cua AABC. 

a. Tinh SH, SG theo a, b, c. 

b. Chung minh ring AABC co ba goc nhon vi a 2 tgA = b 2 tgB = c 2 tgC. 


c. 

•d. 


9 

^SAB + ^SBC + ^SCA > T SH 

Chimg minh rang z 

Gia sir b + c = a. Chung minh ring SAB + SAC + BAC = 90°. 
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bAi tAp On chltong hi 

Bai tap 1: Cho hinh ch6p S.ABCD, day ABCD la hinh vu6ng canh a. Goi K J ldn 
luot 15 hinh chid'u cua S trdn AB v5 CD. 

a. Chung minh mat phang (SIJ) vu6ng gdc vdi mat phang (ABCD). 

b. Bid't hai mat SAB va SAD cung hop vdi day goc a, con SC hop vdi day goc 
p. Chung minh rang mat phang (SAC) vu6ng goc voi mat phang (ABCD). 
Ti'nh khoang each tir S den mat phang (ABCD). 

Bai tap 2: Cho hai tia cheo nhau Ax, By hop vdi nhau goc 60°, nhdn BA = a lam 
doan vu6ng goc chung. Tr6n By lay didm C voi BC = a. Goi D la hinh chieu vudng 
goc ciia C trdn Ax. 

a. Ti'nh AD va khoang each tir C d<Sh mat phang (ABD). 

b. Ti'nh khoang each giura AC va BD. 

Bai tap 3: Cho hinh chop S.ABCD, day ABCD la hinh vu6ng, SA vu6ng goc vdi 
mat phang (ABCD). 

a. Chung minh mat phang (SAC) vudng goc vdi mat phang (SBD). 

b. Ti'nh sd do nhi didn (A, SD, C). 

c. Goi BE, DF la hai duomg cao cua tarn giac SBD. Chung mirth rang mat 
phang (ACF) vudng goc vdi mat phang (SBC); mat phang (AEF) vudng goc 
vdi mat phang (SAC). 

Bai tap 4: Cho hinh chop S.ABCD, day ABCD la hinh vuong canh a, mat ben 

(SAB) la tarn giac ddu v5 vuong gdc vdi day. Goi I la trung di£m cua AB. 

a. Chung minh rang SI vudng gdc vdi mat phang (ABCD); AD vuong goc vdi 
mat phang (SAB). 

b. Ti'nh gdc giua BD va mat phang (SAD). 

c. Ti'nh gdc giua SD v5 mat phang (SCI). 

Bai tap 5: Cho tarn giac ABC vudng tai A co AB = c, AC = b. Goi (P) la mat 
phang qua BC va vudng gdc vdi mat phang (ABC); S la mdt diem di ddng tren (P) 
sao cho S.ABCD la hinh chop co hai mat bdn (SAB), (SAC) hop vdi day (ABC) hai 

gdc co sd do ldn luot la a v5 Goi H, I, J ISn luot 15 hinh chi£u vudng gdc 

cua S trdn BC, AB, AC. 

a. Chung minh rang SH : = HI. HJ. 

b. Tim gia tri ldn nha't cua SH v5 khi do hay tim gia tri cua a. 

Bai tap 6 : Cho hinh chop S.ABC, day ABC la tarn giac d£u canh a, SA = SB = SC, 
khoang edeh tir S d£n mat phang (ABC) la h. Ti'nh theo a dd hai mat phang (SAB) v5 

(SAC) vudng gdc vdi nhau. 

Bai tap 7: Cho hinh chop S.ABCD, day ABCD la hinh vudng canh a, SA vudng 
gdc vdi mat phang (ABCD). Goi M, N 15 hai di£m ldn luot d trdn hai canh BC, DC 

sao cho BM = — ;DN = —. Chung minh hai mat phang (SAM) v5 (SMN) vudng 
2 4 

gdc vdi nhau. 

Bai tap 8 : Cho hinh chop S.ABCD, day ABCD 15 hinh vudng canh a, SA vudng 
gdc vdi mat phang (ABCD); M v5 N la hai di^m ldn luot ndm trdn ede canh BC, 
CD. Dat BM = x, DN = y. 
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a. Chung minh rang didu ki£n cdn vd du d£ hai mat phang (SAM) vd (SMN) 
vudng goc voi nhau la MN vudng goc voi mat phang (SAM). Tir do suy ra ' 
he thuc lien he giua x, y. 

b. Chung minh rang dieu kidn cdn va du d£ nhj dien (M, SA, N) co so do bang 
30° la a(x + y) + >/3xy = a 2 V3. 

Bai tap 9: Cho hinh binh hanh ABCD co khoang each tir A den BD bang h. Tr6n 
hai tia Ax, Cy cung vudng g6c voi mat phang (ABCDO va cung chi£u, ta lAn luot 
lay hai didm M, N. Dat x = AM, y = CN. Chung minh rang didu kidn can va du de 
hai mat phang (BDM) va (BDN) vudng goc la xy = h 2 . 

Bai tap 10: Cho hinh chop S.ABC co SA = SB = SC. Goi O la tarn cua duong tron 
ngoai tifc'p tarn giac ABC; I la trung diim cua AB, K la giao diem cua OI voi BC. 

a. Chung minh rang didu kten cdn va du de’ hai mat phang (SAB) va (SBC) 

vuong goc voi nhau la ISK = 90°. 

b. Biet ban kinh cua duong tron (ABC) la R, SO = 2R, BAC = a, ACB = p. 
Chifng minh rang d\6u ki£n cdn va du d i hai mat phang (SAB) va (SBC) 

vudng goc voi nh. u la tarn gidc ABC co ba goc nhon va tga.tgP = —. 

4 

Bai tap 11: Cho tarn giac ABC vudng tai C. Tr6n duemg thang (A) vudng goc voi 
mat phang chua tarn giac tai A ta Idy mdt didm S. Goi D va E ldn lucrt Id hinh chieu 
vudng goc cua A tr6n SB, SC. 

a. Chung minh cac mat cua tu di£n S.ABC d&u Id tarn giac vudng. 

b. Tim tap hop cac diSm D vd E khi S di ddng tr£n (A). 

c. Chiifng minh rang AE vudng gdc voi mat phang (SBC); DE vudng goc vdri 
SB va AE. 

d. Churng minh dudmg thang DE qua mdt d\£m c 6 dinh khi S di ddng tr^n (A). 
Bai tap 12: Cho tarn gidc deu ABC canh a. Tr6n duong thang d vudng goc vdi mat 
phang (ABC) tai A ta ldy mdt di6m M. Goi h vd O ldn luot la true tAm cac tarn gidc 
ABCvdMBC. 

a. Chung minh OH vudng goc voi mat phang (BMC). 

b. Tim tap hop didm O khi M di ddng trdn d. 

c. Duong thang OH cat d tai N. Chung minh tu dien BCMN co ede cap canh 
vudng goc 

d. Chung minh AM.AN khdng d6i. Tinh AM, AN d£ dd dai MN nho nhdt. 

Bai tap 13: Cho hinh chop S.ABCD day Id nua luc gidc dSu ABCD vdri BC = 2a, 
AB = AD = CD = a. Mat b£n SBC Id tarn gidc ddu. Goi O Id giao didm cua AC vd 
BD. Cho bidt SD vudng goc voi AC. 

a. TinhSD. 

b. a Id mat phang qua M trdn canh BD vd song song vdri SD vd AC. Xac dlnh 
thid't didn cua hinh chop S.ABCD vdri mdt phang a. Phan bidt 2 trircmg hop. 

c. Tinh dien tich cua thiet dien theo a vd x vdri BM = xV3. Djnh x dd didn tich 
Ay ldn nhdt. 

Bai tap 14: Cho tiir dien ABCD co AB = 2a, tarn giac BCD vudng tai C co BD = 2a, 

BC = a. Goi E la trung d\£m cua BD. Cho bie't (AB,CE ) = 60°. 
a. Tmh 2AC 2 —AD 2 theo a. 
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b. II mdt mat phing song song vdi AB vi CE, cat cac canh BC, BD, AE, AC 
theo thu tir tai M, N, P, Q. Ti'nh didn ti'ch tu giac MNPQ theo a va x = BM, 
vdi 0 < x < a. Djnh x didn ti'ch iy ldn nha't. 

c. Djnh x dd tdng binh phucmg cua cac ducmg cheo cua MNPQ la nho nhdt. 

d. Goi O la giao did’m cua MP va NQ. Djnh a dd’ OA 2 + OB 2 + OC 2 + OD : nho 
nh4t. 

Bai tap 15: Trong mat phang a cho ducmg trdn (C). Ve SA = 2R va SA vuong g6c 
vdi a. Goi AH vi AK ldn luot 11 ducmg cao cua tarn giac SAB, va SAM. 

a. Chumg minh rang mat phang (SAM) vudng gdc vdi mat phang (SBM). 

b. Chumg minh tu giac BHMK ndi tidp duoc va giao didm T cua HK va BM a 
trdn mdt dudng thing cd' djnh. 

c. Dat goc BaM = cp, vdi 0 < tp < 90°. Tim gia tri cua xp dd didn ti'ch tarn giac 
AHK Ion nhit. 

Bai tap 16: Cho hinh vudng ABCD nim trong mat phing a. Ve tia Ax vudng goc 
vdi a, M la mdt di£m trdn Ax. Ducmg thing qua M vl vudng goc vdi mat phing 
(MBC) cit a tai R, ducmg thing qua M va vudng goc voi (MCD) cit a tai S. 

a. Chumg minh: A, B, R thing hang va A, D, S thing hang. 

b. Tim tap hop trung di£m I cua RS khi M di ddng trdn tia Ax 

c. Goi AH la ducmg cao cua tarn giac AMI. Chumg minh AH vudng gdc vdi 
mat phing (MRS) v! H la true tarn cua tarn giac MRS . 

Bai tap 17: Cho tarn giac BCD vudng tai B co CD = a, BCD = a; BA vudng gdc vdi 
mat phing (BCD) vl BA = a. 

a. Tinh khoang each tir B dd'n mat phing (ACD) theo a va a. 

b. Goi I la trung di£m cua CD. Xac djnh a dd’ mat phing (ABI) la mat phing 
trung true cua CD. 

c. Gia su C, D cd djnh, B di ddng trdn dudng tron ducmg kfnh CD. Chumg minh 
ring AC 2 + AD 2 khdng ddi. 

Bai tap 18: Cho tarn giic d^u ABC co chidu cao AH = 3a. Liy didm O trdn doan 
AH sao cho AO = a. Trdn dudng thing vudng gdc vdi mat phing (ABC) tai O lftv 
di^m S sao cho OS = BC. 

a. Chumg minh BC vudng gdc vdi SA va tinh SO, SA, SH theo a. 

b. Tinh sd' do nhj didn (B. SA, C) 

c. Qua didm I trdn doan OH, dung mat phing a vudng gdc vdi OH, a cit ede 
doan AB, SB, SC lin luqt tai M, N, P, Q. Chumg minh ring MNPQ li hinh 
thang cdn. 

d. Tinh didn ti'ch MNPQ theo a vi x = AI. Xdc djnh x dd’ didn ti'ch niy cd gia 
trj ldn nha't. 

Bai tap i9: Cho trong mat phing (P) dudng trdn (C) dudng ki'nh AB = 2R. Trdn tia 
Ax vudng gdc vdi (P) la'y di&n S sao cho SBA = 30°; m li di^m trdn (C). Dat 
BAM = a. 

a. Ti'nh tdng cac binh phuong ede canh cua tur didn S.ABM theo R vi a. 

b. Ti'nh dd dii doan vudng gdc chung cua SB vi AM theo R vi a. 

c. Qua A ve mat phing vudng gdc vdi SB tai H, cit SM tai N. Tim tip hop ede 
di£m N khi M di ddng trdn (Q. 

d. Goi p li sd do gdc phing nhj didn canh SB. Chumg minh ring tga . tgP = 2. 
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Bai tap 20: Cho tu dten S.ABC diy ABC la tam giac vu6ng tai A, Ad = 2a, 
AC = 3a. SB vudng gdc vdi mat phing (ABC), SB = a >/3. 

a. Goi M la mot diem di dong trdn canh SC, dm x = MC. Goi H \h K ldn lurcft 
la cac hinh chieu vuong goc cua M trdn mm phing (ABC) va (ASB). Mat 
phing (MHK) cdt AB tai L. Chung minh ring KMHL la hinh chtf nhdt. Vdi 
gia tri nao cua x thi KMHL Id hinh vudng ? 

b. Tfnh theo a vd x do ddi dudng cheo ML cua hinh chu nhm KMHI Vai gia 
tri nao cua x thi ML co dd dai nho nhit 0 Uhg vai gia tri nao cua x hay ndu 
l6n dac tfnh hinh hoc cua doan ML. 

Bai tap 21: Cho hinh thang vudng ABCD co day Ion AD = 2a, day nho BC = a, vi 

AB =a. SA vuong goc vai mat phing (ABCD) vi SA = a ^ . Goi M la li mdt did’m 
trdn duong cheo AC, dat AM = x. Mat phing a qua M va vudng goc vdi AC. Tuy 
theo vj tri cua M trdn doan AC hay xac dinh thiet didn cua hinh chop S.ABCD vdi 
a Tfnh didn tfch cua thiet dten nky theo a va x. Xac dinh x dd thid't didn co dten 
tfch ldn nhat. 


Bai tap 22: Trong mat phing a cho duong trdn (C) tam O, ban kfnh R; AB I& mdt 
d^y cung di ddng cua (C); I la trung diem cua AB. Trdn duong thing vudng goc vdi 
a tai O la'y diem S. 

a. Chung minh milt phing (SOI) vudng goc vdi mat phing (SAB). 

b. Tim t^p hop hinh chieu vudng goc cua O trdn mat phing (SAB) khi AB di 
ddng nhung ludn ludn cung phuong vdi mot dudng thing cd' dinh. 

c. Dm AB = 2x (0 < R), SO = h. Tfnh x di dten tfch tam gi£c ldn nhSt. 

Bai tap 23: Cho hinh chop S.ABC la tam giac vudng tai A vdi AB = a vh BC = 2a. 

Dte’m H a trdn canh AC sao cho CH = ^ CA, SH te dudng cao cua hinh chop v& 




. Goi I, J lin luot \k trung didm cua BC v& SA. Tim thtet dten va tfnh 


didn tfch thiet didn cua hinh chop da cho vdi cdc mm phing: 

a. Qua H v& vudng goc vdi AI. 

b. Qua BJ v5 vudng goc vdi mat phing (SHI). 

c. Qua I vh vudng goc vdi BC. 


Bai tap 24: Tur didn ABCD co DA = f c dc canh khdc ddu bing a; DH vudng 
gdc vdi mm phing (ABC) tai H. 

a. Chung minh ring ABH vi ACH la nhung tam gidc vudng bing nhau vd cdc 
mat phing (DBC) vi (ADH) vudng gdc vdi nhau 

b. Tfnh s 6 do nhj didn canh AD. 

c. Mat piling qua H vi vudng gdc vdi AD cit AD, BD va CD lin luot tai A’, 
B\ C\ Tfnh AH, DH, DB’ va churng minh ring tu giac HB’A’C li hinh 
vudng. 

B&i tap 25: Cho hinh chop S.ABC cd SA vudng gdc vdi mat phing (ABC) vi 
2a 

SA = -7=r, AC = 2a. Cac dinh S, A, C cd dinh; dinh B di ddng sao cho nhi didn 

V3 
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canh SB luon la nhi didn vudng; AD vh AE l&n luot la ducmg cao cua tarn giac SAC 
va SAB. 

a. Chung minh tam giac ABC va SBC vuOng vi AE vudng goc vdi mat phAng 
(SBC). 

b. Tfnh goc BAC de khoang each tir E d6n mat phing (SAC) ldn nhat. 

c. Gia su DE cat BC tai M vi ducmg thang vudng goc voi mat phing (SBC) tai 
D cat mat phang (ABC) tai N Chung to A, M, N thing hang va tfch AM, 
AN khdng ddi. Dinh goc BAC di MN co dd dai nho nh&t. 

Bai tap 26: Cho mat phing a, mot diem A a trong mat phang a va mdt diem B a 
ngoai mat phang a sao cho cac khoang each tu A va B dd'n A bang nhau. Goi M va 
N la hinh chieu vudng goc cua A va B trdn A. 

a. Goi B la hinh chi£u vudng goc cua B trdn a. Chung minh ring trong a 
ducmg trung true cua MN qua mdt diem F c 6 djnh. 

b. Goi I la trung didm cua MN. Tim tap hop ede d'\im I khi A di dong. 

c. Goi Q la hinh chieu vudng goc cua A tren mat phang (B, A). Churng minh 
ring AQ co dd dai khdng ddi. 

Bai tap 27: Hinh < hdp S.ABCD co day hin vudng canh a. Cac nhi didn canh AB, 
BC, CD, AD, co so do lin luot Ii a, P, y, p. Goi h la hinh chidu vudng goc cua S 
trdn mat phang (ABCD). 

a. Ttnh SH theo a vd p. 

b. Cho y = 4a. Tfnh ti s6' — theo a. 

SH 

c. Ti'nh a, p, y cho hiet y = 2p = 4a. 

Bai tap 28: Trong mat phing a cho Joan thing AB = 2a va mdt dirdng thing y’By 
vu6ng goc vdi AB tai B. Trdn dudng thing x’Ax vu6ng goc vdi a tai A, ta liy doan 
AC = x va trfin y’By ta liy BD = y. 

a. Cac mit nio cua tur difin ABCD la tam giic vu6ng? 

b. Tfnh CD. Tim hd thurc giSa x va y dd CD = x + y. 

c. Gia su hd thurc do duoc thoa, tfnh tdng cic binh phuong cac didn tfch cac 
mit cua tur didn ABCD theo a vi x + y. Suy ra gia tri cua x va y dd: tdng d6 
nho nhit. 

Bai tap 29: Trong rn.it phing a cho hinh thoi ABCD canh a, goc BAD = 120°. Tir 
cic didm B, C, D ta ve ba tia By, Cz, Dt cung vudng goc vori a va cung chi<£u. Trdn 
By, Dt lin luot liy cac didm B’, D' voi BB’ = DD' = x. Mit phing (AB’D') cit Cz 
tai Chung minh. 

a. Chung minh mat phing (AB’D’) chura mdt dudng thing co dinh khi x thay 
ddi. 

b. Tuf giac AB’C'D' la hinh gi ? Tfnh theo a vi x dd dii CC’ va didn tfch tu giac 
ABCD'. 

c. Goi (p la goc giiia hai mat phing a va (AB’C'D'). Tfnh tg ip va cos cp theo a 
va x. 

d. Tfnh x dd AB’C'D' li hinh vudng. 

Bai-tap 30: Cho tam giic ddu ABC canh a. Ve cac tia Bx, Cy cung chi£u va cung 
vudng goc vdri mat phing (ABC). Trdn Bx liy doan BM = x, trdn Cy liy doan CN = y. 
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a. Goi P la trung didm cua MN. Chung minh rang PM < PB < PA. Suy ra tam 
giac AMN chi co th£ vu6ng tai M hay N. 

h. Tim hd thurc gitfa x, y d£ tam giac AMN vudng tai M. 

c. Cho M, N di ddng ludn thoi didu kidn CN = 2BM. Chung minh ding mat 
phing (AMN) cat mat phing (ABC) theo mdt dudmg thing c6 dinh (A). Tim 
dirdng vudng goc chung ciia Cy va (A). 

d. Gia sir vin co CN = 2BM. Dinh x va y de tam giac AMN vudng tai M. 
Trong trudng hop nay, neu goi 1 la trung diem cua BC, Chung minh ring 
IAM li tam giac vu6ng can 

Bai tap 31* Cho tam giac ddu ABC canh a. Tir B va C dung hai tia Bx, Cy cung 
chi£u vi cung vudng g6c vdi mat phing (ABC). Goi M, N la hai di£m di ddng lin 
luot tren Bx, Cy sao cho BM + CM = I (I la do dai cho sin). 

a. Chung minh ring mat phing (AMN) chua mot ducmg thang cd dinh. 

b. Goi I la trung didm cua BC va H la hinh chieu vudng goc cua I trdn mat 
phing (AMN). Tim tap hop cic didm H. 

c. Dinh vi cua MN de didn tich tam gidc AMN co gia tri nho nhit. 

Bai tap 32: Cho hai ducmg thing cheo nhau d,, d 2 ; A vi B \h hai didm tren d,; C va 
D li hai didm trdn d 2 sao cho AB = CD. 

a. Chung minh ring cac mat trung true cua AC, BD cit nhau theo giao tuydn d. 

b. Chirng minh ring do dai cac doan vuong goc chung cua d, d, va d, d : bing 
nhau. 

c. Chung minh ring goc giua d, d, va goc giirua d, d, bang nhau. 

Bai tap 33: Cho hinh fur didn ABCD. 

a. Chung minh ring: 

AB 1 CD o> AC : ~ A D 2 = BC 2 - BD 2 . 

b. Tir do suy ra nd'u mdt tu didn co hai cap canh dd'i vu6ng goc vdi nhau thi cap 
canh dd'i con lai cung vuong goc voi nhau. 

Bai tap 34: Hai hinh vuong ABCD vi ABEF co canh a d trong hai mat nhing 
vu6ng goc. 

a. Tmh do dai DE. Chung to ring DE vuong goc vdi Ac vi BF. 

b. Dudmg thing song song vdi AC ve tir D cit AB tai A\ ducmg thing song 
song vdri BF ve tir E cat AB tai B\ Chung minh ring AA' = BB’ = a vi A’D 
= BE. 

c. Tim doan vudng goc chung cua hai dudmg thing A’D vi B’E. 

d. Goi I la mdt didm trdn tia A’D vi J la mdt di^m tren tia B’E sao cho 
A’l = B’J = x. Tfnh IJ theo a vi x tim gia tri nho nhit cua IJ. 

Bai tap 35: Cho hai mat phing (P^ vi (Q) vu6ng g6c vdi nhau, giao tuydn li (A) liy 
ba didm c 6 dinh O, A, D vdi OA = AD = a. Trong (P) ve tam giac OBD vu6ng can 

dinh B. Trong (Q) ve tia Oz vdi goc DOz = a (0 < a < 90°). Goi C li hinh chidu 
vuong g6c cua A trdn Oz. 

a. Chung minh ring AB vudng goc vdi (Q) va ABC la tam giac vudng. 

b. Tmh theo a va a dd dai cic canh cua tam giac ABC. 

c. Trong (Q) ve duong thing vuong goc vdi (A) tai D, cit Oz tai E. Chung 
minh ring BDE = 90° va EB vudng goc vdi OB. Goi p la sd do cua nhi didn 
(E, OB, D). Tmh tg P theo tg a 
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Bai tap 36: Trong mat phing (P) cho hinh chu nhat ABCD, AB = a, BC = b. Goi I, 
J la trung didm cua cac canh AB, CD. Trong mat phing qua IJ va vudng gdc vori (P) 
ve nira dudng trdn (V) co dudng ki'nh la IJ. Goi S la mdt didm bit ki trdn (V). 

a. Goi AA’ D ducmg cao ve tur A cua ASAB, Chumg minh rang AA’ vudng goc 
vdi BJ. 

b. Goi H\ K’lin lupt la cac hinh chieu vudng goc cua cac true tarn H, K cua 
cic tarn giic SAB va SCD trdn (P). Chumg minh ti'ch sd HH’. KK’ khdng ddi 
khi S di dong trdn (V). Ti'nh ti'ch so do theo a va b. 

c. Mot di&n M chay trdn ducmg thing AD va mdt didm N chay trdn ducmg 

thing BC sao cho goc MH’N lu6n bang 90°. Tim vj trf cua M, N sao cho 
didn ti'ch tarn giic MH’N la nho nhit. 

Bai tap 37: Cho hinh chop S.ABCD, day la hinh chd nhat co AB = a, ^C = , 

mat bdn SBC vudng tai B, mat bdn SCD vudng tai D co SD = a-v/s. 

a. Chumg minh rang SA 1 (ABCD) va tfnh SA. 

b. Ducmg thing qua A vudng goc vdi AC, cat cac ducmg thang CB, CD lan lupt 
tai I, J. Goi H la hinh chid'u vuong goc cua A trfen SC. Hay xae dinh cac giao 
didm K, L cua SB, SD vdi mat phing (HIJ). Chung minh ring AK 1 (SBC), 
AL 1 (SCD). 

c. Tmh didn ti'ch tur giac AKHL. 

Bai tap 38: Cho hinh vudng ABCD canh a, M ia mdt did’m di ddng trong khdng 
gian sao cho M nhin cac doan AB va AD duciri mdt goc vudng. 

a. Chumg minh M luon di ddng trdn mdt dudng tron (C) cd dinh. 

b. a la mat phing qua AB va vudng goc vdi mat phing (ABCD). Dudng thing 

DM cit a tai N. Chumg minh ANB = 90°. 

c. Dat DM = x. Tim mi£n bi£n thidn cua x. Ti'nh MN theo a va x. Gia su 
MN = k hay suy ra didu kidn cua k dS tdn tai x. 

d. Dudng thing CM cat dudng trdn (C) tai M’. Dudng thing DM’ cit mat 
phing a tai N\ Chumg minh ring NN’ song song vdi AB td dd suy ra tdng 

S = sin 2 BDN + sin 2 BDN’ khdng ddi khi M di ddng. 

Bai tap 39: Cho dudng trdn (O) dudng ki'nh AB = 2R; (O) a trong mat phing a. 
Dung AS = 2R vudng gdc vdi mat phing a. Goi T li mdt didm di ddng trdn tid'p 

tuyd'n cua dudng trdn (O) tai A. Dat <p = ABT (0 < tp < 90°). Dudng thing BT gap 
dudng trdn (O) tai M. Goi N la hinh chid'u vudng gdc cua A trdn SM 

a. Chumg minh cic mat cua tu: didn SAMB ddu la cic tarn giac > uong. 

b. Chung minh ring khi T di ddng, dudng thing TN ludn di qua mdt didm cd 
dinh H. 

c. Tfnh tp d^ tarn giac AHN can. 

Bai tap 40: Cho hinh chdp S.ABCD, cd day li hinh thang ABCD vi ng tai A vi D, 
AB = 2a, AD = DC = a. Hai mat SAB, SAD edng vudng gdc vdi da> SA = a. Goi E 
la trung di£m cua SA, M li mdt ditfm trdn canh AD vdi AM = x, vdi ) <, x < a. Goi 
a li mat phing chifo EM vi vudng gdc vdi (SAD). 

a. Xic d|nh ro a. 

b. a cit hinh chdp S.ABCD theo thid't didn li hinh gi? ti'nh didn ' ich thidt didn 
theo a vi x. 
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c. Tim tap hap hinh chieu vudng goc cua didm D tren a khi M di ddng trdn 
canh AD. 

Bai tap 41: Cho hinh chop S.ABC co ABC la tam giac can, AB = AC = a, BAC = a. 
Bidt SA, SB, SC ddu hap vai mat ph&ng (ABC) goc a. 

a. Chung minh rang hinh chid'u vuong goc cua S tren mat ph&ng (ABC) la tam 
cua dirdng tron ngoai tid'p tam giac ABC. 

b. Tinh khoang each tir S den mat ph&ng (ABC). 

Bai tap 42: Cho tu didn A.BCD. Chung minh rAng t6ng cua hai trong ba tich 
ABCD, BC.DA, CA.BD Ion han tich thur ba. 

Bai tap 43: Cho lang tru dung ABCD. A’B’C’D’ day la hinh thoi co goc nhon 
A = a. Tu giac ABC’D' co didn tich Q hap vai mat phAng (ABCD) mot goc p. 

a. Tinh theo Q, a, p dien tich xung quanh, dien tich toan ph&n v& thd tich lang 
tru. 

b. Goi I la trung didm cua CD. Bidt a = 60°, P = 45° vA Q = a 2 J6. Hay tinh 
dien tich thid't didn tao bai (A ’BI) va lang tru theo a. 

Bai tap 44: Cho lang tru dung OAB. O’A’B’, day OAB la tam giac vudng a O va 
OA = a, OB = b, OO’ = h. Goi (P) la mat phAng qua O va vu6ng goc vdri AB’. 

a. Chi ro each dung thid't didn do (P) cAt lang tru. Thid't didn la hinh gi ? Phan 
bidt 2 truang hap. 

b. Tim lidn hd giu’a a, b, h dd thid't didn 1A tam giac. Khi do hay tinh didn tich 
thid't didn. 

Bai tap 45: Cho lang tru dung ABCD. AjBjQD,, co day \k ntra luc gidc d^u vdri 
AD = CD = BC. Mat phAng (A,B,CD) hop vdi day goc 60°. M6t mat phAng a di 
d6ng qua AB, cAt CC,, DD, theo thur tu tai C\ D’. 

a. Tu giAc ABjCD’ la hinh gi ? Churng to AB, = 2CD. 

b. Dung thid't didn AB,CD’ co didn tich nho nha't. 

c. Bid't didn tich nho nhat co giA tri 1A Q. Tinh thd tich lang tru theo Q. 

Bai tap 46: Cho lang tru dung ABCD.A’B'CD, dAy 1A niia luc giAc ddu vdri 
AD = 2a, AB = BC = CD = a. Ducmg cao cua lang tru IA h. a 1A mat phAng qua AD\ 
cAt cAc canh BB\ CC’ ldn luort tai B,, C,. 

a. Thid't didn cua lang tru cAt bai a 1A hinh gi ? Tim lidn hd giu’a a vA h vA tim 
vj tri cua B,, C, sao cho a vudng goc vdi A’D. 

b. Dinh a de didn tich thid't dien nho nhA't. Tinh gia tri nho nha't Ay. 

c. Dinh vj tri cua a dd chu vi thid't didn nho nha't. Tinh giA tri nho nha't Ay. 

Bai tap 47: Cho lang tru tam giac ddu ABC. A’B’C’ co chi6u cao aV3, canh day a. 
M6t mat phang (P) quay quanh A cat cac canh BB’, CC’ ldn luot tai M, N. Dat 
BM = x, CN = y. 

a. Churng minh tam giac AMN kh6ng the’ vudng tai A. Tim lidn hd giiJa x, y d£ 
tam giac AMN vudng tai M. Khi dd tim c£c khoang c£ch bid'n thidn cua x, y. 

b. Khi tam giac AMN vudng tai M, tinh gia trj nho nha't va 1cm nha't cua didn 
tich tam giac AMN. 

Bai tap 48: Cho hinh lang tru dutng ABC.A’B’C co day ABC la tam giac vudng tai 
B. AB = a, BC = b va canh bdn AA’ = c. Goi (P) la mat phang qua A va vudng goc 
vdi CA’. 
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a. Bidn luAn theo a, b, c cac dang cua thi£t di£n cua lang tru vdi mat phAng (P). 

b. Tinh didn tich thid't didn khi no la tam giac. 

Bai tap 49: Cho Icing tru tam giac diu ABC.A’B’C, canh day a, dudng cao h. 

a. Tim di£u-ki£n giua a vA h d i t6n tai trdn AA’ mdt di£m M sao cho (MBC) 
vA (MB’C) vudng goc. Diiu kidn nay duoc thoa trong nhung c&u tie'p theo. 

b. Tinh tdng cAc binh phifong cac dien tich cac tam gidc MBC la-MB’C theo a 
vA h. 

c. Chufng to rAng mat piling qua M va vu6ng goc vdi B’C cAt lang tru theo mdt 
tam giac. Tinh dien tich tam gidc Ay theo a vA h. 

Bai tap 50: Cho hinh lAp phtrcmg ABCD. A’B’CD' canh bAng a. M la mdt didm di 
ddng tren canh AB. Dat AM = x, vdi 0 ^ x < a. Mat phAng (A’MC) cAt hinh lAp 
phuong theo mot thiet di£n. 

a. Chung mmh thi£t didn la hinh binh hanh co mdt dircmg cheo cd djnh, con 
ducmg cheo kia vudng goc vdi CB\ 

b. Vdi vi trf nao cua M, thi£t di6n la hinh elm nhat ? li£u no cd th£ 1A hinh 
vudng diroe khdng? 

c. Dinh M di di6n tich thiet didn nho nhAt. Khi do hay tmh goc ma (A’MC) 
hop vdi day. 

d. MC cAt BD tai I, NC cAt DC’ tai J. Chung to IJ qua mdt didm cd dinh va 
mat phAng (A’MCN) vudng goc vdi mat phAng (BDC’). 

Bai tap 51: cho lang tru !uc giac diu ABCDLF. A’B’C’DE’F’. Duong cheo AD’ 
hop vdi mat ben (CDD’C) mdt goc a = 30°. Mat phAng (3 qua AB vA DE’ cAt lang 
tru theo thidt dien cd di£n tich Q. 

a. Chung minh (3 qua cac trung diim cua CC’ va FF’. 

b. Tinh diSn tich xung quanh cua lang tru. 

c. Tinh khoang each giua AD’ vA BD. 
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CHUONG IV 

MAT CAT VA MAT TRO\ XOAY 

• • 

CHU DE 1 

mAt cAu 

I. Kl£N THUC CO BAN 

1. mAtcAu 

Dinh nghia : Clio mot diem O co dinh va mot sd dtfcmg R 
Tap hap car diem M trong khdng gian each diem O mot 
khoeing hang R diroc goi Id mat can tarn O ban kinh R. 

Nhu v£y, ta co: q 

S(0, R) = | M | OM = R | 

Cho mat c£u S(0, R) va mdt diem A nao d6, ta co: 

■ Neu OA < R thi diem A nam trong mat c£u S(0, R). 

■ Neu OA = R thi diem A nam tr6n mat cSu S(0, R). 

■ Ne'u OA > R thi difim A n3m ngoai mat cSu S{0, R). 

2. bAn kinh, duOng kinh cua mAt cAu 

Dinh nghia : N6u didm A nim tr£n mat ciu S(0, R) thi doan thing OA duoc goi la 
ban kinh cua mat ciu (S). Tr6n duemg thing OA l£y di£m B sao cho O la trung 
didm cua AB thi OB = R n6n B cung thude mat ciu (S). Doan thing \B diroc goi la 
duong kinh cua mat ciu SCO, R). 

Nhu v&y, mdt mat cdu hoan toin duoc xac djnh khi: 

■ Bi£t tarn va ban kinh cua n6. 

■ Bi£'t mdt duemg kinh cua n6. 

II. CAC DANG TOAN LlfcN QUAN _ 

Bai toan 1: Xac dinh mat cfai ______ 

PHUONG PHAP CHUNG 

De chung minh mdt di^rn M thude mat c5u S{0, R) ta cd lira chon mdt trong hai 
each sau: 

CeJi h I: Chung minh OM = R. 

Cdch 2: Chung minh AMB = 90° vdi AB la mdt duemg kinh cua S(0, R). 

Vi du 1: Chirng minh rang tarn dinh cua mdt hinh hdp chu nhat cung nam tr£n 
mdt mat c6u. Hay rinh ban kinh cua mat Cciu do bie't ba ki'ch thude cua hinh hdp chO 
nhat la a, b, c. 

Giai , 

Goi O la trung di&n AC,, ta cd: 

OA = OC, = - AC,. 

2 

Vi AACC, cudng tai C ndn: 

OC= - AC,. 

2 
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Lap luan tuong "J, ta cung co: 


1 


OB = OD = OA, =OB, =0D, = ^AC,. 


Vay, ta duoc: 


OA = OB = OC = OD = OA, = OB, = OC, = OD, = - AC, 

AC 

<=> A, B, C, D, A,, B,, C,, D, cung thudc mat c£u S(0, —). 


2 


Ta co: 


r = I ac, = - J ac-+ c,c 2 = - /ab 2 +bc 2 +c.c 2 
2 2 y 2 * 


1 [~i 7 > i 

= — Va + b + c . 

2 


Vay, mat cau di qua 8 dinh cua hinh hop co ban ki'nh R =— Va 2 + b 2 + c 2 . 

2 

Vi' du 2: Cho tur difin ABCD c6 DA = 5a va vudng goc vdri mat phang (ABC), 
AABC vuong tai B va AB = 3a, BC = 4a. 

a. Xac djnh mat c£u di qua bd'n didm A, B, C, D. D 

b. Tinh ban ki'nh cua mat c£u noi trdn. 

Gidi 

a. Goi O la trung di6m CD. 

Vi DA 1 (ABC) n6n: 

CD 


DA 1 AC => OA = OC = OD = 


Ta co: 



CD 


BC 1 AB ^ Bc ± (AfiD) BC j_ B D => OB = 

BC 1 DA 2 


Vay, ta dtroc: 


OA = OB = OC = OD = 


CD 


CD 

<=> A, B, C, D cung thu6c mat cSu S(0,-). 

2 


b. Ta co: 


r = 1cd= - Vad 2 + ac 2 = - Vad 2 + ab 2 + bc 2 
2 2 2 


1 . ■> n 2 771 5a>/2 

= — V25a + 9a + 16a =-. 

2 2 

Vay, mat cdu di qua 4 di£m A, B, C, D :6 ban ki'nh R = 


5aV2 
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Vi dp 3: Trong mat phing (P) cho hinh thang can ABCD vori AB = 2a, BC = CD 
= DA = a. Trbn ntta dubng thang Ax vuong goc vcfi mat phing (P) ta lay m6t diem 
di dong S. Mot mat phang qua A vudng goc voi SB cat SB, SC, SD tai P, Q, R theo 
thir tu do. 

a. Chdng minh rang bay didm A, B, C, D, P, Q, R luon thuoc mdt mat ciu co 
dinh. 

b. Chung minh rang tu giac APQR la mdt tu giac noi tid'p va dubng thang QR 
luon di qua mbt difem co djnh khi Schay trdn ducng thing Ax. 

c. Cho SA = a-v/3 . Hay ti'nh dibn rich cua tuf giac APQR. 


a. Gqi O la trung di£m cua AB, ta co: 
SB 1 (APQR) => SB 1 AP 


Giai 


^OA = OB = OP = 


AB 


= a. 


Ta co: 


BC1 AC 


BC L SA 
Ngoai ra, ta co: 

SB 1 (APQR) => SB 1 AQ. 
Tu (I) va (2) suy ra: 


=> BC 1 (SAC) => BC 1 AQ. (1) 


AB 


( 2 ) 


AQ 1 (SBC) => AQ 1 QB => OQ = = a. 


S 



Ta co: 


BD1 AD 
BD1SA 


=> BD1 (SAD) => BD1 AR. 


Ngoai ra, ta c6: 

SB 1 (APQR) => SB 1 AR. 

Tir (3) va (4) suy ra: 

AB 

AR 1 (SBD) => AR 1 RB => OR = — = a. 


(3) 

(4) 


V3y, ta duoc: 

OA = OB = OP = OQ = OR = a 

o bay dib’m A, B, C, D, P, Q, R ludn thudc mdt mat ciu S(0, a), 
b. Dua trdn kd't qua trong cSu a), ta c6: 

AQ 1 (SBC) => AQ 1 PQ 
AR 1 (SBD) => AR 1 RP 

suy ra, tu giac APQR ndi tid'p trong dubng tron ducng kfnh AP. 

Goi K la giao dibm cua QR vdi CD, ta co: 


AK1SB 

AK1SA 


=> AK 1 (SAB) => dubng thing AK c6 dinf). 


Vay, dubng thing QR ludn di qua dibm cd' dinh K khi S chay tren dubng thing Ax. 
c. De itxhi ban doc tifldm. 
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BAI TAP Df) NGHI 

Bai tap 1: Chung minh ring tarn dinh cua mdt hinh lap phuong ciing nim trfen 
mdt mat ciu. Hay tinh ban ki'nh cua mat ciu do bid't hinh lap phucmg co canh bang a. 

Bai tap 2: Chung minh ring sau dinh cua mdt hinh lang tru dung cung nim tren 
mot mat ciu. Hay tinh ban ki'nh cua mat ciu do bid't hinh lang try ddng co day la 
tarn gidc ddu canh bang a vi chidu cao lang try bing h. 

Bai tap 3: Cho tur didn ABCD c6 DA = 4a vi vudng g6c vdi mat phing (ABC), 
AABC vudng tai A vi AB = 6a, AC = 8a. 

a. Xac dinh mat ciu di qua bd'n didm A, B, C, D. 

b, Tinh ban ki'nh cua mit ciu ndi trdn. 

Bai tap 4: Cho hinh chop S.ABCD co day ABCD Ii hinh vu6ng canh bing a, 
SA = 2a vi vudng goc vdi mat phing (ABCD). 

a. Xac dinh mat ciu di qua nim didm A, B, C, D, S. 

b. Tinh ban ki'nh cua mat ciu ndi trdn. 

Bai tap i>: Cho hinh chop tur giac d£u S.ABCD cd canh day AB = a vi canh b6n SA = b. 

a. Xac djnh mit ciu di qua nim di£m A, B, C, D, S. 

b. Tinh bin kinh cua mat ciu ndi trfin. 

Bai tap 6: Trong mat phing (P) cho hinh chu nhit ABCD vdi AB = a, BC = b. Tr6n 
nua dudng thing Ax vudng goc vdi mat phing (P) ta li'y didm S sao cho SA = c. 
Mdt mat phing qua A vudng goc vdi SC cat SB, SC, SD tai P, Q, R theo thur tu do. 

a. Churng minh ring 7 didm A, B, C, D, P, Q, R ludn thudc mdt mat ciu. Xac 
dinh tim vi tinh ban ki'nh cua mat ciu do. 

b. Cho SA = a-s/3 . Hay tinh didn tfch cua td giic APQR. 

I Bai toan 2: QuI tich didm li mat ciu. 


PHU0NG PHAP CHUNG 

Dd tim qul tfch diem M thoa man tinh chit K (qui tich li mdt mat ciu) ta co lua 
chon mdt trong hai cdch sau: 

Cach 1: Tim mdt di£m O c 6 dinh rdi tit dd dua trdn tinh chit K churng minh 
OM = R vdi R li do dii khdng d6i. 

Cdch 2: Tim hai did’m A, B cd' djnh rdi tu dd dua trdn tinh chit K chi'fng minh 
AMB =90°. 

Vi d’i 1: Cho hai di£m cd dinh A, B. Tim tip hop nhung didm M trong khdng 
gian sao cho MA : + MB 3 = k : , vdi k li hang sd'. 

Gidi 

Goi O li trung di£m AB, khi dd vdi didm M ta cd: 

1 AB 2 

OM : = — (MA : + MB 2 )-, dinh li dudng trung tuydn 

2 4 


»OM 2 = 


k 2 AB 2 


Viy, ta duoc: 


{M | MA 2 + MB 2 = k 2 } = M10 M a -iL-AL 
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tir do: 


XT . k 2 AB : .. _ k 2 AB 2 . 

■ Neu — > - thi dat R = J-ta duoc: 

2 4 V 2 4 

{Ml MA 2 + MB 2 = k 2 ) = {M|OM = R} =S(O.R) 
k 2 AB 2 

■ Neu — =-- thi OM = 0 o M h O. Vay quT tich M chi g6m mdt didm 0. 

2 4 

XT , k 2 AB 2 _ , . A - 

■ Neu — < —— thi qui tich la t&p r6ng. 

Chit y V6i mdi di£m A va mat c3u S(0, R), dat OA = d ta dinh nghia: 

*^mo) — ~ R 2 . 

Vi du 2: Clio AB = 4 va hai mat cdu S,(A, 2) va S 2 (B, 3). Tim tap hop cac di£m 
M thoa man: 

+ ^ MAB) = 27. 

Gidi 

Ta co: 

.^ m/(Ai =MA 2 - R 2 =MA j -4. (2) 

^ m/(B) =MB 2 - R 2 = MB 2 - 9. (3) 

Thay (2), (3) vao (1), ta dupe: 

MA 2 +MB 2 - 13 = 27oMA 2 +MB 2 = 40. (4) 

Goi I la trung didm AB, ta bien ddi (4) vd dang: 

A D“ 

2MI : + =40o MI-= 16 o MI = 4. 

2^ 

Vay, tap hop diem M thuoc mat cSu (I, 4). 

Vi du It Cho dudng thing (d) va mdt diem I kh6ng thudc (d). Goi M la mdt 
diem di ddng tren (d). Tim quy tich cac diem N sao cho: 

IM . IN =k, k la hang s6’ khac 0. 

Gidi 

Goi H la hlnh chidu vuong goc cua I Idn (d), khi do lay trdn dudng thing IH 
didm E sao cho: 

IH . IE = k => E cd dinh. 

Khi do, kdt hop vdi didu kidn gia thidt, ta duoc: 

IH . IE = IM . IN o tii giic MHNE ndi tidp 
Sny ra, hai tarn giac AIHM va AINE d6ng dang 
=> N nhln El dudi mdt goc vuong. 

Vay, tap hop didn N thudc mat ciu ducmg kmh El. 

BAITAPD^NGHI 
Bai tap 1: Tim tap hop tit ca nhirng didm M trong khong gian nhin doan AB co 
dinh dudi goc vudng. 

Bai tap 2: Cho hai didm cd djnh A, B. Tim tap hop nhirng didm M trong khdng 
gian sao cho AMB = a, vdi 0 < a ^ 90°. 
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CHU DE2 

VITRITtfONG d 6 i CUA MAT cAu 
VCJ l MAT PHANG VA DUONG ThAnG 

I. KlfiN THtJC CO BAN 

1. VI TRI Tl/ONG D<5l CUA M0T MAT cAu VA M0T MAT PHANG 

Cho mat cdu S(0, R) va mat pban g (P) bat ki. Goi H la hinh chi£u vuong goc 
cua O I6n (P) va d = OH la khoang each tir O ten (P), khi do: 

■ Nfi'u d > R <=> (P) n (S) = 0. 

■ Nd'u d = R <=> (P) tid'p xuc vdi (S) tai H. Khi do (P) duoc goi l& tiep tlien cua 
(S). 

■ N£u d < R o (P) n (S) = (C) la m6t dubng tron nam trong mill phang (P) 



Chu y: Truemg hop dac bidt d = 0, khi do O = H do do: 

C(0, R), duoc goi la'duimg tron Ion cua mat cau S(0, R). 

2. VI TRf Tl/ONG D<5l CUA M0T MAT cAu VA M0T DUONG THANG 

Cho mat c5u S(0, R) va dudng th&ng d bitki. Goi H la hinh chidu vuong goc 
cua O ldn d \h h = OH \h khoang edeh tir O tori cf, khi do: 

■ Nd'u h>Rodn(S) = 0. 

■ Nd'u h = R o d tid'p xuc vdi (S) tai H. KITLdo d duoc goi la tiep tuyen cua 



Chu y : Truemg hop d&c bidt d = 0, khi do O = H do do AB la m6t duomg kmh cua 
mat cdu. ^ - 

3. CACTINHCHXTCUATrfPTUY^N O j 

Dinh li 1 : Qua diem A nam tren mat cau S(0, R) co vfi jL _ 

so tiep tuyen cua mat cau (S). Tat cd cac tiep tuyen do / a / 

deu nam tren tiep diin cua (S) tai diem A. /u \ A _/ 
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Ta c6: M 

a _L OA tai A => a e a. 

Dinh It 2: Qua diem A ndm ngoai mat can S(0, R) c6 vd 
so tiep tuyeh nut mat can (S) Do dai cue doan thing ke tit ^ 

A tin cin tiep diem den hang nhau. 

Ta co, vdi OA = d thi ndu: 

AM 1 OM AM = Vd 2 - R 2 . 

II. CAC DANG TOAN LIEN QUAN 


Bai loan 1: Mat c<iu va mat phan 


PHlTONG PHAP CHUNG 

Sir dung kieii thirc vd vi tri tiromg doi cua mat phang vdi mat c&u dd gidi. 

Vi l: Cho mot mat c&u dudng kfnh AB = 2R. Git mat ciu bai mat phang a 
vuong goc vdi AB tai H sao cho AH = x, vdi 0 < x < 2R, ta duac thid't didn la hinh 
tron (O. Goi MNPQ la hinh vuong ndi tiep trong dudmg tron (C). 

a. Tmh ban kfnh va didn tich cua dudmg trdn (C). 

b. Tmh canh cua hinh vuong MNPQ va cac doan thang AM, BM. 

Gidi 

B A 




Vdi 0 < X < R 


Vdi R < x < 2R 


a. Ta co: 

d = OH = 


OA 

AH 

vdi 0 < x < R . ,1 i i 

< 


= 1 OA - AH 1 = 1 R - x 1 

AH 

OA 

vdi R < x < 2R 


suy ra S( 0 , R)na = C(H. MH) = C(H, r) vdi:__ 

r = VR : -d 2 = /r : -(R -x ) 2 = yflRx-x 2 , 


S, C) = ?t.(R - x)-’ 


3?tR 2 


b. Goi y la do dai canh hinh vuong MNPQ, ta co ngay: ^ 

MP = MN V2 o 2r = y V? / 

t>y = V2 . V2Rx - x 2 = ^2(2Rx - X 2 ). I 

Vay, d 6 dai canh hinh vuong MNPQ bang V2(2Rx - x 2 ). Q 
Trong AMAB vuong tai M, dircrng cao MU, ta co: 

AM 2 = AB.AH = 2Rx => AM = JlRx , 

BM’ = AB.BH = AB.(AB - AH) = 2R(2R -x)=> BM = Jl\ 


$ 








Cho hinh cdu S(0, R), A IS didm a trdn mat cdu, a la mat phang qua A 
sao cho g6c giua OA va a la 30°. 

a. Tinh didn tich cua thid't didn tao bdi a va mat cdu. 

b. Ducmg thing qua A vudng goc vdi a cat mat cdu tai B. Tinh do dai doan 
AB. 

Gidi 

a. Goi H la hinh chid'u vudng goc cua O ldn a. 

Trong AOAH vuong tai H, ta cd: 

OAH = 30°, 

RV3 


AH = OA.cos OAH = R.cos30° = 


2 



d = OH = — OA = — <R 

2 2 


suy ra S(0, R) n a = C(H, AH) = C(H, 


RV3 


) v&: 


S(o — n. 


rS 


\ 2 


3tiR 


\ * J 

b. Trong AOAB can tai O, ta co: 

BAO = 90° - 30° = 60° => AOAB la tarn giac ddu => AB = OA = R. 

Vdy, ta duqc AB = R. 

Vi du 3: Trong mat phang a cho hai didm A, B. Trdn ducmg thang vuong goc vdi a 
tai A ta la'y didm C sao cho AB = AC = a. Chufng minh ring co mdt mat cdu (S) di qua 
C va tid'p xuc vdri a tai B. Xac djnh tAm va tinh ban kinh cua (S). 

Gidi 

a. Trdn ducmg thing a vuong goc vdi a tai B ta la'y 
di£m O sao cho OBAC la hinh vudng, khi do vdi mat cdu 
S(0, a) ta cd: 

OC = a => C e (S), 

OB = a vd OB 1 a => (S) tid'p xuc vdi a tai B. 

Vay, mat cdu S(0, a) thoa man di£u kidn ddu bai. 

Vi du 4: 

a. Cho tu didn ABCD. Goi A,, B,, C,, D, theo thuf tu la trong tdm cac ABCD, 
AACD, AABD. Chung minh ring cac doan AA,, BB,, CC,. DD, ddng quy tai 



mdt didm G vd 


GA 

GA 


GB 

GB, 


GC 

GC, 


GP 

GD, 


= 3. 


I VI u | v_*v_ | Viiy | 

b. Xac djnh t&m v& tinh ban kinh cua mat ciu tiep xuc vdri ca bon mftt cua mdt 
turdien d£u canh a. 

Gidi 

a. Goi M la trung diem CD va G = AA, n BB,. 

* 

Ap dung djnh B MelSlaus cho AMAB, ta duoe: 
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B, M GA BA 


B,A GA, 

GA _ 
<=>- = 3. 


. 1 GA 2 

= 1 <=> —.-= 1 

BM 2 GA, 3 



GA, B >D 

Chung minh tucmg tu, ta co kd't Iu3n cac doan 
AA|, BB,, CC,, DD, d6ng quy tai mdt didm G va 
GA _ GB^ _ GC _ GD _ 3 
GA, ~ GB, ~ GC, GD, 
b. Vdri tur didn ddu ABCD canh a, ta co AA,, BB,, CC,, DD, l£n luot vu6ng goc vdi 
cdc mat tucmg umg cua tii didn va: 

AA, = BB, = CC, = DD, = ~- 

=> GA, = GB, = GC, = GD, = - AA, = —. 

4 12 

Vfty, mat cSu S(G, ~~~) ti£p xuc vdi cdc mat cua tur didn ddu ABCD. 

Chu y: 

1. Mat cdu n6i ti£p hinh chop la mat cAu nam b£n trong hinh chop va ti£p xuc vdi 
ta't ca c£c mat cua hinh chop. 

2. Di£u ki6n c&n vh du d i m6t hinh chop dinh S co hinh ciu n6i ti£p tarn I la tr£n 
mat day co m6t di£m M each d£u tat ca cAc mat b£n cua hinh chop va khi do I nam 
trfcn doan SI. 

BAI TAP NGHI 

Bai tap 1: Xac dinh thid't difin tao boi mat phang a voi mat cdu S(0, R), bid't 

khoang each tir O dd'n a bang — . 

2 

Bai tap 2: Cho hinh c&u S(0, R), A la di£m a trdn mat c5u, a la mat phang qua A 
sao cho g6c giua OA va u la 45°. 

a. Ti'nh didn tfch cua thid't difin tao bcri a va mat c^u. 

b. Duong thang qua A vuong g6c vdi a cat mat c4u tai B. Tinh do dai doan AB. 

Bai tap 3: Cho hinh c£u tarn O ban kinh R, A la m6t di&n 6 trdn mat c<iu, a la 
mat phang qua A sao cho goc giOfa OA va a la 60°. 

a. Tinh dien tfch S cua thid't didn tao boi a va hinh ciiu. 

b. Goi P la mat phang cat hinh ciu theo m6t thid't didn co didn tfch bang 
ttR ^ 

— . Tinh khoang each ttr O dtfn p. 

Bai tap 4: Cho m6t mat c<Su dirdng kinh AB = 2R. Goi H la di£m trdn AB sao cho 

4R 

AH = —. Mat phang a qua H va vu6ng goc vdi AB cat mat cAu theo thi£t dien la 
hinh tron (C). Goi MNP la tarn giac din n6i tifip trong dirdng tron (C). 


14 ° 



a. Tfnh ban ki'nh, chu vi va dien ti'ch dircmg trbn (C) 

b. Ti'nh canh cua AMNP va cic doan thing AM, BM. 

Bai tap 5: Cho hinh ciu tam O bin ki'nh R vi dircmg ki'nh SS,. Mdt mat phing 
vu 6 ng goc vdri SS, cat hinh ciu theo mdt dircmg tron tam H. Goi ABC la mot tarn 
giac ddu ndi tid'p trong dircmg tron nay. Dat SH = x, vdri 0 < x < 2R. 

a. Tfnh cic canh cua tur didn SABC theo Rvax. 

b. Xac dinh x dd’ SABC li tur didn ddu, khi do chung minh ring S,A, S,B. S,C 
ddi mdt vu 6 ng g 6 c vcri nhau. 

Bai tap 6 : Xac dinh tam vi ti'nh ban ki'nh cua mat ciu tid'p xuc voi ca sau mat ciia 
mdt hinh lap phucmg co canh bang a. 

Bai tap 7: Xac dinh tam va ti'nh bin kinh cua mat ciu tid'p xuc voi ca nam mat cua 
mot hinh chop tur giac ddu co canh day bang a va canh bdn bang b. 

Bai tap 8 : Trong mat phing (P) cho hinh thang ABCD can co AB = 2a va BC = 
CD = AD = a, Goi O la trung di£m AB. Trdn dircmg thing (d) vuong goc voi mat 
phing (P) tai O, la'y di^m S sao cho OS = 2a. 

a. Chumg to ring O cich d£u 4 mat bdn cua hinh ch 6 p S.ABCD 

b. Xic djnh tam vi ti'nh ban ki'nh cua mat ciu tid'p xuc vdri ca nam mat cua hinh 
chop. 

j Bai toan 2: Mat ciu vi dircmg thing. 

PHUONG PHAP CHUNt; 

Sir dung kidn thurc \6 vi tri tuong d 6 'i ciia duimg thing vdi mat ciu dd giai. 

Vi du 1: Chung minh ring nd'u m 6 t mat ciu tid'p xuc vdri sau canh ciia mdt hinh 
tur didn thi t 6 ng cac cap canh dd'i cua tur didn bing nhau. 

Giai 

Gia sir mat ciu (S) tid'p xuc vdi cac canh AB, AC, AD, BC, £D, BD theo thur tur 
tai M, N, P, Q, E, F. Khi do, sir dung dinh li 2 ta cd: 

AM = AN = AP = a, cic tid'p tuydn ke tir A 
BM = BF = BQ = b, cic tid'p tuydn ke tir B 
CE = CN = CQ = c, cac tid'p tuydn ke tir C 
DE = DF = DP = d, cic tid'p tuydn ke tir D 
Tir do, suy ra: 

AB + CD = AM + BM + CE + DE = a + b + c + d 1 \ I E 
AC + BD = AN + CN + BF + DF = a + b + c + d NX 

AD + BC = AP + DP + BQ + CQ = a + b + c + d D 

Vay, tdng cac cap canh d 6 'i cua tur didn bing nhau. 

Vt du 2: Cho hinh chop tam giic ddu S.ABC cd canh day bing a va canh bdn 
hop vdri day m 6 t goc 45°. Mat ciu (S) tid'p xuc vdri mat phing (ABC) tai A va tid'p 
xuc vdri canh BS keo dai vd phi'a S. 

a. Ti'nh ban ki'nh cua mat ciu. 

b. Mat phing a qua tam cua mat ciu (S) vi ducmg cao BH cua AABC. Ti'nh sd 
do goc h(fl> boi hai mat phing a va (ABC). 

Giai 

a. Gia su mat ciu S(0, R) tid'p xuc vdi mat phing (ABC) tai A va tid'p xuc vdri 
canh BS keo dai ve phi'a S tai E. 
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Goi I la hinh chid'u vudng goc cua S Idn (ABC), ta c6: 

a>/3 


SAI = 45 => SI = AI = 


SC = SB = SA = A1V2 = 


3 

aj6 



Vi BA va BE ddu \h tidp tuydn cu (S) nen BE = BA = a. H 
Ha OF 1 SI tai F, khi do vdi hai tarn giac vu6ng OES 
va OFS ta co: 

OS 2 = OE 2 + SE : = OF 2 + SF 2 o OE 2 + (BE - SB) 2 = AI 2 + (SI - IF) 2 
o R 2 + 


faV^ 1 

2 

US] 

l 

i 

[ a-y/3 * f ) 

- R - >(2V2-V3) 

a 

l 3 J 


l 3 J 

T 

d 

l 3 J 

2 


V&y, mat c£u (S) co ban kmh R = 


a(2V2-V3) 


b. Ta co ngay, goc hop boi hai m&t phdng a va (ABC) la OHA 
Trong AOAH vudng tai A, ta c 6 : 

tgOHA = — = — = 2V2-V3 . 

AH a/2 

Vfty, hai mat phing a va (ABC) hop vcri nhau mdt goc tg OHA = 2-J2 - V3 . 

Vi du_3; . Tim quy n'ch tarn cac mat c£u tidp xuc vdri ba canh cua mdt tarn giac. 

Gidi 

Voi AABC, goi S(0, R) la mat cdu tidp xuc vdi ba canh AB, BC, CA theo thur tu 
tai M, N, P. Goi I la hinh chidu vudng goc cua O ldn mat phang (ABC). 

Nhan xet rang: O 

ABIOM 

=> AB 1 (OIM) => AB 1IM. 

AB 1 OI 

A 

Chung minh tuong tu, ta duoc BC X IN, AC 1 IP. 

Ngoai ra, ta co: 

OM = ON = OP = R => AOIM = AOIN = AOIP 
=> IM = IN = IP = r. 

Suy ra I la tarn dudng tron ndi tidp AABC. 

Vay, quy rich tarn cac mat cdu tidp xuc voi ba canh cua AABC thudc true d cua 
dudng trdn ndi tidp AABC. 

Vi du 4: Cho mat cdu S(0, R) va di£m A cd' djnh d ngoai (S). Dat OA = d, vdi 
d > R. Ttir A ke tidp tuydn AM tdi mat c£u M la tidp di£m, tir A ke hai duemg thang 
cat mat c4u ldn luot tai C, D va E, F. 

a. Churng minh rang AC.AD = AE.AF = d 2 - R 2 va hinh chidu vudng goc cua 
M trdn OA la mdt didm cd dinh. 

b. Tim tap hop cac didm M. 
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Gidi 

a. Goi 1la trung di£m cua CD, ta c6: 

AC AD = (AI - CI)(AI + DI) 

= AI 2 + AI.DI - CI.AI - CI.DI 

= AI 2 - Cl 2 = (AO 2 - OI 2 ) - (CO 2 - OI 2 ) 
= d 2 - R 2 . 

Chung minh tuong tu, ta nhan duoc AE.AF = d 2 - R 2 . 
Vay, ta lu6n co AC.AD = AE.AF = d 2 - R 2 . 

Goi H la hinh chid'u vudng goc cua M trdn OA. 

Trong AOAM vudng tai M, ta co: 



OA.OH = OM 2 => OH = 


OM- 

OA 


R 


=> H c6' dinh. 


b. Nhan xet rang: 

MH _L OA tai diem H cd dinh H 


MH 


V d 2 d 

rV^ 


do do, tap hcrp cac diem M thudc duong tron C(H, 


R 2 


) nam trong mat 


phang a qua H va vudng goc vdi OA. 

Vi du 5: Trong mat phang a cho ducmg tron ducmg kmh AB, M la mot diem di 
d6ng tren ducmg tron (AB), C la mdt diem nam trfin duong thang vu6ng goc voi a 
tai A. Goi H la hinh chieu vudng goc cua A ldn CM. 

a. Churng minh rang H nam trfin mat c4u ducmg kfnh AB, tim tap hop cac diem 
H. 

b. Ti£p tuyd'n tai A va M cua du6ng tr6n (AB) cat nhau tai K. Chimg minh rang 
KA = KM = KH, tu do suy ra KH la ti£p tuyfi'n cua mat c^u ducmg kmh AB. 

c. Chumg minh rang KH tid'p xuc voi mat c£u dubmg kinh AC. 


Gidi 


a. Ta c6: 


BM 1 AM 



=> BM 1 (MAC) => BM 1 AH. 

BM 1 AC 
Ngoai ra, ta co: 

CM 1 AH => AH 1 (MBC) => AH 1 BH 
-=> H nam trdn mat c^u ducmg kinh AB. 

■ Tim tap hop di^m H: Ta nhan tha'y: 

AH 1 (MBC) => AH 1 BC 

=> H thudc mat phang P qua A va vudng goc vdi BC. 

Vay, tap hop did’m H thudc ducmg tron (C) la giao tuyd'n cua mat ciiu ducmg 
kmh AB vdi mat phang p. 

b. Goi O la trung didm AB, nd'i KO cat AM tai E la trung didm cua AM. 

Ta cd: 

AAHM vudng tai H => E la tarn ducmg tron ngoai tid'p AAHM 
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fOK 1 AM 
[OK 1 AC 


=> OK 1 (AHM) tai E 


suv ra OK la true duemg tron ngoai ti£p AAHM, do do: 

KA = KM = KH, dpem. 

Tu do: 

KH 2 + OH 2 = KA 2 + OA 2 = OK 2 => AOHK vu6ng tai H => KH 1 OH 
Vay, KH la tiep tuyen cua mat clu duemg kinh AB. 
c. Goi 1 la trung didm AC, suy ra: 

HI = — AC = AI, tinh chat duang trung tuyfi'n cua tarn giac vuong. 

Nhan xet rang: 

KH 2 + HI 2 = KA 2 + AI 2 = KI 2 => AIHK vu6ng tai H => KH 1IH 
Vay, KH la tiep tuyln cua mat clu duemg kinh AC. 

BAI TAPD^ NGHI 

Bai tap 1: Cho A ABC co AB = 4, BC = 5, AC = 6. Mat clu (S) co ban kinh bang 8 
ti£p xuc vdi ba canh cua AABC tai cac ti£p d\im nlm trdn ba canh. Tinh khoang 
each tir tarn mat clu (S) tai mat phlng (ABC). 

Bai tap 2: Cho mat clu S(0, a) va m6t di&m A, bid't OA = 2a. Qua A ke m6t tid'p. 
tuyen tiep xuc vai (S) tai B va cung qua A ke mdt cat tuy£n cat (S) tai C va D, biet 

CD = aV3 . 

a. Tinh do dai AB. 

b. Tinh khoang each tu O d£n duemg thing CD. 

Bai tap 3: Trong mat phlng (P) cho AABC vu6ng tai A, C = 60° va BC = 2a. Dung 
cac duemg thing Bx va Cy vuong goc vdi (P). 

a. Xac dinh diem M tren Bx sao cho mat clu duang kinh BM tiep xuc vdi Cy. 

b. E la mot di&m di ddng trdn Bx. Hoi E phai a vi trf nao di trdn Cy di co th6 
tim duoc dia’m N sao cho ABEN co goc N vudng. 

Bai tap 4: Cho tu didn deu canh a. 

a. Chung minh ring cac doan vu6ng goc chung cua cac canh dd'i didn clt nhau 
tai trung dttfm cua m6i doan. 

b. Xac dinh tarn va tinh ban kinh cua mat clu ti£p xuc vdi ca slu canh tur di£n. 

Bai tap 5: Tren duemg thing Ax vudng goc vdi mat phlng chua hinh vudng ABCD 
co canh a va tarn O ta la'y mot di&n S di ddng. Goi B, la hinh chieu cua A tr tv canh SB, 
va O, la diem doi xung cua tarn O qua canh AB. Chung minh ring khi S thay ddi, 
duemg thing 0,B, ludn ludn tidp xuc vdri mdt mat clu c 6 dinh. 

Bai tap 6: Cho hinh chop tarn giac diu S.ABC canh day bang a va duemg cao 
bang h, goi I la tarn cua AABC. Goi (S) II mat clu tid'p xuc vdi cac mat b£n vl cac 
canh dly dltja hinh chop. 

a. Chung minh ring tarn cua (S) thude dudng thing SI. 

b. Chumg minh ring cac ti£p d\im cua (S) vdi cac canh day la trung diim cua 
cac canh nay. 

c. Xac dinh tarn va tinh ban kinh cua (S). 
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1 Bai toan 3: Mat c^u chura mot dircmg tron c 6 djnh. 

PHUONG PHAP CHUNG 

Ta co hai triromg hop thircmg gap: 

1. N£u mat cdu S(0, R) thay d6i nhung lu6n chura 
hai dis’m c 6 dinh A, B va tarn O chay trfin dircmg 
true a cua AB thi mat cdu (S) ludn chua duomg 
tron co dinh (C) dircmg kmh AB va n&m trong mat 
phang a chura AB va vu6ng goc veri a. 

2. Mat c5u (S) thay d6i nhung n£u (S) ludn chura 3 
di£m c 6 dinh A, B, C khong th&ng hang thi (S) 
lu6n chura duomg tron (C) la dircmg tron ngoai tiep 
AABC 

Vi du 1: Cho mot di£m A c 6 djnh nlm ngoai dudng 
thang a c6 dinh. Mdt didm O thay ddi trdn a. Chung minh 
rang S(0, OA) ludn chura m6t dudng tron c 6 dinh. 

Gidi 



Goi B la did’m dd'i xurng vdri A qua a, suy ra B cd' djnh. 
Vay, ta tha'y mat ciu S(0, OA) thay ddi nhung ludn 
chura hai didm cd' dinh A, B va tarn O chay trdn duemg 
true a cua AB do do (S) ludn chura dudng trdh cd djnh 
(C) dudng kfnh AB v& nam trong mat phang a chua AB 
va vudng goc vdri a. 

Vi du 2: Trong mat phang a cho AABC vudng tai B, 
trdn dudng thing vudng goc vdi mat phing a tai A ldy 
didm S di ddng. 



a. Chung minh ring bdn didm A, B, C, S cung thude mat ciu (S). 


b. Churng minh ring (S) ludn chura mdt dudng trdn cd' djnh. 


Gidi 



Goi O li trung di^m SC. 

Vi SA 1 (ABC) ndn: 

SA1 AC=>OA = OC = OS = —. 

2 

Taco: 

fBCl AB 

=> BC1 (SAB) => BC1 SB => OB = 

BC1SA 



Vay, ta duoc: 

OA = OB = OC = OS = — 

2 


« A, B, C, S cung thude mat ciu S(0, —). 

2 

b. Vi ba di^m A, B, C ludn thude (S) ndn mat ciu (S) ludn chura dudng tron cd 
djnh (C) la dudng trdn ngoai tid'p AABC. , 
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Vi dg 3: Cho mat ciu (S) tarn 0 tiep xuc vdi mat phing a tai I. M la mdt di6m 
di dong trfcn (S). Hai tiep tuyen cua (S) tai M cit a tai A va B. 

a. Chung minh ding AMB = AIB . 

h. I la diem doi xurng cua I qua AB. Churng minh rang hon diim I, l\ M, O 
dong phing va I’M di qua m6t di£m c 6 djnh I tr£n (S). 

c. Cho M di dong tren (S) sao cho goc AMB = 90°, cac di6m A va B lin loot 
chay tr£n cac duong thing d, d' nim trong a va d vu6ng goc vori d' tai K. 
Hay churng minh ring khi a'y mat ciu ducmg kfnh AB ludn Iu6n chura m6t 
dudng tron c 6 dinh. 

Gidi 


a. Xet hai AAMB va AAIB, ta co: 

AB chung 

AM = AI, vi cling la tiep tuy&n qua A tai (S) 
BM = BI, vi cung la ti£'p tuyen qua A tdi (S) 


suy ra: 

AAMB = AAIB (c.c.c) => AMB = AIB , dpcm. 

b. Nhftn xet ring: 

AB 1 II\ do tinh doi xurng 


a 1 OI => AB 1 OI 
(OM 1 MA 

\ => OM 1 (MAB) ^ABIOM 

OM 1 MB 


Vay, bon di£m I, I’, M, O d6ng phing vi cung thu6c mat phing qua O va vu6ng 
goc vdi AB. j 


J 




Gia sir IO cit (S) tai J, ta co nhan xet: 

EF la ducmg trung binh cua AI’IM => I’M // EF => I’M // OE 
OF la dirong trung binh cua AJIM => JM // OF JM // OE 
turc la I\ M, J thing hing. 

Vay, duong thing I’M di qua m6t di£m c 6 dinh J tr£n (S) vi la d\im doi xurng 
voi I qua O. 

c. Ta thay ngay, mat ciu duong kfnh AB luon luon chura m6t dubmg tron (C) 
duong kfnh IK nim trong mat phing (i chura IK va vu6ng goc vdi a. 
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BAI TAP NGHI 

Bai tap 1: Co bao nhifiu mat ciu di qua mdt dir&ng tron cho truoc ? Tim quT tich 
tarn cua cac mat ciu do. 

Bai tap 2: Cho hai ducmg thing cheo nhau (A) va (A,) c6 AA, la doan vudng goc 
chung, die’m A thudc (A). Mat phing (P) chda AA, va vu6ng goc vdi (A,). Dat AA, = 
a. Mdt ducmg thing thay d6i lu6n ludn song song vdi mat phing (P) lin ludt cat (A) 
va (A,) tai M va M|. Hinh chid'u cua M trfen mat phing (P) la H. 

a. Xdc dinh tarn O cua mat ciu (Q) di qua 5 di£m A, A,, M, M,, H. Tfnh didn 
tfch cua (O) theo a, x = A,M, va cp = (A, A,) 

b. Chung minh ring khi x thay d6i mat ciu (O) lu6n chira m6t dudng tron c6' 
djnh 
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CHU DE 3 

MAT cAu NGOAI TlfiP HiNH chop vA lAng tru 

• • • 

I. KlftN THtrc CO BAN 

Dinh nghta: Mot mat can goi Id ngoai tiep hinh chop (hoar hinh Icing tru) neu no 
di qua tnoi dinh cua hinh < hop do (hoqc hinh Icing tru do). 

II. CAC DANG TOAN LIEN QIJAN ’ 


Bai toan 1: Mat cdu ngoai tidp hinh lane tru. 


.. 


PHUONG PHAP CHUNG 

1. Didu kien edn va du de’ ra6t hinh lang tru dung co /Ai j, R \ 

mat cdu ngoai ticp la day cua no co duemg tron /S ^.i. £ . LL ^\ 

ngoai tidp. [ j j q ] 

2. Tam mat cdu ngoai tiep hinh lang tru durng each \ .1.fc i 

ddu tat ca cac dinh m6t doan bang R. Do do, tam V a J J 

mat cdu ngoai tidp hinh lang tru la trung diem N fer.j. 

cua doan thang n6i tam dudng tron ngoai tidp hai . j 

day. 

V» dal: Cho hinh lang tru durng ABC.A,B,C,, day la tam giac dcu canh a, 
AA, = b. Xdc dinh tam va bdn kinh mat cdu ngoai tidp hinh lang tru. 

Gidi B 

Goi G, G, theo thur tir la trong tam AABC va AA,B|C, 
va O l& trung didm GG,. 

Vi GG, la true duremg tron ngoai tidp AABC v& cY^l 

AA,B|C,, ta c6: 1 iO 

OA = OB = OC, 

OA, = OB, = OC„ bL..| z::: JA 

OA = OA,, 

suy ra: 

OA = OB = OC = OA, = OB, = OC, C 

c> mat cdu S(0, OA) ngoai tidp hinh lAng tru dung ABC.A,B,C,. 

Trong AOAG, ta c6: 


OA 3 =AG 2 +OG 2 = -AE + -GG 


2 aV3 
3' 2 


+ 1 — I —-1“ 


o OA = 


3 + 4 


la 2 b 2 

Vay, mat cdu ngoai tidp lang tru ABC.A,B,C, la S(0, J — +— ). 

V 3 4 

Vi du 2: Cho hinh lang tru durng ABCD.A,B,C|D| co day ABCD noi tidp duefng 
tron duemg kinh CD = 2a va AA, = 2b. Xdc dinh tam va bdn kinh mat cdu ngoai 
tidp hinh lang tru. 
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Gidi 

Goi I, I, theo thur tu Id trung dxim CD vd C,D, vd O la 
trung diim II,. 

Vi II, la true dubng tr6n ngoai tiftp ABCD va 
A,B,C,D It ta c 6: 

OA = OB = OC = OD, 

OA, = OB, = OC, = OD,, 

OC = OC„ 

suy ra: 

OA = OB = OC = OD = OA, = OB, = OC, = OD, 
o mdt cdu S(0, OC) ngoai ti£p hinh Idng tru dung ABCD.A,B,C,D,. 

Trong AOIC, ta co: 

(i \ 2 f i y i - 

OC 2 = IO : + IC 2 = —CD + —II, = a 2 + b 2 <=>OC = Va 2 + b 2 . 

13 J U ') _ 

Vdy, mdt cdu ngoai ti£p Idng tru ABCD.A,B,C,D, la S(0, Va 2 + b 2 ). 

BAI TAP D& NGHI 

Bai tap 1: Cho hinh Idng tru dung ABC.A,B,C,, day la tarn gidc deu canh a, 
AA, = 2a. Xdc dinh tdm vd ban kinh mat cdu ngoai tifip hinh Idng tru. 

Bai tap 2: Cho hinh Idng tru dung ABC.A,B,C,, day ABC Id tarn giac vu6ng edn dinh 
A, AB = a, AA, = b. Xac dinh tdm vd ban kinh mdt cdu ngoai ti£p Idng tru. 

Bai tap 3: Cho hinh Idng tru dung ABC.A,B,C,, day ABC la tam giac vudng tai A 
vd AB = 3a, AC = 4a, AA, = 5a. Xac dinh tdm vd ban kinh mdt cdu ngoai tiep hinh 
Idng tru. 

Bai tap 4: Cho hinh h6p chu nhdt ABCD.A,B,C,D, co AB = a, BC = b, CC, = c. Xdc 
dinh tam vd ban kinh mdt cdu ngoai tidp hinh hdp. 

Bai tap 5: Cho hinh hdpjung ABCD.A B’CD co AB = 2a, ADB = ACB = 90°. 
Dudmg cao hinh h6pjd h. Xdc dinh tam vd ban kinh mdt cdu ngoai tid'p hinh hop. 

Bai tap 6: Cho hinh Idng tru dung ABCD.A,B,C,D, co day ABCD Id nua luc gidc 
ddu day Idn AB = 2a vd AA, = 2b. Xac dinh tdm vd ban kinh mdt cdu ngoai tiep 
hinh Idng tru. 

Bai tap 7: Cho Idng tru luc gidc d£u ABCDEF.A,B,C,D,E,F,, canh day a, dudmg 
'cab by Xdc djnh tdm.va ban kinh mat cdu ngoai tidp hinh Idng tru. 

Bai tap 8: Cho Idng'tru luc gidc deu ABCDEF.A,B,C,D,EJ|f.'Dudfng cheo AD, 
hop vdri mdt b£n (CDD,C,) m6t goc a = 30°. Mdt phdng p qua AB vd D,E, cdt Idng 
tru theo thid't didn co didn tich Q. 

a. Chung minh P qua cac trung did’m cua CC, vd FF,. 

b. Tmh didn tich xung quanh cua Idng tru. 

c. Tmh khoang edeh giua AD, vd BD. 

Bai toan 2: Mat cdu ngoai tiffp tur didn. 

PHUONG PHAP CHUNG 
Voi tur didn SABC ta thudmg gdp cac trudmg hop sau: 

Trtfdng hap 1 : N6u SA = SB = SC = a ta thuc hidn: 
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Dirng SH _L (ABC) gia su SH = h, suy ra: 

HA = HB = HC 

o H la tarn ducmg tron ngoai tidfp AABC. 

Trong ASAH dung ducmg trung true cua SA cat SH 
tai O, ta duoc: A 

OA = OB = OC = OS 
<s> mat c«Su S(0, OS) ngoai ti£p tu difin. 

Vi ASMO va ASHA d6ng dang n6n ta co: 

Q A SA 

OS SM _ -j SA 2 a 2 



SA - SH 


=> R = OS = 


SA.- ca 2 2 

_2_ _ SA _ a_ 

SH 2SH 2h 


VAy, mat cAu ngoai tiep tu dien SABC la S(0, —). 

2h 

Tnrdng hap 2: Neu SA 1 (ABC) ta ♦hue hi£n: 

Goi I la tAm ducmg tron ngoai titfp AABC gia su S 
IA - r, dung lx song song vai SA. 

Trong mat phAng (SA, lx) dung ducmg trung true cua 
SA c;it lx tai O, ta dugc: M 

OA = OB = OC = OS 

o mat cAu S(0, OA) ngoai tid'p tur didn. A 

Trong A A MO vudng tai M. ta co: 


R = OA = VMA 2 + M0 2 = 


+ IA” = 




VAy, mAt cAu ngoai tiep tu di£n SABC la S(0, y — + r 2 ). A 

Tnr&ng hap N£u ASB = ACB = 90° ta thuc hidn: / / 

Goi O la trung di£m cua AB, dua trAn tinh chA't trung / / 

tuytfn cua tam giac vudng suy ra: A C j■/ 

OS = OA = OB = OC . \ / / 

<i> mat cAu S(0, OA) ngoai ti£p tur didn. 

AB c 

VAy, mat cAu ngoai tidp tur didn SABC IA S(0, -). 

2 

Tnfdng her/) 4 : Neu SA va BC co doan trung true chung IJ ta thuc hien: 

• Gia su IJ = d, SA = a va BC = b. S 

Gpi O la tAm mat cAu ngoai tidp tu didn SABC, ta co: yf\ 

OelJ j// 

OA 2 = OC 2 71 r. 


DAt OI = x, ta bid'n d6i dieu kidn OA 2 = OC 2 thanh: 
IA 2 + IO 2 = JC 2 + JO 2 


C 
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2 * 2 ■» j i’ 

3 2 b\ x 2 b -a“ + 4d" 

— + x =-«-(d-x) « x =- 

4 4 8d 


(*) 


V&y, milt c£u ngoai tiep tur di6n SABC la S(0, ^ x 2 + ) voi x thoa man (*). 

Vi du 1; Cho hinh chop tam giac deu co canh day bang a, canh b6n hop voi day 
m6t goc <p. Xac dinh tarn ban kfnh cua mat cSu ngoai tift'p hinh chop. 

Gidi 

Dung SH 1 (ABC), suy ra: 

HA = HB = HC 

<=> H la tarn du&ng tron ngoai ti£p AABC. 

Trong ASAH dung ducrng trung true cua SA cat SH 
tai O, ta duoc: 

OA = OB = OC = OS 
o mat cdu S(0, OS) ngoai ti£p td difin. 

Vi ASMO va ASHA ddng dang nfen ta co: 

SA. 

SA 2 


OS SM 


SA. 


=>OS = 


2 _ = 


SA SH SH 2SH 

Goi E ta trung di£m cua BC, ta co: 

BC ± SE e (SBC) - 

=> SEA la goc gifia mat b£n va day 
BCIAEg(ABC) • 

Trong AABC d£u canh a, ta c6: 

AE=^, ’ 

2 

AH= -AE= = — 

3 3 2 3 

Trong ASHE vudng tai H, taco: 

SH = HE.tg SEH = — .tgtp. 

6 

Trong ASHA vu6ng tai H, ta co: 

3a 2 , 3a 3 



B 


SEA =cp. 


HE= -AE= 

3 3 2 


a 




SA 2 = SH 2 + AH 2 =-.tgtp + 

36 9 

Thay (2), (3) vao (1), ta dupe: 

_ 2 


12 


(tg 2 (p + 4). 


( 2 ) 


(3) 


R = OS = 


12 


(,8 ‘' p + 4) aVJ(.g ! 9 + 4) 


0 a ^ , 

2.-~.tg (p 


12tgcp 


Vay, mat c5u ngoai tiep tu didn SABC la S(0, 


aV3(tg 2 (p + 4) 

12tgtp 


)• 
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Vi d\f 2: Cho tur didn OABC co AOB = 90°, BOC = 60°, COA = 120° va 
OA = OB = OC = a. 

a. Co nh&n xet gi v£ AABC ? 

b. Chi ro vi tri hinh chieu vudng g6c cua O trtn m&t phing (ABC). 

c. Xac dinh t&m va tinh ban kmh mat ciu ngoai ti£p tu di£n OABC. 


O 



Gidi 

a. Trong AOAB vuong c&n tai O, ta co: 

AB = OA-v/2 = aV2 . 

Tr< ng AOBC c£n tai O va co goc BOC = 60° n£n: 

BC = OB = a. 

1 rong AOAC c&n tai O, ta co: 

AC 2 = OA 2 + OC 2 - 20A.OC.cosm COA 
= 2a : - 2a 2 .cos 120° = 3a 2 

=> AC = afi . 

Tif do, nh^n xet ring: 

AB 2 + BC 2 = 2a 2 + a 2 = 3a 2 = AC 2 <=> AABC vuong tai B. 

b. Goi H la trung dit?m cua AC, ta co: 

OA = OB = OC 

=> OH 1 (ABC) 

HA = HB ss HC 

tuc la, H la hinh chidu vuong goc cua O tr£n mat phing (ABC). 

c. Trong AOAH dung ducmg trung true cua OA cit OH tai I, ta duoc: 

IA = IB = IC = IO <r> mat ciu S(I, IO) ngoai ti£p tur di£n. 

VI AMOI va AHOA d6ng dang n6n ta c6: 

OA°* 

OI OM „ 

-=- => OI = — 

OA OH OH 

Vfty, mat cdu ngoai tiep tur dien OABC IS S(I, a). 

Vi du 3: Cho AABC cAn tai A, BAC = 120° va ducmg cao AH = aj2 . Trfin 
ducmg thAng a vudng goc veri mat phdng (ABC) tai A lAy hai didm I, J d hai bdn 
diem A sao cho AIBC ddu vS AJBC vudng cSn. 

a. Tinh cac canh cua AABC. 

b. Tinh AI, AJ va chung minh cac tarn gidc BIJ, CIJ la tarn giac vudng. 

c. Tim tarn va tinh ban kmh mat cdu ngoai tid'p cac tur difin IJBC. 

d. Tim tarn va tinh ban kmh mat cdu ngoai tidp ede tu didn IABC 

GiJi 

a. Ta Idn luo» co: 

CAH = 60°. ACH = 20°, 

AB = AC = 2AH = 2aV2 , 

BC = 2CH = 2AH.tg CAH = 2 aV2 .t g 60° = 2aS . 


A-.a. 


161 







I 


b. Ta co ngay: 

IB = IC = BC = 2aV6 , vi AIBC diu, 

= JC =-=— = 2aV3 , vi AJBC vudng can. 



c. 


JB 


Trong AAIC vudng tai A, ta c6: 

AI 3 = IC 3 - AC 3 = 24a 3 - 8a 3 = 16a 3 => AI = 4a. 

Trong AAJC vudng tai A, ta co: 

AJ 3 = JC 3 - AC 2 = 12a 3 - 8a 3 = 4a 2 AI = 2a. 

NhAn xet rang: 

IB 2 + JB 3 = 24a 3 + 12a 3 = 36a 3 = IJ 3 ^ ABIJ vu6ng tai B. J 

IC 3 + JC 3 = 24a 3 + 12a 3 = 36a 3 = IJ 3 => ACIJ vudng tai C. 

Dira trdn ket qua cftu b), ta co: 

IBJ = ICJ = 90° 

ndn nd'u goi O, la trung didm cua U thi mat cdu S(O h —) ngoai tid'p tur didn IJBC. 

2 

V&y, m^t c3u ngoai tid'p tur didn IJBC la S(0, f 3a). 
d. Goi E la didm d6'i xumg vdi A qua H, ta co: 

EB = EC = 2EH = EA x 

=> E la t&m dudng tron ngoai tid'p AABC, 
dung Ex song song vdi IA. 

Trong mat phang (IA, Ex) dung dudng trung true 
cua IA cat Ex tai O, ta duoc: 
pA = OB = OC = 01 

o mat cdu S(0, OA) ngoai tid'p tur didn IABC. 

Trong AOEA vudng tai M, ta co: 



OA 


= Voi 7 


+ EA" = 


( IA ^ 

2 


+ (2AH)- 


= -\/4a 3 +8a 3 = 2a>/3 . 

VAy, mAt ciu ngoai tid'p tur didn IABC IA S(0, 2a>/3 ). 

Vi du 4: Mdt doan thing IJ c6 chidu dai d. Trdn dudng vudng goc vdi IJ tai I ta 
lA'y 2 didm A, A, dd'i xdng qua I vdi IA = IA, = a. Trdi dudng vudng gee vdi IJ tai J 
vA khong song song vdi AA, ta la'y hai didm B, B, dd'i xung qua J vdi JB, = JB = b. 

a. Chumg minh ring tarn O cua hinh ciu ngoai tid'p tur didn AA,B,B nAin trdn 
dudng thing IJ. 

b. Xac dinh tam va tmh ban kmh cua hinh ciu ngoai tid'p tur didn AA|B,3 theo 
a, b, c. 

Gidi 

a. Goi O la tam mat ciu ngoai tid'p tur didn AA|B,B, ta co: 

OA = OA, O thude mat phing trung true a cua AA, va IJ e a 
OB = OB, => O thuoc mat phing trung true (J cua BB, vA IJ e P 
suy ra: O e a n P = IJ. 

VAy, tAm O cua hinh cAu ngoai tid'p tu didn AA,B,B nAm trdn dudng thing IJ. 
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b. 


Ta c 6: ’ 

O e IJ 

OA 2 = OB 2 

Dai OI = x, ta bifen ddi difeu kifen OA : = OB 2 thdnh: 
IA 2 + IO 2 = JB 2 + JO 2 


<=> a 2 + x 2 = b 2 + (d - x) 2 o x = 


b 2 -a 2 +d 2 
2d 


Khi do, bdn ki'nh OA cua mat cdu c6 gia trj: 
OA: 


la 2 + 


V-a 2 +d 2VJ 


2d 


A, 



Vdy, mat cdu ngoai tife'p tuf difen AA,B,B la S 


V-a 2 + d 2 ^ 


O,, a 2 + 


2d 


BAI TAP NGHI 

Bai tap 1: Cho tur difen dfeu SABC canh a, goi H Id hinh chifeu vudng goc cua A Ifen 
(ABC). 

a. Chung minh rang H la tarn dudng tr6n ngoai tife'p AABC. Ti'nh SH. 

b. Xac djnh tarn va tinh ban ki'nh mat cdu ngoai tife'p tur difen. 

c. Goi K la trung dife’m SH. Chumg minh rang KA, KB, KC d6i m6t vudng goc 
vdi nhau. 

Bai tap 2: Xac dinh tarn va tinh bin ki'nh mat cSu ngoai tife'p hinh chop tarn giac 
dfeu SABC, bife't: 

a. Canh day a, chifeu cao bang 2a. 

b. Canh ddy a, canh bfen b. 

c. Canh day bang a, mat bfen hop vdi day m6t goc (p. 

Bai tap 3: Cho tuf difen OABC co OA, OB, OC ddi mot vudng gdc. Dat OA = a, 
OB = b, OC = c. 

a. Xac dinh tdm I va tinh bdn ki'nh mat cdu ngoai tife'p tur difen OABC theo a, b, 
c. 

b. Chung minh rang I, O va trong tarn AABC la ba dife’m thing hang. 

Bai tap 4: Cho tur difin S.ABC co SA = a va vudng goc vdi mat phing (ABC), 
AB = AC = b. Xac djnh tarn va tinh bdn ki'nh mat cdu ngoai tife'p tur difen trong cdc 
trudng hop sau: 

a. BAC = 60°. 

b. BAC = 120°. 

Bai tap 5: Mdt hinh tuf difen cd cdc canh dd'i bang nhau. Chumg minh ring tarn mat 
cdu ngoai tife'p tur difen do Id trong tarn cua tur difen. Chumg minh ring tarn mat cdu do 
each dfeu bd'n mat cua tur difen. 

Bai tap 6: Cho tur difen ABCD cd CD = 2a vd cdc tarn giac ABC, ABD dfeu canh a. 
Xac djnh tarn vd tinh bdn ki'nh hinh cdu ngoai tife'p tuf difen 
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Bai tap 7: Trong mat phing (a), cho ducmg tron ducmg kinh AB = 2R. M la mdt 
didm di d6ng trdn ducmg tron, MH vu6ng goc vdri AB tai H, vdri AH = x, vdri 0 < x < 
2R. Dung dudng thing vu6ng goc vdri (a) tai M trtn do l£y MS = MH. 

a. Xac dinh t&m va ti'nh ban kinh hinh ciu ngoai tid'p tur di6n SABM. 

b. Tfnh x d £ b£n kinh do dat gi£ tri ldm nh&'t. 

Bai tap 8: Cho 2 tia Ax, By vudng goc vdri nhau \k nh&n doan AB = k lam doan 
vudng goc chung. Tr6n Ax l&'y di6m M, tr6n By lSy did’m N, dat AM = x, BN = y. 

a. Xac dinh t&m vh tfnh bdn kinh mat cSu ngoai tidp tur didn ABMN. 

b. Gia su M chay trdn Ax, N chay trftn By sao cho ta lu6n lu6n co 
MN = AM + BN. Churng minh ring MN lu6n lu6n tid'p xuc vdri mat cdu 
ducmg kinh AB. 

c. Vdi didu kidn trong cau b) hay xdc dinh x vay sao cho tur didn ABMN c<5 
didn tich toan phdn nho nha't. 


Bai toan 3: 


Mat cdu ngoai tid'p hinh cho 



. 

jX " i \ k J 


PHUONG PHAP CHUNG a 

Tru6c hjft't chung ta cdn bifi't: ^ _____ 

1. Di4u kifin cdn va du d£ m6t hinh chop co mat cdu 

ngoai tid'p Idday cua no c6 dubng tron ngoai tie'p. f V \ 

2. Tam mat cdu ngoai ti£p hinh ch6p each dfiu td't ca If n..\.\ !\ \ 

ede dinh mdt doan bang R. Do do, tarn mat cdu / D \ P C 1 

ngoai ti<?p hinh chop la giao cua true ducmg trbn \jh tl\ 

ngoai uep mdt day va mat phang trung true cua 

mdt canh bdn. I 

yidiLii 

a. Chufng minh rang hinh ch6p co cac canh bdn bang nhau thi co mat cdu ngoai 
tifi'p. 

b. Xdc djnh tdm va ti'nh ban kinh mat cdu ngoai tid'p hinh chop ttr giac ddu 

S.ABCD c6 canh day bang a va chidu cao bang h. 5 

Giai 

a. Vdri hinh chop S.A,A,...A„ co SA, = SA ; = ... = SA,„ goi H // \\ 

la hinh chifi'u vudng goc cua S ldn mat phang day, suy ra: AJ j i \ A X 

HA, = HA, = ... = HA„ I f t \ \ 

o H la tarn ducmg tron ngoai tid'p da giac A,A,...A„ 1 4 

=> SH la true ducmg trbn ngoai tid'p da giac A,A 2 ...A„. A, A, 

Khi d6, trong ASHA, dung ducmg trung true cua SA, cat SH tai O, ta dupe: 

OA, = OA, = ... = OA„ = OS 

o mat cdu S(0, OS) ngoai tid'p hinh chdp S.A,A,...A„. 

Vay, hinh chop co ede canh bdn bang nhau thi co mat cdu ngoai tid'p. 

b. Goi O Id tdmSeua hinh vudng ABCD, suy ra: S 

SOl(ABCD) A, 

soy ra SO = h la true ducmg tron ngoai tid'p hinh vu6ng ABCD. / \\ 

Trong ASAO dung ducmg trung true cua SA cat SO / \m\ 

tai I, ta duoc: /k I i \ \ 

IA = IB = IC = IS B 

o mat cdu S(I, IS) ngoai tid'p hinh chop. // .. \/ 

D A 
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I 

SQ 2 +OA 2 _ a 2 +2h 2 
2 SO 4h ' 

a 2 + 2h 2 

4h 

Vi du 2: Cho hinh chop S.ABCD co day ABCD 14 nua luc giac deu ndi tie'p duong 
tron duong kinh AB = a, SA = b va vu6ng goc vdri mat phang (ABCD). Xac dinh tam va 
tfnh ban kinh mat c4u ngoai tie'p hinh chop 

Giai 

Goi I la trung diem AB, dung lx song song vdri SA suy ra: 
lx la true duemg tron ngoai tie'p ABCD. S 

lx O SB = O, O la trung die’m SB. 

Ta co nhan xet: 

OA = OB = OC = OD = OS 
<=> mat c4u S(0, OS) ngoai tie'p hir 
Trong ASAB vu6ng tai A, ta co: 

OS= — SB = - VSA 2 + AB 2 = - 
2 2 2 

VAy, mftt c&u ngoai ti£p hinh chop la S( 

BAI TAP NGHI 
Bai tap 1: Xac dinh tam va tfnh ban kinh mat cau ngoai tid'p hinh chdp tur giac d£u 
S.ABCD, bidt: 

a. Canh day a, chi£u cao bang 2a. 

b. Canh day a, canh ben b. 

c. Canh day bang a, canh ben hop vdi d4y mdt goc tp. 

d. Canh day bang a, mat ben hop vdi day mdt goc ep. 

Bai tap 2: Cho hinh vudng ABCD canh a. Tren duemg vudng goc vdi mat phang 

(ABCD) dung tu tam O cua hinh vudng , la'y di£m S sao cho OS = —. X4c dinh tam 

va tfnh ban kinh mat c4u ngoai tie'p hinh chop S.ABCD. 

Bai tap 3: Cho hinh chop tur giac deu SABCD co day bang a va ASB = a. 

a. X4c d|nii tam v& tfnh ban kinh mat c4u ngoai tie'p hinh chop. 

b. Xac dinh tam v4 tfnh ban kinh mat c4u ndi tie'p hinh chop (mat c4u tie'p xiic 
vdri tat ca cac mat cua hinh chdp). 

c. Chumg minh rang tam hai mat cau do trung nhau khi v4 chi khi a = 45°. 

Bai tap 4: Cho tur giac ldi ABCD cd AB = 2a, BC = AC = a>/2 , AD = a va 

BD = a>/3 . Trong mat phang vudng goc vdi mat phang (ABCD) chura AB la'y die’m 
S sao cho ASAB deu. Xac dinh tam v4 tfnh b4n kinh mat c4u ngoai tie'p hinh chdp 
SABCD. 



Vi ASMI va ASOA ddng dang nen ta cd: 

SA S * 

IS SM _ 2 _ SA^_ 

SA ~ SO ~ SO ~ 2SO 

VAy, mAt cAu ngoai tid'p hinh ch6p 1A S(I, 





CHU DE 4 

mAt tron xoay 


I. KltfN THtfC CO BAN 
i. khAini$mmAttr6nxoay 

Dinh nghia 1: Trong khdng gian cho du&ng thang d vd 
mdt diem M kgoi O Id hinh chieu vudng gdc cua M ten d. 
Du&ng trdn (C M ) c6 tdm O hdn kinh OM ndm tren mat 
phdng a vudng gdc v&i d tqi O duac goi Id du&ng trdn 
* sinh hai diem M khi M quay quanh d. 

Dinh nghia 2: Trong mat phdng a cho du&ng thang d vd 
mdt du&ng I ndo do. V&i mdi diem M ndm tren I ta lay 
du&ng trdn (C M ) sinh hoi diem M khi quay quanh d. 
Hinh (T) gdm tat cd cdc du&ng trdn (C M ) v&i M thudc I 
duac goi Id mat trdn xoay sinh hai du&ng I khi quay 
quanh d. 

9 



2 . MATTRUTR6N XOAY -HiNHTRUTRdN XOAY 
Dinh nghia 3: Mat trdn xoay sinh hai du&ng thang I khi 
quay quanh d (I song song v&i d) goi Id mat tru trdn xoay 
(hay van tat Id mat tru). 

Khi do: 

■ d goi la true cua mat tru. 

■ / goi la du&ng sinh cua mat tru. 

Nhan xet rang: 

a. Nd'u cat mat tru bdi mdt mat phang tuy y vudng goc vdi d thi thi£t didn nhan 
duoc la mdt dirdng tron co tarn thudc d va bin kmh bang R, ngirai ta cung 
goi R la bdn kmh cua mat tru. 

b. Mat tru noi tr6n co th£ dinh nghia nhu la tap hop ta't ca nhfing di^m M each 
ducmg thing d cd' dinh mdt dd dai R khdng d6i. 

c. N£u M, la mdt di£m bat ki nim tr6n mat tru thl ducmg thing /, qua M, va 
song song vdri d se nim trdn mat tru. 

Dinh nghia 4: Hinh tru trdn xoay la hinh sinh hai mdt 
hinh chunhqt quay mat vong quanh mot cqnh. 

Chii y : Cac thid't didn qua true cua mdt hinh tru la cdc 
hinh chO nhat bang nhau. 

3. MAT N6N TRdN XOAY - HtNH NON TR6N XOAY 
Dinh nghia 5: Cho hai du&ng thang I vd d cat nhau tqi O vd tqo thdnh mdt gdc cp, 
trong dd 0 < cp < 90°. Mat trdn xoay sinh hai du&ng thang I khi quay quanh d goi Id 
mat non trdn xoay (hay van tat la mat non). 




Khi do: 

■ d goi la true cua mat ndn. 

■ / goi ia du&ng sinh cua mat ndn. 
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d 


■ Di£m O goi la dinh cua m^t non. 

Nhan \6t r&ng: 

a. Nd'u cat mat non boi m6t mat phang tuy y vu6ng 
goc voi d thi thid't di£n nhan dupe la m6t dufmg 
tron co tarn thuoc d va ban kinh thay d6i khi mat 
phang thid't didn thay d6i. 

b. N£u M la m6t didm bat ki nam trdn mat non va 
khde O thi dudmg thing OM nim trdn mat non. 



c. Moi mat phang di qua d cat mat non theo hai ducmg sinh tao vdri nhau goc 


2cp. Goc 2cp goi la goc a dinh cua mat non. 

Dinh nghia 4: Hinh non trdn xoay la hinh sinh hoi mot 
tarn gidc vudng quay mot vdng quanh mot cqnh goc 
vudng. 

Chu y : Cac thid't didn qua true cua mdt hinh tru la cac 
tarn giac can bang nhau. 



4. HiNH NON CUT TR6N XOAY 
Ta co: 

a. Hinh non cut la phin cua hinh n6n gidi han boi mat 
day va m6t thidt didn song song voi day. 

b. Hinh non cut c6 thi tao thanh boi m6t hinh thang 
vu6ng quay mdt vong quanh canh g6c vudng. 

I I. CAC DANG TOAN LlfeN QUAN _ 

Bai toan 1: Hinh tru._ 



PHUONU PHAP CHUNG 

1 . Vdri hai toan qin rich: Ne'u mdt didm M di ddng trong khdng gian co: 

a. Hinh chid'u vudng goc trdn mat phang a la didm M’ di ddng trdn mdt 
dudng trdn (C) c 6 dinh thi M thude mat tru cd d|nh ( T) chura (C) va co 
true di qua tarn cua ductng trdn (C) va vudng goc voi a. 

b. Khoang edeh tir M tdi dirdng thang d cd' djnh bang h khdng ddi thi M 

thude mat tru cd' dinh ( T) true d vd bdn ktnh bang h. 

2. Vdri hai toan dinh tinh va dinh Itfcmg: Dd giai cac bdi toan djnh tinh va djnh 
luqng vd hinh tru ta thudng dung phdp chid'u vudng goc xud'ng mat day rdi 
su dung cac tinh chit hinh hoc phang cua dudng trdn ddy dd thuc hidn. 

Vi du 1; Cho hai didm A, B cd' djnh, AB = a. Tim tap hop nhftng didm M trong 
khdng gian sao cho didn tich tarn gidc MAB bang S khdng ddi. 

Gidi 

Goi khoang each tir M tdi AB Id d(M, AB), ta cd: 

S AM ab = | AB.d(M, AB) oS=| ,a.d(M. AB) 

<=> d(M, AB) = —, khdng ddi 
a 
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» M thu6c m&t tru ( T) true AB va ban kmh R = 


V» du 2: Cho mat phang a, m6t di£m A n&m tr6n a, m6t di6m B n&m ngoai a 
sao cho hinh chie'u vu6ng goc H cua B tr£n a khdng trung veri A. M6t di£m M chay 

trong a sao cho ludn co ABM = BMH. Tim tap hop di£m M. 

Gidi J! 

Goi N la hinh chi£u vu6ng goc cua M l£n AB. yy 

Xet hai tarn giac vu6ng AMBN va AlJMH, ta co: y j 

BM chung , y / 

MBN= BMH / A y/yu 

suy ra: 

ABMN = ABMH => MN = BH, khdng ddi ^- M 

=> M thude mat tru ( T) true AB va ban kmh R = BH. 

Vay, tap h<^) ditlm M thude j iao tuyd'n cua mat phang a vdi mat tru ( T). 

Vi du 3; Mot hinh tru co hai day la hai duong tron tarn O va O’ ban kinh R, co 

duerng cao R\/2 . Goi A la mdt di^m trdn duerng tron (O), B la mot diem tr£n dudmg 
tron (O’) sao cho OA vudng goc vai O’B. Goi a la mat phang qua AB va song song 
vdriOO’. 

a. Chumg minh rang cac mat b£n cua hinh chop OABO’ la nhung tarn giac 
vudng. 

b. Ti'nh khoang edeh giua OO’ va a. 

c. Trnh di£n ti'ch thid't didn. 

Gidi 

a. Taco: \"| \ 

OO’ 1 (O) => OO’ 1 OA => AOO’A vudng, \\ 

OO’ 1 (O’) OO’ 1 O’B ^ AOO’B vudng, 
fOAlOO’ 

=> OA 1 (OO’B) => OA 1 OB AOAB vudng, 

[OAIO’B 
fOB lOO' 

=> O’B 1 (OO’A) => O’B ± O’A AO’AB vudng. 
O'BIOA 6 

Vay, cac mat b£n cua hinh chop OABO’ la nhQng tarn giac vudng. 

b. Dung Ax // OO’ cat (O’) tai N va dung By // OO’ cat (O) tai M. Ta nhan duqc 
thiet didn la hinh ch& nhat AMBN. 

Ha OH 1 AM, ta co nhan xet: 

d(00>) = d(0^) = 0H 
Trong AO AM vudng can tai O, ta co: 

AM = OAV2 * R>/2 2 

ah= AM = rV2 / |\ 

22 A H M 

c. Ta co: 

Sambn = AM.AN = AM.OO’ = R^2 .R>/2 = 2R\ 


AH = 
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Vi dif 4: Mot hinh tn« c6 hai day la hai ducmg tron t&m O va O’ ban kinh R, co 

ducmg cao R>/3 . Goi A la mot di^m tren duong tron (O), B \h m6t di£m tr£n ducmg 
tron (O’) sao cho goc hop boi AB \h true cua hinh tru b&ng 30°. 

a. Tmh di6n rich thi£t dien qua AB vh song song vdri OO’. 

b. Tmh goc giua hai ban kinh day qua A v& B. 

c. Dung va rinh do dai doan vudng goc chung cua AB va OO’. 

Gidi 

a. Dung Ax // OO’ c&t (O’) tai N va dung By // OO’ cat (O) tai M. Ta nh£n duoc 
thid't di&n hinh chu nhat AMBN. 

c6: _ . _ 

i AH.OO I- 30" oA8N= 30°. T |\ 1 [ 

Trong AABN vuong tai N, ta co: . \\! \ 

BN = AN cotg ABN = OO’,cotg30° = R S . S = 3R. -AjNV, 

Ta co: jf-— 

S AMBN = AN.BN = RV3 ,3R = 3R 2 V3 . 

b. Ta co: 

(6a7o t b)==(6Xom)= AOM. 

Trong AOABM, ta co: 

—— OA 2 + OM 2 -AM 2 2R 2 -(3R) 2 1 


doit 


cos AOM = 


20A.0M 


« AOM = 120 w . 

c. Ta thuc hien: 

■ Ha OH 1 AM, dung Hz//AN va cit AB tai E. 

■ Dung Et // OH va cat OO’ tai F. 

Khi do F.F chfnh li doan vuong goc chung cua AB va OO’. 
Trong AOAH vudng tai H, ta co: 

EF = OH= -OA= — . /vr' 

2 2 a- 


BAI TAP Dfi NGHI 

Bai tap 1: Cho mdt ducmg trdn (C) trong mat phing a. TO mdt didm M trdn (C) ta 
ke duong thing m vuong goc vdi a. Chung minh rang nhung ducmg thing m nhu 
vdy nim trdn mdt mat tru tron xoay. 

Bai tap 2: Cho ducmg thing a c6' dinh, b la dufmg thing di ddng nhung lu6n di 
qua di£m co djnh B. Goi MN la doan vudng goc chung cua a va b vdi M thude b. 
Chiing minh ring didm M ludn thude mot mat cong cd' dinh. 

Bai tap 3: Cho mdt hinh tru co true OO’, ban kinh day la R. Mot did’m S cd dinh 
edeh OO’ mdt doan Id a. Mdt dufmg thing d di ddng nhung ludn qua S vd cit mat 
tru tai M va N. 

a. Chiing minh ring trung di£m I cua MN ludn thude mdt mat tru cd dinh. 

b. Gia sud ludn hop vdi OO’ mdt goc cp. Chiing minh ring SM. SN khdng ddi. 
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Bai tap 4: M6t khd'i tru c6 ban kmh day R, chi£u cao h. Cat khtfi tru bai mdt mat 
phang song song vdri true v5 each tru mdt doan bang a, voi 0 < a < R. Tfnh di6n tich 
cua thid't didn. 

Bai tap 5: Cho mdt hinh tru co hai day la hai dudng tron tam O va O', ban kmh R, 
chidu cao hinh tru la R-\/2 . Trdn hai dudmg trdn O va O’ co hai di£m di dong A, B 
sao cho (OA.O’B) = <p khdng d6i. 

a. Tfnh AB theo R v& <p. 

b. Dung doan thing vudng g6c chung IK cua AB va OO’ vdri I e AB. 

c. Chung minh ring khi AB di d6ng I lu6n thude mdt dudng tron cd dinh. 

Bai tap 6: Cho mdt hinh tru co tam cua hai day la O va O’. M la mdt diem 6 
ngoai junh tru. Qua M dung 2 mat phing a va P tid'p xuc vdri mat tru theo cac 
ducmg sinh AB va CD. Goi A la giao tuyd'n cua a va p. Chung minh ring: 

a. A vudng goc vdi day hinh tru. 

b. Mat phing (ABCD) vudng gdc vdi mat phang (OO’M). 

Bai tap 7: Trdn cac dudng trdn diy cua mdt hinh tru co chidu cao h vh ban kmh 
day R, ngudi ta la'y theo thd tu c&c didm A va B. Xac dinh khoang each giua dudng 
thing AB va true cua hinh tru trong c&c trudng hop: 

3h 


b. Goc giOa AB va mat day la (p. 

Bai tap 8: Mdt hmh tru co hai ddy la hai dudng tron t&m O va O’ ban kmh R, co 

dudng cao RV2 . Goi A la mdt diim cd djnh trdn dudng tron (O). Tim hai diem B, 
C trdn dudng trdn (O’) sao cho ABC Ih tam giac ddu. 


Bai toan 2: Hinh non - Hmh non cut. 


PHlfONG PHAP CHUNG 

1. Vdi bai todn quTrich: Di chrrng minh mdt dudng thing / di ddng nhung ludn 
thude mdt mat non trdn xoay c 6 djnh ta lua chon mot trong hai cdch sau: 
Cdch I: Ta' thuc hidn theo cac bude: 

Bude 1: Chung minh / di qua didm cd' djnh O thude dudng 
thing d cd' djnh. 

Bude 2: Chumg minh (/, d ) = <p khdng ddi. 

Bude 3: VAy, dudng thing / thude m&t non (A/) true d dinh O 
vh goc d dinh bing 2cp. 

Cdch 2: Ta thuc hidn theo cac bude: 

Bude I: Chung minh / di qua diem cd' djnh O. 

Bude 2: Chung minh / ludn cit mdt dudng tron (C) cd' djnh co 

true di qua didm O. 

Bude 3: Suy ra / ludn thude mat non trdn yoay co dinh O va 
dudng chuin la (C). 

2. Vdi hai todn dinh tinh va dinh luang: Di giai cac bh\ toan djnh tfnh va djnh 
luemg vi hinh ndn ta thudng dung phep chidu vudng gdc xud'ng mat day rdi 


Bude 3: 
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su dung cac tinh chit hinh hoc phing cua ducmg tron day va cua tam giac 
vuAng, tam giac can dd thuc hidn. 

Vi dy 1: Cho hai didm A, B c6 dmh, AB = a. Mdt ducmg thing / thay doi lu6n di 
qua A, khdng vuong goc vai AB va each B m6t doan kh6ng d6i d. Chung to / lu6n 
nim trdn mdt mat non. 

Gidi 

Goi H la hinh chidu uidng goc cua B Idn I suy ra BH = d, dat cp = BAH , cp < 9 (f. 
Trong AHAB vu6ng tai H, ta c6: 

BH d 

sintp = - = —, kh6ng doi 

AB a 

Vay, ducmg thing / (di qua didm A c 6 dinh) thude mat non (A/) true AB dinh A 
v& goc a dinh bang 2cp. 

Vi dii 2: Trong mat phing a cho mdt goc xOy = 2cp. Mdt mat phing p thay ddi 
lu6n vu6ng goc vai ducmg phan giac cua goc xOy cat Ox, Oy tai A va B. Trong mat 
phing p lay didm M nhin doan AB dudi mdt goc vuong. Chumg minh ring cac di^m 
M luon nim trdn mdt mat non xac dinh. 

Gidi 

Gia su Oz la tia phan giac cua goc xOy, Oz cat AB tai H, suy ra: 

OH 1 AB, vi AOAB can tai O => OH 1 P => OH 1 HM. 

Xet hai tam giac vu6ng AOHM va AOHB, ta c6: 

OH chung 
HM= HB 

suy ra: 



AOHM = AOHB 

MOH = BOH = (p, khdng ddi 
Vay, M thude mat non (A/) true Oz dinh O va 
goc of dinh bang 2cp. 

Vi dy 3; Mdt h'inh non co ban kinh day R c6 thid't didn qua true \h mdt tam 
giac ddu. Goi A li mdt didm c6 dinh trdn dudng tr6n day (O), M la mdt didm di 

ddng trdn (O). Dat AOM = 2a, vdi 0 < a £ 90°. 

a. Goi H la hinh chidu vu6ng goc cua O trdn (SAM). Tinh OH theo R va a. 

Goi p la goc giua (SAM) va day. Chung minh ring cosa.tgP = J3 . Xdc 
djnh a sao cho tgp = 2tga. 

Tim ttip hop didm H khi M chay hdt dudng tron (O). 

Gidi 

a. Ha Oil AM tail. 

Trong mat phang (SOI) ha OH 1 SI tai H. Khi do, H 1& hinh chidu vu6ng goc 
cua O trdn (SAM). S 

Vi thid't didn OAB la tam giic 66u ndn: 


b. 


c. 


SO = 


ABV3 2RV3 


2 2 

Trong AAOI vu6ng tai I, ta co: 


= RV3. 



B 
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OI = OA.cos AOI = R.cosa. 

Trong ASOI vu6ng tai O, ta c6: 

1 _ 1 1 = 1 1 

OH 2 “ OS 2 + OI 2 ~ (RV3) 2 + (R.cosa) 2 ” 3R 2 R 2 .cos 2 a 

=>oh= f 75 ; 050 . 

Vcos 2 a + 3 

b. Ta co ngay: 

((SAM),(0))= SIO =p. 

Suy ra: 

_ OI OS OS R>/3 rz a 

cosa.tgp =-.— =-=-- = v3 , dpcm. 

OA OI OA R 

Dd’ tgP = 2tga di£u kidn la: 

V3 

cosa.2tga = V3 <=> 2sina = >/3 o sina = — cj> a = 60°. 

Vay, vdi a = 60° ta duoc tgp = 2tga. 

c. Ha OK 1 SA tai K, suy ra: 

SA 1 (OHK) => mat phang (OHK) c6' dinh 
Trong mat phang (OHK), ta c6: 

OH ± HK ==> H thu6c dudng tron ducmg kmh OK. 

Vay, tap hop didm H thuoc dudng tr6n ducmg ki'nh OK trong mat piling qua O 
va vu6ng goc vdi SA. 

Vi du 4; Cho hinh non cut co cic bdn kmh day R va — , goc giOa dudng sinh va 

2 

mat day la a. Tfnh difin ti'ch thid't didn tao bdi mat phang chiia true cua n6n cut vdi 
n6n cut. 

Gidi 

Ta tha'y ngety thitft didn ABCD la hinh thang can va: A 


S A bcd= ~(AB + CD).00’ 

Ar 


trong do: 


AB = 2.— = R va CD = 2R 
2 


suy ra: 


OO ’ = R-.tga = — .tga 


o 1 /r> R 3R 2 .tga 
Sabcd = ~ (R + 2R). — .tga — - 

2 • 2 4 
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BAI TAP NGHI 

Bai tap 1: Trong mat phdng a cho diim O c 6 dinh. Xet mdt duong thdng / thay 
d6i lu6n di qua O va hop voi mat phdng a mot goc cp kh6ng d6i. Chumg minh rang / 
ludn ludn ndm trdn mdt mat non c6 dinh. 

Bai tap 2: Trong khdng gian cho trudrc hai didm c 6 dinh S va O. Mdt duong thing 
d di d6ng ludn di qua S. Chumg minh ring d ludn thudc mdt mat non tron xoay c 6 
dinh (A/) ndu no thoa mdt trong cac didu sau: 

a. d Iu6n each O mot doan bang a khdng ddi. 

b. d ludn hop voi SO mot goc a kh6ng d6i. 

Bai tap 3: Cho hinh non tron xoay dinh S, day la mot hinh tron tarn O ban kinh R, 
chieu cao cua hmh non bang 2R. goi I la mdt didm nam tren mat day va each O mdt 
doan bang 2R. Trong hinh tron O ke ban kinh OA vuong goc vdri OI. IA cat duong 
tron tai b. 

a. M la mdt didm di dong trdn SA, IM cat mat non tai N. Chung minh ring N 
di ddng trdn mdt doan thing c 6 djnh. 

b. Chung minh ring hinh chidu K cua O trdn IM di ddng trdn mdt ducmg tron 
c 6 dinh di qua true tarn H cua ASAI. 

Bai tap 4: Cho hinh non dinh S, chidu cao h va ban kinh day R. 

a. Mat phing a di qua dinh S cit hinh n6n theo mot thid't dien la hinh gi ? 

b. Xac djnh a sao cho thid't didn co didn rich Ion nhat. 

Bai tap 5: Cho hinh n6n co ban kinh day la R, duong sinh hop vdri day mot goc a. 
Tfnh ban kmh day cua hinh tru ndi tid'p trong hinh n6n bid't thid't didn qua true cua 
hinh tru li hinh vu6ng. 

Bai tap 6: Cho hinh non cut hai diy li ede dudng tron (O), (O’), bid't (O), (O’) co ban 
kinh la R vd R’ (R > R’). Mot thid't dien di qua didm I thudc OO’ va song song vdri day 
cua hinh non cut. Tfnh ban kinh cua thid't didn bid't OI = 20T. 
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B Al TAP On CHUONGIV 

• 

Bai tap 1: Cho hai nira ducmg thing Ax, By chdo nhau vk vudng g6c vdi nhau. 
AB = 2 lk doan vu6ng g6c chung vk O la trung didm cua AB. Trftn Ax, By lin lurot 
lay cic didm M, N sao cho AM = x, BN = y. Gii su MN ludn Iu6n tie'p xuc vdi mdt 
hinh ciu ducmg kinh AB. 

a. Tim he thurc lien he giOa x vk y. 

b. Goi H la hinh chie'u cua O tren MN. Chumg minh didm H lu6n di ddng tren 
mdt dudng tron c6' d|nh (C) thudc mat phing (a) va MN lu6n tao vdi (a) 
mdt g6c khdng d6i. 

c. Goi <p lk goc hop bai hai dudng thing AB vk MN. Chumg minh ring: 

1 11. 2 1 1 

-= + vk tg <p = — + — r 

coscp x y x* y 

Bai tap 2: Cho trong mat phing (P) m6t goc vudng mOn. Doan SO = a vudng goc 
vdi mkt phing (P) tai O. M, N chuyen d6ng lin luot tren Om vk On sao cho ta lu6n 
Iu6n co OM + ON = a. 

a. Chumg minh ring t6ng 3 goc phing a dinh S cua tur dien SOMN bing 90°. 

b. Chumg minh ring mkt phing (SMN) lu6n lu6n tie'p xuc vdi mdt mat ciu cd' 
djnh. 

Bai tap 3: Cho mkt ciu tkm O ban kinh R, mat phing (a) each tkm O mdt khoang 
h (0 < h < R) cat mkt ciu theo ducmg trdn (C). A la mdt die’m cd' dinh trdn (C), CD 
la mdt ducmg kinh di ddng cua (C). Dudmg thing qua A vudng goc vdi a lai cit mkt 
ciu tai B. 

a. Chung minh cic tdng AD 2 + BC 2 vk AC 2 + BD 2 cd gii tri khdng d6i. 

b. Vdi vi tri nao cua CD thi dien ti'ch ABCD ldn nhi't ? 

c. Tim tap hap di£m H, hinh chie'u vudng goc cua B tren CD. 

Bai tap 4: Mdt hinh tru cd hai diy la hai ducmg trdn tkm O vk O’ ban kinh R, cd 
ducmg cao 2R. Goi I la die’m bit ki tren day (O’) vk M lk di^m bit ki trdn day (O). 
a. Tim gia trj ldn nhit cua doan IM. 


b. 


Gia sir I 1a diem cd' dinh trdn (O’) vk O’! = 


R 

2 


. Tim gia trj ldn nhk't va nho 


nhk't cua doan IM. Tim tip hop cac didm M bid't ring IM = / vdi / la do dki 
cho trude. Bien lukn. 

Bai tap 5: Cho hinh ndn ducmg sinh 1 vk goc d dinh cp. 

a. Chumg minh ring goc gida hai ducmg sinh bit ki nho hon hay bing cp. 

b. Gia sir cp = 120°. Tinh dien ti'ch S», ciia thid't dien qua true. Cd thid't dien qua dinh 
nao, khic vdi thid't dien qua true, ma cd dien tich bing Sj, khdng ? 
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- CHUClNGV 

DIEN TICK VA IKE TICH 

CHU DE 1 

HiNH DA DlfiN VA KH6l DA DlfcN 


I. KI^N THtre CO BAN 

1. HiNHDADrtN 

Dinh nghia: Hinh da dien Id hinh gom mot so hiru hqn car mien da gidc thod man 
hai tinh < hat sau: 

a. Hai mien da gidc hat ki hour khdng co diem chung hoqc c6 mot dinh chung, 
hoqc cd mot cqnh chung. 

b. MSi cqnh cua mien da gidc ndo cung Id cqnh chung cua dung hai mien da 
gidc. 

2. KH<5l DA DI$N 

Trong pham vi pho th6ng chung ta chi xet nhfrng hinh da d‘\tn thoa man didu 
ki£n sau: 

Mot hinh da dien cilia khdng gian thdnh hai mien sao cho: 

a. Bat ki hai diem ndm trong cung mot mien deu cd the noi vtii nhau hang mot 
dieting gap khuc ndm hodn todn trong mien do. 

b. Bat ki dieting gap kliuc ndo noi hai diem thuoc hai mien klidc nhau deu cd 
diem (hung vtii hinh da dien. 

Khi do, mien chura toan bd mdt duong th&ng duoc goi la mien ngodi , midn con 
lai diroc goi la mien trong. 

Dinh nghia: Hinh da dien cung vtii mien trong cua no goi Id khd'i da dien. 

II. PHAN CHI A MOT KHOI DA DI$N THANH NHI^U KH6l DA DI$N 
Vi du 1; Hay chia m6t kh6i h6p thanh nam kh6'i tu di£n. 

Gidi 


tu dien bdi b6n mat cheo tam giac BDA,, BIX!,, A,C,B, 

A,C,D. 

Khi do, ta duoe nam khoi td di£n la: 

ABDA,, CBDC,, B,A,C,B, D,A,C,D. 

Vi du 2: Hay chia mot khoi tu dien thanh bon khd'i tur dien bang hai mat phang. 


/ 


j7 

D 

X.. 

,/ \ 

(/ 
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Gidi 

L&y di^m E, F theo thuf tu thudc canh AD vit BC. 

Khi do, hai mat phing (ADF) va (BCE) chia khd'i tii 
didn ABCD thanh bdn khdi tir didn sau: 

ABEF va DBEF 
ACEF va DCEF. 


B 



BAI TAP Dfe NGHI 

Bai tap 1: Hay chia mdt khoi hinh chop tu giac thanh hai khd'i tur dien. 

Bai tap 2: Hay chia mdt khd'i lang tru tarn giac thanh ba khoi tu dien. 

Bai tap 3: Mot khd'i hdp cd tht? chia thanh td'i da bao nhieu khd'i tu didn ? 

Bai tap 4: Trdn ba dudng thing song song nhung khong ddng phing a, b, c lin 
luot liy cac doan AA,, BB,, CC, thoa man AA, < BB, < CC,. Hay chia hinh da dien 
ABC.A,B,C, thanh mdt hinh chop va mdt hinh lang tru. 
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CHU DE 2 

THfi TICH CAC KH6l DA DlfiN 


I. Ki£n THlfC CO BAN 
1. KHAI NlfiM v£ THt? TICH 

Dinh nghia : The tich cua nidi khdi da dien Id mdt sddifctng cd car tinh chat sau: 

a. Khoi lap phuang cd canh hang 1 tin cd the tich hang 1. Khoi lAp phurong 
nhu th£ goi la khoi lap phuang dan vj. 

b. The tich cua hai khoi da dien hang nhau thi hang nhaic 

c. Neu mot khoi da dien difcfc phdn chia thdnh nhieu khoi da dien thi the tich 
cua no hang tong the tich cua cue khdi da dien phdn chia. 


2. CONG thlTc tinh mi tIch cAc kh6i DA DI$N 

1. The tich cua khoi hop chffnhat hang tich cua ha kich thude. 
Nhu vAy: 

■ Voi khdi hdp chfr nhAt c6 ba kfch thude la a, b, c thi: 

V = abc. 


■ Khd'i lAp phuang c6 canh bAng a thi: 

V = a\ 

2. The tich cua khdi lung tru hang tich cua dien tich day vd cliieu cao. 

Nhu vAy: 

V = 2?.h. 

3. The tich cua khdi ( hop hang — tich cua dien tich day vd chieu cao. 

3 

Nhu vAy: 

V = - #.h. 

3 

4. Neu khdi ( hop cut cd cliieu cao h vd cd dien tich hai day Id B, vd B : thi the 
tich V aia no Id: 

Nhu vAy: 


V= -(B, + B : + V B I B 2 >- h : 
3 • 

II. CAC DANG TOAN LlfcN QUAN 


Baitoanl: The tich cua ling tru. 




PHU0NG PHAP CHUNG 


Sir dung c6ng thuc: 

V = 2?.h. 
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Nhu v&y, d& tinh dirge the tich cua hinh ling tru ta thudng thuc hi6n theo cac 
buoe sau: 

Buac 1: Xac dinh cic yftu t6 cua gia thitft (nhu khoang each, goc giua duorng 
thing vdi mit phing, goc giOa hai mit phing ...) theo cac phuong 
phap da bi£t. , 

Buac 2: Dua vio edng thurc, ta phin tich V thanh cac bi6u thuc chua nhung 
doan thing phai tinh. 

Buac 3: Tinh nhffng doan thing i'y bing each su dung cac h t thurc luong trong 
tam giac, tinh chit d6ng dang ... 

Buac 4: Suy ra gii tri cua V. 

Vi du 1: Cho ling tru dumg ABC.A,B,C„ day ABC la tam giac vu6ng tai A, 


AC = a, C = 60°, duorng cheo BC, cua mit btn (BCC,B,) hop voi mat b£n 
(ACC,A|) m6t goc 30°. 

a. Tinh d6 dai doan AC,. 

b. Tinh th i tich ling tru. 

Gidi 


a. Ta co: 


BA 1 AC 
BA1 AA, 


BA 1 (ACC,A,). 


Viy, ta nhin duoc goc BC, A = 30°. 


Trong AABC vu6ng tai A, ta co: 

AB = AC.tgC = a.tg60° = aV3 . 
Trong AABC, vudng tai A, ta co: 



AC, = AB.cotgBC,A = aV3 .cotg30° = 3a. 


b. Trong AACC, vu6ng tai C, ta cr: 

CC, = fACi - AC : = >/‘ a- -a : = 2a/2 . 

Th£ tich V cua lang tru duoc cho boi: 

V = S W .CC, = -AB.AC.CC, = - .aS a laVI 
2 2 

Vi du 2: Cho hinh hop diing ABCD.A]B,C,D|, day la 
hinh thoi. Bie't dien tich 2jnat cheo ACC,A, va BDD,B, 
la s„ s,. Biet BA,D = 90°. Tinh the tich hinh h6p. 

Gidi 

Dat AC = a, BD = b, A A, = c, ta co ngay: 
s acc,a, = AA,.AC<=>ac = s,. 

^bdd,B| = BB,.BD o be = Si. 
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( 1 ) 


Th6 tfch V cua hmh h6p durng ABCD.AjB^D, diroc cho bofi: 

v = S abcd .AA, = - AC.BD.AA, = - abc = ^ . 

2 2 2c 

Trong AA,BD vudng tai A,, ta c6: 

A,0 = — BD = --. 

2 2 


Ngoai ra, trong AA,AO vu6ng tai A, ta co: 

,2 2 

b 7 a 
— = c“ + — 
4 4 


b 2 

A.O 2 = A,A : + AO 2 <=> — = c : + 


3 4 1 1 1 2 ■). 

o c = — (b"c - a*c“) 


o c = 


- 4 


2 1 

's, 


( 2 ) 


Thay (2) vao (1), ta dupe: 

S| -Si _ s ,.$2 


V = 


21 


's; -s; 


V 4 ( S 2-S?) 


Vi du 3: Cho lang tru tam giac ABC.A^C, ddy ABC la tam gidc d^ucanh a. 
Hlnh chifcu cua A, I6n mat phing (ABC) trung vdi tam ducmg tron (ABC). Canh b£n 
AA, tao vdi mat phang day m6t goc 60°. 

a. Tinh th£ tfch lang tru. 

b. Chting minh rang BCC,B, la hinh chu nhat. 

c. Tinh didn tich xung quanh (t6ng didn tfch cac mat bdn) lang tru. 

Gidi 

a. Goi M, N theo thti tu la trung di£m AB, BC. A ^ 

Goi H la tam AABC, ta c6: 

A,H 1 (ABC) => A^AH = 60°. 

Th£ tfch V cua lang tru dupe cho boi: 

V = S Aabc .A,H (1) 

Vi AABC d£u canh a ndn: 

a : V3 


l 

;v 

X H 

L .-. 


»AABC “ 


( 2 ) 


Trong AA,HA vu6ng tai H, ta c6: 


AA, = 2AH = 2.-.— = 

3 2 3 

A,H = AH.tg aTaH = — AN.tg60° = - .S =.a. 


(3) 
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Thay (2), (3) v&o (1), ta duct: 

a : V3 a.'yfl 

V = -.a =-. 


b. Ta co: 


BC1 AH 
BC1 A,H 


=> BC 1 (AA,H) ^ BC ± AA,. 


Mat khac, ta lu6n co: 

AA, // BB, => BC _L BB, => BCC,B, la hinh chO nhat. 
c. Goi S sq la difin tich xung quanh lang tru, ta co: 

S X q = 2 S ABBiA) + = 2A,M.AB + BB,.BC = (2A,M + BB,)BC. 

Trong AA,HM vudng tai H, ta cd: 

aV39 


A,M = ^/a.H’ + MH 2 = la 2 + 


[7 

fl aS) 

if 

l 3 ' 2 J 


Tis do, suy ra: 

/ 


s, q = 


2 a >/39 | 2aVP 


.a = 


a 2 V3(Vl3+2) 


Vi du 4: Cho hinh hdp ABCD.A,B|C|D, c6 diy la hinh thoi ABCD canh a, goc 
A = 60°. Chan dudng vudng goc ha tit B, xud'ng day ABCD trung vdi giao didm hai 
duomg ch£o cua day. Cho BB, = a. 

a. Tinh goc giua canh bdn va day. 

b. Tinh thd tich hinh hdp. 

Gidi 

a. Goi O la giao di£m cua AC va BD, ta co: 

B,01 (ABCD). 

«*• - 

Tir d6, suy ra goc giQa canh bdn va day la B, BO. 

Vi ABCD ia hinh thoi canh a, g6c A = 60° nfin: 

a 


BD = a => OB = 


Trong AOB,B vudng tai O, ta cd: 
OB, = ^BBf-OB 2 = fa 2 - 



a 




__ QD 1 _ 

cos B,BO. = - = -:=> B,BO. =60°. 

1 BB, 2 1 

Vfty, gdc gitra canh bdn va day cua lang tru bang 60°. 
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BAI tapd£ nghi 

Bai tap 1: Cho lang tru deu ABCD.A,B,C,Di canh day a. Gdc giua dudng cheo 
AC, va day la 60°. Tinh th£ tich hinh lang tru. 

Bai tap 2: Cho lang tru tur giac d^u ABCD.A,B,C,D,, dudng cao h. Mat phang 
(A,BD) hop vori mat ben (ABB,A,) mot goc a. Tfnh the tfch cua lang tru. 

Bai tap 3: Cho hinh hop chu nh&t ABCD. A,B|C|D, c6 AB = a, AB hop vdi mat 
phang (A’B’CB) mot goc a va BAC’ = p. Tinh the’ tfch hinh hdp. 

Bai tap 4: Cho lang tru tarn giac d£u ABC.A,B,C,, canh ddy a. Mat phang (ABC,) 
hop vdi mat phang (BCC,B,) mdt goc a. Goi I, J la hinh binh chie'u cua A len BC va 
BC,. 

a. Chumg minh AIJ = a. 

b. Tinh th£ tich hinh lang tru. 

Bai tap 5: Cho lang tru tarn giac d£u ABC.A,B,C,, canh d£y bang a, dudng cheo 
BC, cua mat ben (BCC,B,) hop vdi mat ben (ABB,A,) mdt goc a. 

a. Xdc dinh goc a. 

b. Tinh the’ tich lang tru. Tim dieu kien cua a de’ lang tru t6n tai. 

Bai tap 6: Cho lang tru dung ABC.A,B,C,, ddy ABC la tam giic can dinh A. Gdc 
giOa AA, va BC, la 30° va khoang each giOa chung la a. Gdc giOa 2 mat ben qua 
AA, la 60°. Tinh th£ tfch lang tru. 

Bai tap 7: Cho lang tru deu ABC.A,B,C|. Mat phang (A,BQ edeh A mdt khoang 

a-v/3 Vl5 , 

- va hop vdi BC’ m6t gdc a bie't sin a =-. Tfnh the tich lang tru. 

Bai tap 8: Cho lang tru dumg ABC.A,B,C, cd day ABC la tam gidc vudng tai A, 
AC = b, a . Dudng chdo BC, tao vdi mat ben ACC,A, mdt gdc p. 

a. Tinh th£ tich lang tru. 

b. Tim mdt di£m each deu c&c dinh cua lang tru va tinh khoang each a'y. 

Bai tap 9: Cho lang tru xidn ABC.A,B,C, ddy la tam giac d£u canh a. Hinh chitfu 
cua A, len mat phang (ABQ trung vdi tam dudng trdn (ABC). Cho BAA, = 45°. 
Tinh th£ tfch lang tru. 

Bai tap 10: Cho lang tru xien ABC.A,B,C, day ABC la tam giac vudng can dinh A. 
Mat ben (ABB|A,) la hinh thoi canh a, nam trong mat phang vudng gdc vdi day. 
Mat ben (ACC,A|) hop vdi day mdt gdc q. Ttnh th£ tfch lang tru. 
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Bai tap 11: Cho lang tru xifen ABC.A^C, c6 day ABC la tarn giac vu6ng tai A, 
AB = a, BC = 2a. Mat bfen ABB,A, la hinh thoi, mat bfen BCC,B, nam trong mat 
phang vu6ng goc vdi day, hai mat nay hap vdri nhau mdt g6c a. 

b. Ttnh khoang each tir A tdi mat phang (BCC,B|). Xac djnh goc a. 

c. Ti'nh thfe ti'ch lang tru. 


Bai toan 2: Thfe’ tfch cua tur difen va hinh chop. 


PHl/ONG PHAP CHUNG 


Sit dung cong thurc: 


V = - «h. 

3 

Vidvl: Cho tut difen dfeu SABC co canh a. Dung dudng cao SH. 

a. Chimg minh SA 1 BC. 

b. Tinh thfe tfch cua hinh chop SABC. 

c. Goi O la trung difem cua SH. Chung minh ring OA, OB, OC ddi mot vu6ng 
goc vdi nhau. 

Gidi S 

a. Goi M la trung di^m BC, ta c6: /n\ 

fBCl AM _ //LX 


BC 1 SH 


=> BC 1 (SAM) => BC 1 SA. 




b. Ta c6: 


^sabc - ~ Saabc-SH. 


Ta c6 ngay: 

a 2 >/3 

Saabc =-, vi AABC la tarn giac dfeu canh a 

4 

Trong ASHA vudng tai H, ta c6: 

SH 2 = SA 2 - AH 2 = a 2 - (X— 1 = — => SH = — 

1,3 2 j 3 3 

V£y, th£ tfch cua hinh chop SABC la 

1 a 2 V3 a>/6 a 3 V2 


SABC — 


3 4 


c. Trong AOHA vudng tai H, ta co: 


2 ( 2 AI uY 

+ —AM = - + - 

3 6 3 
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OA 2 = OH 2 + AH 2 = -SH 

2 








=> OA = OB = OC = — . 

2 

Til do, nhan th&y rang: 

OA 2 + OB : = AB 2 => OA i OB, 

OB 2 + OC 2 = BC 2 => OB 1 OC, 

OA 2 + OC 2 = AC 2 => OA 1 OC. 

Vay OA, OB, OC doi m6t vudng goc vdri nhau. 

Vi du 2; Tmh the tfch hinh chop tur gidc d£u S.ABCD co canh day bang a va goc 

ASB = a. 


Gidi 

Goi O la tAm cua day ABCD va M 1& trung 6\im AB. 

Ta co: 

V SABCD = ~ SabCD-SO. 

Ta co ngay: 

S ABC d = a\ vl ABCD la hinh vudng canh a 
Trong ASMA vudng tai M, ta c6: 

SM = AM.cotg ASM = - .cotg . 

Trong ASOM vudng tai O, ta co: 



SO : = SM 2 - OM 2 = 


a a 

-.cotg— 
2 2 


a" 

T 


*> a . 
cotg** —-1 


a ■> a . 

=^ so = 2 J cot S'j~ l ■ 

VAy, the tich cua hinh chop SABCD la: 
1 


V 


.2 


a 


SABCD = - -a-.- Jcotg---l = y^cotg 2 ^--! . 


Vi' du 3: Cho hinh chop S.ABCD co day ABCD la hinh chu nhat c6 canh AB = 
a, canh ben SA vudng goc vdti day, canh b£n SC hop vcfi day goc a va hap vdri mat 
ben (SAB) m6t goc p. 

a. TtnhSC. 

b. Tinh the tich hinh chop. 

Gidi S 

Tir gia thid't: 

SA 1 (ABCD) => SCA = a. 

Ta c6: 

BC 1 AB —- 

=> BC 1 (SAB) => BSC = p. 

BC 1 SA 



B 
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a. D&t AD = b, ta co AC = Va 2 4- b 2 . 

Ta di tfnh SC ISn lirort trong hai tam giac SAC v& SBC, ta diroe: 


SC = 


cos SC A 


I a 2 + b 2 
cos a 


va SC = 


sin BSC sinp 


'a 2 + b 2 


cos a 


sinp 


ob 2 


sin 2 p cos 2 aJ cos 2 a 


cos a-sin P 
Tirdo, ta ductc: 


a.sinP 

/cos 2 a-sin 2 P 


SC 2 = 


sin 2 P cos 2 a-sin 2 P 


b. Ta co: 


= 3 S> “ SA ' 


trong d6: 


= a.b = 


a 2 .sinp 
/cos 2 a - sin 2 1 


, vi ABCD ia hinh chO nhat 


SA = SC.sinSCA = 


a. sin a 


■^/cos 2 a-sin 2 p 

Vay, th^ tfch cua hinh ch6p SABCD la: 

^ _ 1 a 2 .sinP a.sina _ a 2 sina.sinP 

3 Jcos 2 a-sin 2 p Jcos 2 a-sin 2 p 3(cos‘a-sin*P) 


Vi du 4: Cho hinh ch6p S.ABCD co day ABCD ia hinh vu6ng canh a. Mat bdn 
(SAB) la tam giac d£u va vuftng g6c vdi diy. Goi H la trung di£m cua AB va M la 
m6t di d6ng trftn dufrng thing BC. 

a. Chumg minh ring SH 1 (ABCD). Tinh thd’ tich hinh ch6p SABCD. 

b. Tim tap hop cic hinh chi£u vudng goc cua S ldn DM. ^ 

c. TmhkhoangcdchturSd£nDMtheoavaCM = x,vdfiO<x^a. 

Gidi /\\ 

a. Ta c 6: /j \ \Yv\ 

[(SAB) 1 (ABCD) , /a W V\\b 

SH JL AB // N \ VM 

Ta c6: D^~ C 
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V SA BCD = j S abcd .SH = 1 ^ 

b. Goi N la hinh chi£u vu6ng goc cua S tr£n DM. 

Ta co: 


DM‘l HN, theo dinh li ba duang vuong goc 

<=> DNH = 90° <=> N thu6c duang tron dirdng kmh DH. 

Vay, tap hap cac hinh chieu vu6ng goc cua S l£n DM la duang tron duomg kmh 
DH trong mat phang (ABCD). 

c. Goi F la trung diim CD va HF cat DM tai E, suy ra: A H B 



Trong ASHN vu6ng tai H, ta co: 



vay, khoang each tur S d£n DM bang 


[7a 4 -4a 3 x + 4a 2 x 2 
4(a 2 + x“) 


BAI TAP t>£ NGHI 

Bai tap 1: M6t hinh ch6p tur gidc ddu c 6 ede canh day vd ede canh bdn ddu bang a. 
Hay tinh thd tfch vd didn tfch mat chdo cua hinh ch6p. 

Bai tap 2: Cho hinh ch6p tur gidc ddu SABCD c6 cac canh bdn tao vdi ddy m6t 
g6c 60° va canh day bang a. 

a. Tinh thd tfch hinh chop. 

b. Qua A dung mat phing (P) vudng g6c vdi SC. Tinh didn tfch thid't didn tao 
bai (P) va hinh chop. 

Bai tap 3: Cho hinh ch6p td gidc ddu SABCD cd chidu cao SH = h vd g6c 6 ddy 
cua mat bdn la a. 
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a. Ti'nh the’ ti'ch hinh ch6p theo a va h. 

b. Cho diem M di ddng tr6n canh SC. Tim tap hap hinh chie'u cua S xud'ng mat 
phlng (MAB). 

Bai tap 4: Cho hinh chop S.ABC co hai mat ben (SAB) va (SAC) \u6ng gdc vdi 
day. Day ABC la mdt tarn giac can dinh A. Trung tuyd'n AD bang a. Canh SB tao 
vdi day goc a va tao vdi mat phang (SAD) goc p. 

a. Xlc djnh cdc goc a va p. 

b. Chung minh rang SB 2 = SA 2 + AD 2 + BD 2 

c. Ti'nh the’ ti'ch hinh chop. 

Bai tap 5: Cho hinh chop SABC co ddy ABC la tarn giac can AB = AC = a. Mat 
(SBC) vu6ng goc vdi mat (ABC) va SA = SB = a. 

a. Churng minh ring tarn giac SBC la tarn gilc vudng. 

b. Cho SC = x. Ti'nh th£ ti'ch hinh chop theo a va x. 

Bai tap 6: Cho mdt hinh chop co day la mdt tarn gilc vudng can co canh goc 
vudng blng a. Mat ben qua canh huy£n vudng goc vdi dly, hai mat ben con lai d£u 
tao vdi dly mdt goc 45°. 

a. Chirng minh ring hinh chie'u vudng gdc cua dinh hinh chop xud'ng dly 11 
trung die’m canh huydn cua dly. 

b. Ti'nh the ti'ch hinh chdp. 

Bai tap 7: Cho hinh chdp tur gilc d£u SABCD canh dly blng a vl dudng cao blng 
h. Goi (P) 11 mat phlng di qua A va vudng gdc vdi SC. (P) clt SB, SC, SD lln luqt 
tai B\C\ D\ 

a. h phai thoa man di£u kidn gi d^ C la mdt didm thudc canh SC ? 

b. Ti'nh thd ti'ch hinh chdp SAB’C'D'. 

c. Chufng minh ring tarn gilc B’C'D' ludn co mdt gdc tu. 

Bai tap 8: Trfin canh AD cua hinh vudng ABCD canh a ngudi ta lly diem M vdi 
AM = x, vdi 0 < x <, a vl trfin nua dudng thing Ax vudng gdc tai A vdi mat phlng 
cua hinh vudng, ngudi ta lly did’m S vdi SA = y, vdi y > 0. 

a. Churng minh ring (SBA) 1 (SBC). 

b. Tfnh khoang clch tur didm M de'n mat phlng (SAC). 

c. Ti'nh the’ti'ch hinh chdp SABCM. 

d. Vdi gia thifit x 2 + y 2 = a 2 . Tim gil tri Idn nhlt cua the ti'ch SABCM. 

e. I 11 di£m cua SC. Tim quy ti'ch hinh chie'u cua I xudng MC khi M di dong 
tren doan AD. 


Bai toan 3: The’ ti'ch cua chdp cut. 





PHUONG PHAP CHUNG 


Su dung cong thurc: 

1 


V= - (B, + B,+ JB,.B,’).h 
3 ' v 


trong do: 

■ B,, B : la dien ti'ch cua hai day, 

■ h la chieu cao cua chop cut. 

Vi' rtu 1: Cho m6t hinh chop cut luc giac ddu ABCDEF.A,R|C,D,E,F| co doan 
n6'i tarn cua hai day la OO, = 2R. Goi I, M, M, la trung dia’m cua OO,, AB, A,B, vd 
OM = x, 0,M, = y. Gia su x, y thay d6i con khoang each tir I da'n cac mat ben lu6n 
bang R (kh6ng d6i). 

a. Chufng minh rang ti'ch so dian ti'ch cua hai day hinh chop cut kh6ng ddi. 

b. Ti'nh tha’ ti'ch cua chop cut theo x, y , R. Tim gia tri 1dm nha't cua tha’ ti'ch do. 

c. Tim goc hop boi mat ban va mat day 1dm cua hinh chop cut trong ede truemg 
hop sau: 

x + y = 4R 
x — y = 2R. 

Gidi 

a. Goi B,, B, theo thur tu la dian tfcg cua ABCDEF, 

A.BiCiD^iF,, ta co: 

6x 2 


D, 


_ , 1 . . _ _ 2x 

B, = 6S iOAB = 6. — OM.AB = 3x. -j= = -j=-. 

2 V 3 V 3 


B: = 6S AO|A(B( =6.i.O l M 1 .A,B, = 3y.^ = 

Goi H la hinh chia'u vudng goc cua I lam MM,, suy ra: 

IH = d(I,(ABB,A,)) = R. 

Dua tran ti'nh chit tia'p tuydh xuA't phat ttr mdt didm, ta co: 

MM, = MH + M,H = MO + M,0, = x + y. 

Mat khde, ta cung co: 



O, 


M, 


oxy = R 2 . 

Khi d6: 

2 7 

B,.B,= = 12R 4 - khbng ddi. 

V3 V3 


0 ) 


b. Ta co: 


f 


V=|(B,+B 2 + VBTB7) h =T 


6x fc 6y 
--=- + -4= 
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4R>/3 


3 


(x" + y 2 + xy). 


c. Goc gitfa mat b£n va day Ion chinh la goc M,MN. 

Trong AM,MN vu 6 ng tai N, ta c 6 : 

cosM,MN = . 

MM, x + y 

Khi do: 

■ Vdi x + y = 4R thi kfe't hop vdi (1) ta duoc: 

(x - y ) 2 = (x + y) : - 4xy = 16R 2 - 4R 2 = 12R : => x - y = 2R 73 

cosMjMN = = — => MjMN = 30°. 

1 4R 2 1 

■ Vdi x - y = 2R thi kfe't hop vdi (1) ta duoc: 

(x + y ) 2 = (x - y ) 2 + 4xy = 4R 2 + 4R 2 = 8 R 2 => x - y = 2R V2 

. 2R J2 - 

cosM.MN = — 7 = = — => M,MN = 45°. 

1 2Ry[2 2 


BAI TAP d£ NGH1 

Bai tap 1: Mdt hinh ch 6 p cut tam giac dfeu c 6 canh day Ion bang a, day nho bang 
b, goc giuta dudng cao vdi mat bfen bang a. 

a. Tinh tdng difen ti'ch cac mat cua hinh ch 6 p cut (tdng nay duoc goi la (lien 
lu ll toan phdn). 

b. Tinh th£ tfch cua hinh chop cut. 

Bai tap 2: Mdt hinh chdp cut tut gidc dfeu c 6 chifeu cao li h, g 6 c hop bdi canh bfen 
va ddy ldn la a. G 6 c hop boi dudng chfeo cua hinh chdp cut va day lorn la p. Tinh 
difen tfch xung quanh va thfe ti'ch cua hinh chdp cut. 

Bai tap 3: Cho mdt hinh chdp cut tur giac dfeu cd difen ti'ch xung quanh bang tdng 
difen ti'ch hai ddy, canh ddy Idn Id a, canh ddy nho Id b. 

a. Tinh chifeu cao hinh chdp cut.' 

b. Tmh difen tfch xung quanh vd thfe ti'ch hinh chdp cut. 

Bai tap 4: Diftn ti'ch ddy trfen vd ddy dudi cua mdt hinh chdp cut Id a 2 vd b 2 . Hay 
tmh difen ti'ch cua thife't difen song song vdi hai ddy vd chia ddi thfe ti'ch cua hinh 
chdp cut. 


Bai todn 4: Thfe" ti'ch khd'i da difen khac. 

PHlfONG PHAP CHUNG 

Dfe’ tinh thfe ti'ch mdt khdi da difen (H) phurc tap ta thudng dung hai cdch sau: 
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C(hh 1: Philn chia (H) thanh cac khoi da dien don gian (H,), (H 2 ), ... (hinh 
lang tru, hinh hop, hinh chop), tir do tfnh the’ tfch tung ph&n r6i cong 
lai. 

Ci'u h 2: Ghep them vao (H) cac khoi dom gian (H,), (H 2 ), ... (thong thuorng la 
hinh chop) di tao thanh mot khoi da didn (FT) dcm gian, tu do tfnh the 
tich tung phfin roi thuc hien phep tru. 

Vi du-l; Tren ba duong thang (d,), (d : ), (d,) d6i mot song song vdi nhau va 
khong ddng phang lay cac cap di6m A va A,, B va B,, C va C lf Tfnh the! tfch cua da 
dien ABC.A,B,C,, bifit AA, - a, BB, = b, CC, = c va mat phang a vudng goc vai d, 
cat da dien theo thiet di£n co dien tich bang S. 

Gidi A_A, 

Gia sir a < b < c. Khi do: A /n\ 

■ Qua A, dung thiet dien (A,B’C) // (ABC). At _ A { V\ c, 

■ Qua A, dung thiet di£n thang (A,(J) va goi H la A_ _ A V\A 

hinh chieu vuong goc cua A, \tn IJ. B W B, 

Nhu vay, da di£n ABC.A,B,C, duoc chia thanh khoi \ 

lang tru ABC.A,B’C va hinh chop A^B’C’QB,. a 

The tich V cua da di£n ABC.A,B,C, duoc cho bcri: A \ 

V = V + V A \ 

= ^aij.AA, + — S BCBjC| .A,H p j- 

= S a1 ,.AA, + - . - (B’B, + C’C,).U.A|H = S.a + - (b - a + c - a)S 
3 3 3 


= - (a + b + c)S. 

3 

Vi du 2: Cho hinh lap phuong ABCD.A,B,C,D| canh a. Goi E va F lSn lucrt la 
trung di£m ciia BC v& CD. 

a. Dung thiet di£n tao boi mat phang (A,EF) va hinh lap phuong. 

b. Tfnh the tich hai ph&n cua hinh lap phuong do mat phang (A,EF) cat ra. 

Gidi 

a. Ta Idn luol co: ' _Jj * 1 

■ EF cat AB, AD theo thur tu tai M, N. g / C / 

■ A,M cat BB, tai I. 1 ( 

■ A,N cat DD, tai J. / | - J 

■ Ndi IE va JF. / A | 

Ta nhAn duoc thid't di£n la A,IEFJ. 1 ( /\o “ 

b. Dat: . /Y 


/NP.. tC 


V - V 

v l v ABCD A,B|C|D, • 
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» 


. ^2 ” ^A,B,C,D,!EFJ » 

V, = V 

V .3 ~ v ABEFDJA 11 * 

v = V V-V V - V 

v 4 v MIBE » v 5- v N DFJ ’ v 6 “ V A, AMN* 

Ta c 6 ngay: 

V , = a 3 . 

V 6 = — S iAMN .AA, = - . - AM.AN.AA, = — .a = — . 

3 3 2 ' 6 2 2 8 




25a 3 

72 




47a 3 

72 


V&y, mat ph&ng (A,EF) chia hinh lap phucfng thanh hai phdn c 6 th£ rich la: 


47a 3 


A1B1C1D1IEFJ 


va V 


ABEFDJA, 


25a 3 

72 


BAI TAP Dfi NGHI 

Bai tap 1: Cho hinh lap phucfng ABCD.A,B|C,D| canh a. E va F Idn luot ia trung 
dife’m cua BB, va DD,. 

a. Dung thife't difen tao bdi mat phang (A,EF) va hinh lap phucfng. 

b. Tinh the’ tich hai phan cua hinh lap phucfng do mat phang (A,EF) cat ra. 

Bai tap 2: Trong mat phang a cho AABC co difen tich S, trfen ba nua ducfng thing 
Ax, By, Cz song song vdfi nhau va 0 vfe cung mdt phi'a d 6 'i vai a la'y cac diem A,, B,, 
C,. Dat AA, = a, BB, = b, CC, = c. Ti'nh th£ tich cua da difen ABC.A,B,C|. 

Bai tap 3: Cho hinh chop S.ABCD c 6 ddy ABCD la hinh vudng canh a, SA = a va 
vudng g 6 c vdri mat piling (ABCD). Goi E va F ldn luot la trung di^m cua BC va CD. 

a. Dung thife't difen tao bcri mat phang (SEF) v^ ippji chop. 

b. Tinh thfe tich hai phan cua hinh ch 6 p do mat phang (SEF) cat ra. 

Bai tap 4: Cho hinh ch 6 p S.ABCD co day ABCD la hinh vudng tarn O canh a, SA = 
2a va vudng goc vai mat phang (ABCD). Goi M, N, P ldn luot ia trung difem cua BC, 
CD, SO. Tim giao tuyfe'n cua mat phang (MNP) vdri cdc mat fating (SAB), (SAD), (SBC) 
va (SCD). 

a. Dung thife't difen tao bai mat phang (MNP) va hinh chop. 

b. Tinh thfe tich hai phan cua hinh chdp do mat phang (MNP) cat ra. 

Bai tap 5: Cho lang tru dumg ABC.A,B,C|. Goi M va N ldn luot la trung di£m cua 
BB, va CC,, P ia di£m thudc doan AA, sao cho AP = 3A,P. 
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a. Dung thiet didn tao bai mat phang (MNP) va hinh ISng tru. 

b. Tmh the tich hai phdn cua hinh lang tru do mat phang (MNP) cat ra. 


Bai toan 5: Tinh ti s 6 the rich. 


; PHUONG PHAP CHUNG 

De tinh ti so the tich hai ph£n cua m 6 t khtfi da dien (H) duoc phan chia bai mdt 
mat phang a ta lira chon mdt trong hai each: 

Cach 1: Ta thuc hien theo cac birac: 

Birac I: Dung thiet dien tao bai a va (H). 

Birac 2: Dung phuong phap tinh the tich da biet d i tinh cac the tich V, 

va V : cua 2 hinh (H,) va (H 2 ) cua (H) do a cat ra. 

Birac 3: Tinh k = ——. 

V 2 

Cach 2: Su dung ke't qua: 

" Tien ha tia khotig dong phdng Sx, Sy, Sz lay Ian lirat cac cap diem 
A va A,, B va B,, C va C, khi do ta hton c6: 

Vc a or SA SB SC .. 


SA i B i c I 


SA, SB, SC, 


Chu y: Dua vao ket qua (*) chung ta nhan them duoc mdt each tinh the tich. 

Vi du 1: Cho hinh chop tur giac deu S.ABCD. Goi M, N, P ldn luot la trung diem 
cua AB, AD va SC. 

a. Dung thiet dien tao bai mat phang (MNP) va hinh chop. 

b. Tmh ti s6' the’ tich cua hai phdn hinh chop duoc phan chia bai mat phang 
(MNP). 

Gidi 

a. Ta Lin luot c6: 

■ MN cat BC, CD theo thur tu tai E, F. ? 

■ PE cdt SB tai I. 

■ PF cat SD tai J. /{ 4 \ 

■ Nd'i IM va JN. /f\\ X 

Ta nhan duoc thie't difin ia MNJPI. ^ /.&X -4. V . 

b. Dat SO = h, AB = a va: 

B /wK .><V/N 

v — v D /lz* .>■. 




S.ABCD * 


V, = V, 


SMANJPI * 


V = V 

V BCDNM!PJ * 

V 4 = v, BME , V 5 = Vj_ DNF , V 6 = V PCEF . 
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Ta co ngay: 


V, = -a’-h. 

3 

V 4 = V, = — S ABV1E .IH = -. - BM.BE.IH = 

3 3 2 6 2 2 4 


a^h 

96 


V 6 = 


-S ACEF .PK=-.-CE.CF.PK == ^- 
3 3 2 6 2 2 2 16 


V, = V 6 - 2V 4 = - 2. 3 h 


a 2 h 


16 


l 


V, = V, - V, = -a 2 h 
3 


96 6 

a 2 h a 2 h 


i-i. 

V, 

Vay, mat phang (A,EF) chia hinh lap phuong thanh hai phan co the’ tich bang 
nhau. 

Vi du 2: Cho hinh chop S.ABCD c 6 day la ntra luc giac d£u vdri AB = 2a, AD = 
BC = CD = a. Canh SA = h vu6ng goc vdri day. (P) la mat phang qua A, vuong goc 
vdri SB cat SB, SC, SD tai P, Q, R. 

a. Chihig minh rang APQR la m6t (ur giac ndi tifi'p dupe. 

b. Tinh the rich hinh ch6p SAPQR. 

c. Tinh didn tich tur gidc APQR. Q 

Gidi 

a. Ta co: 

[BC 1 AC 

=> BC 1 (SAC) => BC 1 AQ. 

; BC 1 SA 
Ngodi ra, ta co: 

SB 1 (APQR) => SB 1 AQ. 

Tir (I) va (2) suy ra: 

AQ 1 (SBC) => AQ 1 PQ. 

Ta c6: 

BD1AD 

=> BD 1 (SAD) => BD1 AR. 

BD1SA 
Ngoai ra, ta c6: 

SB 1 (APQR) => SB 1 AR. 

Ttr (3) va (4) suy ra: 

AR 1 (SBD) => AR 1 RP. 

Vay, tur gidc APQR n6i tifi'p trong dudng tr6n dubmg krnh AP. 



( 4 ) 
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b. Ta c6: 


APQR 

— APQ + ^ 

^S.AQfc 



^SAPQ 

II 

GO 

> 

SP 

SQ _ 

SP 

SQ 

^SABC 

SA 

SB 

SC 

SB 

SC 

Ysaqr 

SA 

SQ 

SR 

SQ 

SR 

^SACD 

’ SA 

SC 

SD 

SC 

SD 


Trong 66: 


ABCD “ - S 


abcd-SA — .3.S nobc .SA — 



V SABr = S xhc .SA = - .-..AC.BC.SA = 

S ABC 3 ABC 3 2 6 


a : h\^3 a : hV3 a 2 h-\/3 


^ S ACD 

— A BCD " 

V - 

' v S ABC “ 

«■ y u ii 

4~~ ~6 

SP 

SP.SB 

SA 2 

h 2 

SB ~ 

SB 2 

SA 2 +AB 2 

~ h 2 + 4a 2 

SQ = 

SQ.SC 

ra a 2 

h 2 

SC 

SC 2 

SA 2 + AC" 

h 2 + 3a 2 

SR _ 

SR.SD 

SA 2 

h 2 

SD ~ 

SD 2 

SA 2 + AD 2 

' h 2 +a 2 ' 


12 


Tirdo 

V 


h 2 


h 2 a 2 h>/3 


a 2 h 5 VI 


S APQ 


h 2 +4a 2 h 2 +3a 2 


6(h 2 + 4a 2 )(h 2 + 3a 2 ) 


h 2 


rhV3 


a 2 h s V3 


S AQR *> *» • . 

h‘+3a- h‘+a* 1? 


' aVV3 


I2(h 2 + 3a 2 )(h 2 + a 2 ) 
a" h 5 -J~S 


6(h 2 +4a : )(h 2 +3a 2 ) I2(h 2 + 3a : )(h 2 +a 2 ) 

aVV3(h 2 + 2a 2 ) 


4(h" +4a 2 )(h 2 +3a 2 )(h 2 +a 2 ) 


c. Ta co: 
V 


1 


sapqr — r S APQR .SP <=> S AP q R 
i 


3V, 


S APQR 

SP 


aVV3(h 2 +2a 2 ) 


4(h 2 +3a 2 )(h 2 +a 2 )V(h 2 +4a 2 ) 


(■*) 
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DAI TAP Df$ NUHI 

Bai tap 1: Cho hinh lip phuong ABCD.A’B’CD’. O la giao di£m cua AC va BD, 
M la trung d\6m cua DC. Tinh ti s 6 thd rich hai phdn cua hinh lap phuong do mat 

phdng (A'MO) cdt ra. 

Bai tap 2: Cho hinh chop SABCD, day la hinh vu6ng canh bang a, tarn la O. Oudng 
cao cua hinh chop la SA = a. M I h mot di£m di ddng tr6n canh SB. Dlt BM = xV2 , 
vdi U < x < a. Goi a la mat phdng qua OM va vudng goc vdi A BCD. 

a. Xac djnh thief di£n cua hinh chop cat bdi mat phdng a. Tinh di£n tich thitft 
dien theo a va x. 

b. Dinh x de thidt dien la hinh thang vudng. Trong trudng hop do tinh fi s6 th£ 
tich 2 phdn cua hinh chop SABCD chia bdi thidt di6n. 

Bai tap 3: Cho hinh lip phuong ABCD.A,B,C,D, c6 canh bang a. Goi M va N 11 
trung didm cac canh AD, CD, va goi P & diem tr£n canh BB, co BP = 3 PB,. 

a. Tinh didn tfch thidt didn do mlt phdng (MNP) cat hinh hip phuong. 

b. Tinh%sd the tich 2 phdn cua hinh lip phuong do thidt didn cdt ra. 

Bai tap 4: Tren dudrtg thing vudng goc tai A vdi mat phlng cua hinh vudng 
A BCD canh a ia lly diem S vdi SA = 2a. Goi B\ D’ la hinh chieu cua A Idn SB vl 
SD. Mlt phdng AB’D* cdt SC tai C. Tinh thd tich hinh chop SAB CD. 

Bai tap 5: Cac mlt phdng ABC, vl A,B,C, chia ling tru tarn giac ABCA,B|C, 
thanh 4 phdn. Tinh ti so thd tich cua cac phan d 6. 

Bai tap 6: Mlt phdng song song vdi hai canh cheo nhau cua tu dien vl chia mdt 
trong hai canh kia theo ti so 2:1. Mlt phdng do chia th 6 tich cua tu didn theo ti sd 
nao ? 


Bai toan 6: Dung thd tich dd chufng minh cac h£ thurc. 

PHUONG PHAP CHUNG 
Ta thudng thuc hidn theo cac budc sau: 

Bitch /. Thidt lip ddng thuc (*) giua mdt sd cac thd tich co lidn quan ddn cac 
dai luong cdn chumg minh. 

Bitch 2: Tinh cac th 6 tfch co mlt trong (*). 

BifiJc 3: Thay vlo (*), don gian, nit gon ta duoc hd thiic cdn tim. 

Chu y: Trong hau het cac trudng hop chung ta cdn sir dung thd tich cua hinh ban 
ddu. 

Vi du 1: Gio hinh chop S.ABCD co day la mdt hinh binh hdnh ABCD. Mdt mlt 
phdng (P) cdt SA, SB, SC, SD theo thu tu tai A,, B,, C,, D,. Chung minh ring: 

SA SC SB SD 




Gidi 


Dat v = v 


S ABCD* 



D 


o 


o 


V S.A I B I C| 

v 

V S ABC 

SA, SB, 


r S A.D.C 


i - 


SC, 


'S ADC 

SA, 


S.A|B|D| 


'S.ABD 


r S.C|B|D| 


S.CBD 


SD, SC, SA, SB, SD, SC, SB, SD, 


SA SB SC SA SD SC SA SB SD SC SB SD 


rnm . » . • ** * .. . SA, SB. SC, SD, 

Chia ca hai \t cua dang thuc cho — L .— L .— L .—-, ta duac: 


SA SB SC SD 


SD SB 
SD, + SB, 


SC SA 
SC, SA, 


, dpcm. 


BAI TAP Df$ NGHI 

Bai t£p 1: Chumg minh rang n£u x„ x 2 , x,, x 4 la khoang each tit 1 di£m tuy y nam 
trong tur difin dd'n c£c mat cua n6, c6n h |t h 2 , h 3 , h 4 la c£c duemg cao tirong t'mg cua 
tur difin, thi: 



Bai tap 2: Trfin mat phing (ABC) cua tur di6n ABCD \&y di^m O va qua O dung 
cac doan thang OA,, OB,, va OC, song song veri cac canh DA, DB va EXT d£n khi 
cat cic mat cua tur diftn. Chung minh rang: 

OA. OB. OC. 

-L +-L + -L- [. 

DA DB DC 

Bai tap 3: Gia su r la ban kinh hinh ciiu n6i tife'p cua tur difin r„, r b , r c va r d la bdn 
kmh hinh ciiu ma m6i hinh ctiu ti£p xuc vdi m6t mat va ph£n md r6ng cua 3 mat 
kia. Chumg minh ring: 


11112 
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Bai tap 4: Cho hinh chop tti gidc I6i MABCD dinh M. M6t mit phSng cat cac 
canh MA, MB, MC va MD tai cac did’m A,, B,, C,, D, tuong ung. Chumg minh rang: 

c c _md - _ MB 

800 MA, ABD MC, ABC MD, ACD MB, 

Bai tap 5: Cac dd d&i cua n£m canh ttf didn kh6ng vurcrt qu4 1. Chumg minh rang 


thi tich cua n6 kh6ng vuot qua 


8 


Bai tap 6 : Tr6n day cua hinh chop tam gidc OABC dinh O lay didm M. Chumg 
minh rang: 


OM.S abc < OA.S mbc + OB.Sj^^ + OC.S MAB . 
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CHU DE 3 

DlfiN TICH CAC HINH TRON XOAY 

THti TICH CAC KH6l TRON XOAY 

I. KIEN THtfC CO BAN 

1. LANG TRU DlTNG N0I Tl£p HlNH TRU 
Dinh nghia : Mot Icing tru dimg goi la noi tiep trong mot 
hinh tru Ichi hai da gidc day cua no noi tiep trong hai day 
nut hinh tru , khi do ta cung noi khoi Icing tru tifemg ifng noi 
tiep trong khoi tru tifemg ifng. 

2. DI$N TICH XUNG QUANH CUA HlNH TRU - TH^ TICH KH0I TRU 
Vdi hinh tru c6 bail kinh day R va ducmg cao h, ta co: 

S iq = 2rtRh. 

V = 7tR 2 h. 

Chu y: Xet hinh chu nhat co m6t canh bang chu vi day cua hinh tru (2nR), canh 
con lai bang ducmg cao cua hinh tru (h). Hinh chQ nhat nay duoc goi la hinh khai 
trien cua mat xung quanh cua hinh tru. 

3. HlNH CHOP N0I TlfiP HlNH n6n 
Dinh nghia : Mot hinh chdp goi la ndi tiep trong mot 
hinh non khi hinh chdp c6 dinh trung vai dinh cua hinh 
new vd da gidc day cua no ndi tiep trong day cua hinh 
non , khi do ta cung ndi khd'i chdp tifemg ifng ndi tiep 
trong khoi non tifemg ifng. 

4. DI$N TICH XUNG QUANH CUA HlNH NON - THfs TICH KH0IN6N 
Vdi hinh n6n co ban kinh day R, ducmg sinh / va duimg cao h, ta c6: 

S xq = 7tR/. 

V = i KR 2 h. 

3 

Chu y: Xet hinh quat co ban kinh bang ducmg sing cua hinh n6n (/), day la cung 
tr6n cd d6 dai bang chu vi day cua hinh n6n (2nR). Hinh quat nay duoc goi ia hinh 
khai trien ctia mat xung quanh cua hinh n6n. 

5. HlNH NON CUT 

Vdri hinh non cut c6 ban kinh hai day la R, va R 2 , 
ducmg sinh / va ducmg cao h, ta co: 

S iq = n(R, -i- R 2 )/. 





197 










V= ijr(Rf+Rj + R,.R 2 )h. 

6. DI$N TICH MAT CAU - THfi TICH KH(3l cAu 
Voi hinh cdu c6 bin kmh R, ta c6: 

S = 4rtR 2 . 

V= -nR\ 

3 

II. CAC DANG TOAN LlfcN QUAN 
Bai toan 1: Didn tich xung quanh cua hinh tru - The’ tfch khd'i tru. 

PHU0NG PHAP CHUNG 

Voi hinh tru co bdn kfnh ddy R va dudng cao h, ta sir dung c6ng thdc: 

S iq = 2rtRh. 

V = 7tR 2 h. 

Vidu 1; Mdt hinh tru co ban kinh day R va thid't di£n qua true la mdt hinh vuong. 

a. Tilth didn tich xung quanh va difin tich todn phin cua hinh tru. 

b. Tilth thd tich cua kh6i tru tuong irng. 

c. Tinh the tich cua khd'i ling tru tur giac d£u ndi tid'p trong khd'i tru da cho. 

Gicii 

a. Vi thid't didn qua true Id mdt hinh vudng nftn hinh tru 
c6 chi£u cao bang 2R. 

Ta co ngay: 

S xq = 2nR.2R = 4itR 2 . 

S, p = S„ + 2B = 4nR 4 + 2 tiR 2 = 6rtR 2 . 

b. Ta c6 ngay: 

V = 7rR 2 .R = 2nR\ 

c. Goi ABCD.AiB^tD, Id khd'i lang tru hi giac ddu ndi tid'p trong khd'i tru da cho, ta ‘ 
co AB = RV2 . 

Do dd, th£ tich V, cua dupe cho boi: 

V, = (R>/2 ) 2 .2R = 4R\ 

Vi du 2: Qto lang tru tam gidc d£u ABC.A,B|C, co canh day bang a vd ducmg 
cao bang h. 

a. Tinh didn tich xung quanh cua hinh tru ndi tid'p trong lang tru. 

b. Goi I Id trung di£m cua BC. Dudng thing A,I cat hinh tru ndi tid'p trong c3u 
a) theo mdt doan thing. Tinh dd ddi doan thing ndy. 
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Gidi 

a. Hinh tru noi \\6p trong ling tru c6 dirJmg tron day tiep xuc vdi cat canh day tai 

. . aV3 

trung dudm cua mdi canh. Do do, hinh tru n6i tiep co ban kmh daj R =-va 

6 


chicu cao bing h. 

Ta co ngay: 

c a V3 7cahV3 
SL, r= 2t. - h = -. 

6 3 

b. Mat phSng (AA,I) cit hinh tru thco thidt 
didn la hinh chu nhit EE,1,1, A,I cit EE, taih 
J. Do do. ditfmg thing A,1 cit hinh tru ndi 
tiep trong ciu a) thco m6t doan thing li IJ. 

la co: 




BAI TAP NGHI 

Bai tap 1: Clio m6t hinh tru co hai dly 15 hai dutmg tr6n Om O va O’, bln kfnh R, 
chidu cao hinh :ru la Ryfl . Trdn hai dirong trdn O vl O' c6 hai didm di d6ng A, B 
sao cho (C)A, O’B) = a khdng ddi. 

a. Tilth didn tfch xung quanh va didn tich toln phln cua hinh tru. 

b. Tmh the tich cua khdi tru tircmg umg. 

c. Tmh AB theo R vl a. 

d. Dung doan thing vuOng goc chung IK cua AB vl 00’(I e AB). 

e. Chung minh ring khi AB di d6ng I lu6n thudc mdt dudng tron c 6 dinh. 

Bai tap 2: Hai dinh d6i nhau cua nhau cua hinh lip phucmg trung vdi tlm cua hai 
day hinh tru, con clc dinh khlc cua no ddu nlm trdn mat xung quanh cua hinh tru. 
Tmh ti s 6 th£ tich cua hinh tru vl hinh lip phirong. 

Bai tap 3: Mdt hinh tru co thd’ V khdng ddi. Tinh bln kinh dly vl chidu cao cua 
hinh try dd’: 

a. Didn tich toan phln dat gil tri nho nhl’t. 

b. Didn tich xung quanh cdng didn tich mdt day dat gil tri nho nhlt. 
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Bai tap 4: Cho hinh chop S.ABCD co day \k hinh vu6ng canh a va ducmg cao SA 
= 2a. MNPQ la thi^'t di£n song song vdi day, M e SA AM = x. Xet hinh tru co 
day \h ducmg tron ngoai ti£p MNPQ va ducmg sinh la MA. 

a. Tinh di£n tich MNPQ theo a va x. 

b. Tinh the tich cua hinh lang tru theo a x. 

c. Tim hinh lang tru co thd tfch Ion nh&t. 


Bai toan 2: Di£n tfch xung quanh cua hinh n6n - Th£ tfch khtfi non. 


PHUONG PHAP CHUNG 

Vdri hinh non co ban kfnh day R, ducmg sinh / va ducmg cao h, ta sir dung cdng 
thurc: 

S, q » nRI. 

V = - itR 2 h. 

3 

Vidu 1: Thifet difen qua true cua mdt hinh non lk mdt tarn giac vudng can co 
canh goc vudng bang a. 

a. Tinh difen tich xung quanh va difen tich toan phkn cua hinh non. 

b. Tinh thfe tn.h cua khd'i ndn tucrng utng. 

c. Mdt thife't difen qua dinh tao vdi day mdt goc 60°. Tinh difen tich cua thief 
difen nky. 

Gidi 

a. Vi thife't difen qua true cua hinh non la mdt tain giac vudng can co canh goc 

a i/2 

vudng bang a. Do dd, hinh non c6 R = h =- va / = a. S 

2 A 


Ta co ngay: 
S xq = it. 




aUL- 


b V \ 


0 n na 2 y[l _(av2) (V2 + l)ita 2 

■ - + B = —-— + it —— =--- 

2 2 2 


b. Ta cd ngay: 

1 ^ ayfl') aV2 ita’V 2 

V = - 71 - .- = -. 

3 l 2 J 2 12 

c. Gia sir ASAC la thife't difen qua dinh va tao vdi day mdt goc 60°. 
Goi M la hinh chife'u vudng goc cua O lfen AC, suy ra SftlO = 60°. 
Trong ASOM vudng tai O, ta co: 


200 







SM = 


a >/2 

SO _ 2 _ aV6 

sinSMO sin 60° 3 

• ™ . a^6 


OM = -SM = . 

2 6 

Trong AAOM vudng tai M, ta co: 
AM : = OA : - OM : = I ^ 


AC = 


2aV3 


a 2 aV3 

— => AM =- 

3 3 


Klii do, dien tich thiet dien SAC duoc cho boi: 

S=isM.AC=i.^.M = W|. 

2 2 3 3 3 

Vi' du 2: Ti'nh the’ tich hinh non bie't the tfch hinh chop tam giac deu n6i tie'p 
trong hinh non la V. 

Gidi 

Gi.i suf hinh chop tam giac d£u n6i tie'p trong hinh non co canh day bang a vd 
chieu cao bang h, ta c6: S 

V= i.iL2^.h= =>a 2 h= 4V>/3 . /\ 

3 4 12 / \X 

Khi d6, hinh non co: / i \#\ 

, , ... „ 2 a>/3 aV3 , l4 A 


bdn kmh day R = . — : 

3 2 


Tir do: 


1 f a 


V.*. = - 7t. 


vd chi£u cao bang h. 


rh 7t.4vV3 4V37t.V 


BAI TAP d£ NGHI 

• • 

Bai tap 1: Ti'nh the tich cua hinh n6n trong cdc trucmg hop sau: 

a. Du6ng sinh Id / vd g6c hop bcri dudng sinh vd day la a. 

b. Ban kfnh day Id R, goc gi&a duong sinh vd true cua hinh non Id p. 

c. Thie't dien qua true Id m6t tam gidc vudng can co dien tich Id S. 

Bai tap 2: Cho hinh non tron xoay dinh S, day la m6t hinh tron tdm O ban kinh R, 
chieu cao cua hinh ndn bang 2R. goi I la mdt dieim ndm tren mat ddy vd edeh O m6t 
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doan bang 2R. Trong hinh tr6n O ke ban kinh OA vubng g6c voi OI. IA cat dirbng 
trbn tai B. 

a. Tinh thd tich va didn tfch xung quanh cua hinh n6n. 

b. M Id mbt didm di dbng trdn SA. IM cat mat nbn tai N. Chung minh rang N 
di dbng tren mbt doan thing c6' dinh. 

c. Chung minh rang hinh chid'u K ctia O trdn IM di ddng trdn mbt dubng trbn 
cd dinh di qua true tarn H ctia ASAI. 

Bai tap 3: Mbt mat phdng (P) qua dinh cua mbt hinh n6n cat dubng tron day theo 
mbt cung c6 s6' do la a (a < rc). Biet rang (P) hop vdi mat day mbt goc P va khoang 
each tir tarn cua day tori (P) bang a. Tinh thd tich hinh non theo a, a va p. 

Bdi tap 4: Cho hinh chop tarn giac ddu co canh day la a va mat bdn co goc day la a. 
Tinh didn tich xung quanh va thd tfch cua hinh nbn nbi tid'p hinh chop. 

Bai tap 5: Cho hinh chop tur gidc ddu S.ABCD cb chidu cao h, ASB = a. 

a. Tinh didn tich xung quanh hinh ch6p. 

b. Tinh didn tfch xung quanh hinh non ngoai tid'p hinh chbp. 

Bai tap 6: Trdn mbt hinh tron lam ddy chung, ta dung hai hinh n6n (Hinh nay 
chba hinh kia) sao cho hai dinh edeh nhau mbt doan bang a. Gbc 6 dinh cua thidt 
didn qua true cua hinh non ldn Id 2a vd cua hinh non nho Id 2p. Tinh thd ttch cua 
phdn a ngodi hinh n6n nho vd a trong hinh n6n 16n. 

Bai toan 3; Didn tfch xung quanh cua hinh n6n cut - Thd tich khb'i n6n cut. "] 

PHLTONG PHAP CHUNG 

Vdi hinh n6n cut c6 bdn kinh hai day Id R, vd R 2 , dubng sinh / vd dubng cao h, 
ta su dur g cbng thurc: 

S, q = n(R, + R,)/. 

V= -n(Rf + R; + R,.R 2 )h. 

v» dy l; Mbt hinh non cut c6 chidu cao 2a vd hai bdn kinh ddy ldn luot Id a vd 
4a. 

a. Tinh db ddi dubng sinh. 

b. Tinh didn tich xung quanh vd didn tich todn phdn cua hinh n6n cut. 

c. Tinh thd tich cua khbi nbn cut tucrng ting. 

Gidi 

a. Ta thdy ngay thidt didn ABCD Id hinh thang edn vd 0,A = a, 0,D = 4a, 0,0 2 = 2a. 
Goi H id hinh chid'u vubng gbc cua A ldn CD, ta c6: 

AH = 0,0 2 = 2a. 

I = AD = V AH 2 ,+ DH 2 = Jo,0?+(DO,-AO,) 

D 
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= yj 4a : + (4a - a) 2 = a>/T3 . 

b. Ta c6: 

S xq = 7r(a + 4a). aVb3 = 57ia 2 \/73. 

S lp = S xq + B, + B : = 5na 2 >J\3 + 7ia 2 + 167ia 3 = 7ca 2 (5vT3 + 17). 

c. Tac6: 


V = — 7i(a : + 16a : + 4a 2 ).2a = 14na\ 
3 


Vi dii2; Cho hinh n6n cut co dufrng sinh /, g6c giua dirdng sinh va ddy ldn bang 
a va thidt didn qua true co dudng chdo vu6ng goc voi canh b£n. Tinh didn tfch xung 
quanh cua hinh non cut da cho. 


Gidi 

Ta th&'y ngay thidt didn ABCD 1 h hinh thang can va Aot = a, AC 1 AD. 
Goi R |f R 2 (R, < R : ) 15n lupt \h Mn kfnh cua hai day. 

Trong AACD vu6ng tai A, ta co: 

CD = = —— =>R 2 = -CD= — 1 — 

cos ADC cosa 2 2cosa 

Goi H l& hinh chidu vudng goc cua A Idn CD, ta c6: 

DH = AD .cos ADH = /.cosa => R, = R 2 - AH = 

Khi dd: 


D 


Jr 

k\ 

f .f 

\ s ' : \ 

\H 6 

> 2 J 


2 cos a 


- /.cosa. 


S xq = n 


1 


2 cos a 


- l.cosa + 


1 


2cosa 


/ = nl 5 


( 


I 


\ 


-cosa 
vcosa j 


= 7tl J 


(1 - cos 2 a ^ 


cosa 


= nl\sina.tga. 


BAI TAP *>£ NGHI 

Bai t&p 1: Mdt hinh ndn cut co ede dudng chdo cua thidt didn qua true vudng goc 
vdi nhau, dudng sinh cd dd ddi 1 vd tao vdi ddy ldn mdt g6c a. 

a. Tfnh didn tich xung quanh vi didn tich todn phdn cua hinh n6n cut. 

b. Tinh the tich cua khdi ndn cut tuong ting. 

Bai tap 2: Cho hinh ndn cut co bdn kinh day ldn gd'p 2 ldn ban ki'nh day nho, 
chieu cao hinh ndn cut Id h, dudng chdo cua thidt didn qua true vudng goc vdi canh 
bdn cua thidt didn do. 

a. Tinh didn tich xung quanh v& didn tich to&n phdn cua hinh ndn cut. 

b. Tinh thd’ tich cua khdi ndn cut tucmg utig. 
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Bai toan 4: Didn ti'ch mat cdu - Th4 ti'ch khd'i cdu. 


PHUONG PHAP CHUNG 

V6i hinh cdu co ban kinh R, ta su dung cdng thtfc: 

S = 4tiR\ 

V = — rcR\ 

3 

Vi du 1: Qio tti didn ABCD c6 DA = 5a vd vudng g6c vdi mat phing (ABC), 
AABC vudng tai B vd AB = 3a, BC = 4a. 

a. Xac tarn va tinh ban kinh mat cdu ngoai tid'p tur didn. 

b. Trnh didn ti'ch mat cdu. p 

d. Tmh thd ti'ch cua khoi cdu tucmg umg. ^ 

Giai Vv o 

a. Goi O la trung did’m CD. \ 

Vi DA 1 (ABC) ndn: \ 

CD A L \. . . \ J s ^ > r 

DA 1 AC => OA = OC = OD = —— \ \ 


Ta co: 


BC _L AB CP 

=> BC 1 (ABD) => BC 1 BD => OB = — 
BC 1 DA 2 


Vdy, ta duoc: 


OA = OB = OC = OD =- o A, B, C, D cung thudc mat cdu S(0, — 

2 2 


Ta co: 


r = — cd = - Vad 2 + ac 2 = - Vad 2 + ab 2 + bc 2 
2 2 2 

= — V25a 2 + 9a 2 + 16a 2 = 

2 2 


Vdy, mat cdu co bdn kinh R - 


5ayf2 


b. Ta c6: 


S = 4tt 


5aV2 


= 50na 2 . 


c. Ta co: 


v _ 4 [ 5a V2 y _ 125a 2 y[2 
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BAI TAP NGHI 

Bai tap 1: Cho hinh chop tarn giac ddu co canh day bang a, mat ben hop vdri day 
mot goc cp. 

a. Xdc dinh tAm ban kinh cua mat cAu ngoai tie'p hinh chop. 

b. Tmh dien tich cua mat cAu vA the tich cua hinh cAu do. 

Bai tap 2: Trong mat phAng (P) cho hinh vudng ABCD co canh bang a. Tren 
duong thing Ax vudng goc vdri (P) ta lAy mot diem S tuy y va dung mat phAng (Q) 
di qua A va vuong goc vai SC. Mat phAng (Q) cat SB, SC, SD lAn luot tai B\ C, D\ 

a. Xac dinh tAm vA tmh ban kinh mat cAu ngoai tie'p da dien ABCDB’CD'. 

b. Tinh dien tich cua mat cAu vd th 6 tich cua hinh cAu do. 

Bai tap 3: Trong mAt phAng (P) cho hinh thang cAn ABCD vdri AB = 2a, BC = CD 
- DA = a. Tren nua dirdmg thing Ax vu6ng g6c vdri mat phing (P) ta lAy mdt diem 
di dong S. Mdt mAt phing qua A vu6ng goc vdri SB cit SB, SC, SD tai P, Q, R theo 
thu tu do. 

a. Xdc dinh tarn vd tmh ban kinh mAt cAu ngoai tie'p khoi da dien ABCDRQP. 
Tmh dien tich cua mAt cAu vA the tich cua hinh cAu do. 

b. Chung minh ring tu giac CDRQ la mdt tur giac ndi tie'p va dudmg thing di 
qua QR ludn ludn di qua mdt diem c 6 dinh khi S chay tren ducmg thing Ax. 

c. Cho SA = aV3 . Hay tinh dien tich cua tur giac APQR. 

Bai tap 4: Trong mat phing (a), cho duong tr6n dudng kinh AB = 2R. M 1A mdt diem di 
ddng tren duong trdn, MH vudng goc vdri AB tai H, vdri AH = x, 0 < x < 2R. Dung ducmg 
thing vudng goc vdri (a) tai M tren do lAy MS = MH. 

a. Xac djnh tAm va tinh ban kfnh hinh cAu ngoai tie'p SABM. Tmh dien tich 
cua mAt cAu vA the tich cua hinh cAu do. 

b. Tinh x di bin kmh do dat gid trj 1dm nhAt. 

Bai tap S: Cho hinh chop tu gidc deu SABCD co day bang a vA ASB = a. 

a. Xdc dinh tdm vA ban kinh mat cAu ngoai titfp hinh chop. Tinh dien tich cua 
mat cAu vA the’ tich cua hinh cAu do. 

b. Xdc dinh tAm vA ban kinh mat cAu ndi tie'p hinh chop. Tmh dien tich cua 
mat cAu vA thi tich cua hinh cAu do. 

Bai tap 6: Cho mdt hinh cAu bdn kinh R, mdt hinh non ndi tie'p trong hinh cAu cd 
chieu cao 1A x (0 < x < 2R). 

a. Tinh the’ tich V, dien tich xung quanh S cua hinh non. 

b. Tim he thurc lien he giOa V, S, R ddc lAp dd'i vdri x. 

c. Vdri gid trj nAo cua x th; V 1dm nhA't ? 
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B Al TAP On CHlTONG V 

Bai tap 1: Cho ldng tru dufng ABCD.A^QD, ddy Id hinh thoi c6 gdc 

a 

nhon A = a. Bie't rang tur gidc ABC,D, c6 dien ti'ch la S vd ndm trong mat phang 
hop vdi ddy goc (3. Tfnh theo S, a, P dien tfch todn phan va co the ti'ch lang tru. 

Bai tap 2: Trong td't ca cdc lang tru tam gidc deu co cung dien ti'ch todn phan S, 
tim cdc canh ben vd canh ddy cua lang tru c6 thl ti'ch ldn nha't. 

Bai tap 3: Cho lang tru d£u ABC.A|B|C,. Tam gidc ABC, co dien ti'ch S-\/3 hop 
vdi mat ddy goc a. 

a. Tfnh the ti'ch lang tru. 

b. S kh6ng ddi, a thay ddi. Tfnh a di the ti'ch lang tru lorn nha’t. 

, Bai tap 4: Cho lang tru dung ABC.A’B’C, day ABC la tam gidc vudng tai A. 
Canh AA’ hop vdri BC’ m6t goc a vd khoang cdch giua chung Id h. Duong tron 
ngoai tie'p mat ben BCC’B’ c6 ban ki'nh Id R. 

a. Xac djnh a, h, R. 

b. Tinh the ti'ch lang tru theo R, h, a. 

c. Cho.h, a khdng d6i, R thay d6i. Tim gid trj nho nha't cua dien ti'ch xung 
quanh hinh lang tru. 

Bai tap 5: Cho ldng tru xidn ABC. A’B’C cd ddy ABC Id tam gidc vuAng tai A, 
AB = a, BC = 2a. Mat ben BCC’B’ Id hinh thoi vd ndm trong mat phang vudng goc 
vdi ddy, vd hop vdi mat ben ABB’A’ m6t gdc a. 

a. Ti'nh khoang cdch tit A tdri mat ben (BCC’B’). 

b. Ti'nh th£ ti'ch lang tru theo a vd a. 

c. Goi P la gdc giQa 2 mat ben qua CC’, so sdnh cotg a vd cotg p. 

Bai tap 6: Cho lang tru tur gidc d£u ABCD.A’B’C’D’ canh ddy a, dudng cao h. goi 
P Id mat phdng qua A vd vudng gdc vdi B’D. 

a. Chumg minh P chura AC. Djnh h theo a di P cat lang tru theo thie't dien Id 
mdt tam gidc. Ti'nh dien ti'ch tam gidc d'y. 

b. Goi a Id gdc nhon hop bdi P vd mat phang (ADD’A’). Ti'nh th£ ti'ch ldng tru 
theo h vd a. 

Bai tap 7: Cho ldng tru luc gidc deu ABCDEF. A’B’CD'E’F. Dudng cheo AD’ 
hop vdi mat ben (CDD’C) mdt gdc a = 30". Mat phdng P qua AB vd D'E’ cat ldng 
tru theo thie’t dien cd dien ti'ch Q. 

a. Chung minh P qua cdc trung di^r.i :ua CC’ vd FF’. 

b. Tfnh dien ti'ch xung quanh vd the’ i -h cua ldng tru. 

c. Tfnh khoang cdch giura AD’ vd BD. 
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Bai tap 8: Cho Icing tru dung ABCD.A’B’CD' day la nua luc giac ddu ndi tid'p 
trong nua duong tr6n ducmg kinh AD. Ducmg cheo AD' = a hop vdi mAt Wn 
ABB A’ mdt goc a. 

a. Chung minh cAc dinh cua lAng tru tru A va D' diu nhin AD' dudi mdt goc 
vudng. 

b. Tinh thd tich vA didn tich xung quanh cua lang tru theo a va a. 

c. a khong ddi, dinh a dt didn tich xung quanh Ion nhSt. 

d. XAc djnh thidt dien cua Icing tru cAt bdi mat phAng qua AD’ vA song song 
vdi A’B. 

Bai tap 9: Trong m&t phAng (P) cho hinh vudng ABCD canh a. Ke cAc nua dufmg 
thAng Ax, By, Cz vA Dt I An luot vudng goc va a vt cung phia vdi (P). Ltfy B, tr£n By 
vA D, tr£n Dt sao cho BB, =*DD, = a. Goi Q la mAt phAng chda B,D, va cAt Ax, Cz 
tai A, va C, theo thur tu do. 

a. Chung minh rAng A,B,C,D, IA hinh thoi. Tim dieu kidn da A|B,C,D, 1A hinh 
vudng. 

b. Tinh ihi tich cua lang tru cut ABCD.A,B,C,D,. 

Bai tap 10: Cho lang tru xian ABC.A’B’C, day ABC 1 A tarn giAc d6u ndi tia'p 
dudng tron tarn O. Hinh chia'u cua C Ian mat phAng (ABC) 1A O. Khoang cAch giCra 
AB vA CC 1A d vA sd' do nhi didn canh CC 1A 2cp. 

a. Tinh tha’ tich lang tru. * 

b. Goi a 1A goc gi&a hai mat phAng (ABB’A’) vA (ABC). Tinh <p bid't a + <p = 90 p . 
Bai tap 11: Cho lang tru xian ABC.A’B’C, dAy 1A tarn giAc d£u. Hinh chidu cua A’ 
lan (ABC) trung vdi trung dia’m cua BC. Hai mat ban qua AA’ vudng goc vdi nhau. 

a. Thiat dian thAng 1A hinh gi ? 

b. Tinh fha tich lang tru bid't chu vi thiat dian thAng 1A /. 

Bai tap 12: Cho lang tru xian ABC.A’B’C, dAy 1A tarn giac ddu. Mat ban BCC’B’ 
1A hinh vudng canh a. Nhi dian canh BC co sd' do a (90° < a < 180°). 

a. Chung to chan ducmg cao cua lang tru ve tir A’ nAm tran ducmg cao AI (hoAc 
keo dai) cua dAy. Tinh tha tich lang tru theo a va a. 

b. Djnh a da’ 2 mat ban qua AA’ vudng goc vdi nhau. 

Bai tap 13: Cho lang tru ABCD.A’B’C, day ABCD co A = C = 90\ BD = a, 

ABD = a. CBD = p. Mat ch6o (AA ’CC) l& hinh thoi co A‘AC = 60" va vudng 
goc vdi day. 

a. Tinh thd’ tich cua lang tru. 

b. Cho a co dinh. a vi p thay ddi. Tim gia tri Ion nhat cua the ti'ch lang tru. 

Bai tap 14: Cho hinh hdp chu nhdt ABCD.A’B'CD’, mat A’B’C’D hop vdi day mdt 
goc a. hop vdi AC mdt goc p va each AB mdt khoang bing a. Tinh th£ tich hinh 
hop. 
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Bai tap 15: Cho hinh hdp chu nh&t ABCD.A’B’C'D’co AB < BC. Hai mat ACC'A' 
vh BDD’B’ hop vai nhau mdt goc 2a. Ducmg cheo B'D hap vdi mat (CDD’C) mot 
g<5c p. 

a. Chung minh COD = 2a vd B’DC' = P (O la tam cua day) 

b. Tmh th£ tich cua hinh hop. 

c. d khdng ddi, a, P thay ddi sao hinh hdp ADD’A’. BCC'B’ luon lu6n la fang 
tru deu. Chung minh cosa = tgp. Tim gia tri 1dm nhat cua the tich hinh hop 
trong dieu kien do. 

Bai tap 16: Cho hinh hdp chO nhat ABCD.A'B’C’D’, co AC = a, AD' = b, CD' = c. 

a. Tmh the" tich cua hinh hdp. 

b. a, b, c thay d6i c6n chu vi tam giac ACD* khdng ddi, luon bang I, vdri I > 0, 
tim gia tri Ion nhat cua the tich hinh hop. 

Bai tap \7: Cho hinh hdp chu nhat ABCD.A’B’CD\ Khoang each gifia AB va B’C 
la , giira BC v& AB’ la ~~~ > gitfa AC va BD* la . Tinh the tich hinh 
hdp. 

Bai tap 12: Cho hinh hdp chu nhat ABCD. A B’C’D', didn tich cac tu giac 
ACC* A’, ABC’D', BCD'A’ Idn luot la S„ S 2 , S„. Tinh thd’ tich hinh hop. 

Bai tap 13: Cho hinh hdp chu nhat ABCD.A’B’CD’, co AA’ = h, goc giua (A'BD) va 

(ABD) la a va BAD = p. Goi K la hinh chidu cua A' ldn BD. Dat KB = x, KD = y. 

a. Chdng minh rang xy = h 2 cotg 2 a va x + y = h sina tgP 

b. Tinh thd’ tich hinh hdp theo h, a, p. 

Bai tap 18: Cho hinh hdp ABCD, A’B’CD’ cd AB = a, AD = b, AA’ = c, 
/VAD = a, A^AB = p va BAD = y 

a. Tinh thd tich hinh hdp theo a, b, c, a, P, y 

b. Chung to rang di6u kidn c<in vk du dd tdn tai mdt did’ni each ddu 6 mat cua 

mdt hinh hdp la —-— = = —— 

sin a sin P sin y 

c. Di£u kidn trdn duoc thoa va a + p + y = n, tmh thd’ tich hinh hdp theo a, b, c. 
Bai tap 19: Cho hinh hdp dumg ABCD.A’B’CD', AB = a, AD = b, BAD = a. 
Ducmg cheo AC’ tao vdi day goc p, giao did’m cac dudng cheo hinh hdp la O. 

a. Tinh th£ tich hinh hdp. 

b. Tinh tdng T cua cic binh phuemg cac khoang each tur di<?m M trong khdng 
gian ddn 8 dinh cua hinh hdp theo a, b, a, P va x = OM. Suy 1 a vi tri ciia M 
dd T be nhat. 

Bai tap 20: Cho lang tru dumg ABCD. A'B’C'D’ day la hinh thoi co gdc nhon 
A = a. Td giac ABC’D' co didn tich Q hop vdi mat phang (ABCD) mdt goc p. 


208 



a. Tinh thco Q, a, P th£ tfch lAng tru. 

h. Goi I la trung di£m cua CD. Biet a = 60°, P = 45° va Q = a 2 Vb . Hay tfnh 
dicn tfch thict dien tao bai (A'BI) va lang tru thco a. 

Bai tap 21: Cho lang tru dung ABCD. A,B,C,D,, co day la nira luc giac deu vdi AD 
= C D = BC. Mat phang (A,B,CD) hop vai day goc 60 . Mot mat phAng a di dong 
qua AB, cat CC,, DD, thco thuf tu tai C\ D . 

a. Tu giac AB,CD' la hinh gi ? Chung to AB, = 2CD'. 

b Dung thict dien AB,CD* co dicn tfch nho nhAt. 

c. Biel dien tfch nho nhAt co gia tri la Q. Tinh the: tfch lang tru theo Q. 

Bai tap 22: Cho lang tru dung ABC.A'B’C, day ABC vuong tai A. Khoang each tu 
AA* tdi mAt ben BCC'B 1 la a, mat phdng (ABC') each C m6t khoang b va hap vai 
day gdc a. 

a. Dung AH 1 BC (H<e BC), CK 1 AC(K e AC ), chung minh ring AH = a, 
CA C = a, CK = b. 

b. Tfnh the tfch lang tru. 

c. Clio a = b khong doi con a thay d6i. Dinh x de th£ tfch lAng tru nho nh«ft. 

Bai tap 23: Cho lang tru xien ABC.A’B’C', day la tarn giac dcu canh a, va 
AA = A'B = AC = b. 

a Xac dinh ducnig cao cua lAng tru ve tu A*. Chung minh mat ben BCC’B* la 
hinh clur nhAt. 

b. Dinh b thco a de mat ben ABB’A’ hap vai day goc 60°. 
c Tfnh the tfch theo a vdi gia trj b tim duoc. 

Bai tap 24: Cho lang tru xien ABC.A'B'C', day ABC la tarn giac vuong cAn dinh A. 
Mat ben (ABB'A’) la hinh thoi canh a, nAm trdn mat phAng vuong goc vai day. Mat 
bdn (ACC’A’) hap vdi day goc nhj dien co so do a, (0 < a < 90°) 

a. Churng minh rAng A’AB = a. 

b. Tfnh the tfch lang tru. 

c. Goi p la goc nhon ma mAt phAng (BCC'B’) hap vdi mat phAng day. Chung 
minh tg P = 2tg a. 

Bai tap 25: Cho hinh chop S.ABC, day la tarn giac deu canh a. Hinh chieu cua S 
len mat day trung vdi tAm O cua dudng trdn ngoai tiep day, SO = h. Mot lAng tru 
tarn giac d^u co day dudi nAm tr^n day hinh chop, 3 dinh cua day tren thude ba 
canh ben hinh chop. 

a. Tfnh canh day biet lang tru co mAt ben la hinh vuong. 

b. Tfnh th£ tfch Idn nhAt cua lAng tru khi a. h khong ddi. 

c. Tfnh the tfch Idn nhat cua lAng tru khi a. h thay dcii edn canh ben hinh chop 
co do dai / khong doi. 
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Bai tap 26: Cho hinh chop S.ABCD, day ABCD la mot hinh hinh hanh, 

BAD = 60°, AB = a. Cac canh hen SB va SD cung tao vdi day ABCD mot got bang 
45° va SB 1 AB, SD 1 CD. 

a. Chung minh ring mat phang (SBD) vuong goc vdi mat phang (ABCD). 

b. Goi M, N, K kin lircft la cac trung diem ciia AB, BC, SD. Hay tfnh goc tao 
bai mat phang (MMK) va mat phang (ABCD). 

c. Mot dudng thing d di qua giao diem H cua BD va AC, cat AB tai E va CD 
tai F. Chung minh ring the tich cua hinh chop SADFE bAng the tich hinh 
chop SBCFE. 

Bai tap 27: Hai hinh chop tarn giac deu cd chung chidu cao, dinh cua moi hinh 
chop trung vdi tarn dirdng trdn ngoai tiep day cua hinh chop kia, cac canh ben cua 
hinh chop nay cAt cac canh ben cua hinh chop kia. Canh ben I cua hinh chop thtur 
nhAt tao vdi dirdng cao mot goc a. Canh ben ciia hinh chop thu hai tao vdi dirdng 
cao mot goc p. Tim thd tich cua phin chung cua hai hinh chop. 

Bai tap 28: Cho goc tarn dien Sxyz vdi 3 goc phAng a dinh la xSy = a; ySz = P; 

/Sx = y. Trdn Sx, Sy, Sz lAy theo thu tu cac didm A, B, C va dat a = SA, b = SB, 
c = SC. 

a. Vdi a = b = c = I, tfnh the tich ciia tur didn SABC theo a, p. y. Tu do suy ra 
th 6 tich ciia tu dien SABC trong trudng hap a, b, c la cac so tuy y. 

b. Cho a, P la ede goc nhon. Goc nhi didn doi didn vdi goc phdng y co so do 
bang 60°. Chung minh rang: 


cosy = - (cos(a l P) f 3cos(a p)|. 

4 

Bai tap 29: Trong mat phang (P) cho hinh chu nhat ABCD vdi AB = a, AD = b. 
Trcn cac nua dudng thiing Ax, Cy vuong goc vdi (P) va d vd cung mot phia vdi mat 
phdng Ay, ngirdi ta lA'y cac diem M va N. DAt AM = x, CN = y. 

a. Tfnh cac goc do cac mat phAng (BDM) va (BDM) tao vd(P), tir do suy ra 
rAng d 6 cAc mAt phAng (BDM) va (BDN) vuong goc vdi nhau, didu kien cAn 


va dii la xy = 


2,2 
a b 

a + b 


b. Vdi gia thidt cac mAt phAng (BDM) va (BDN) vuong goc vdi nhau, hay tfnh 
thd tich tur didn BDMN. Khi naothi thd’ tich Ay nho nhA't ? 

Bai tap 30: Trong mat phAng a cho tarn giac: OAB va mot diem M di dong tren 
doan thAng AB. Tu M dung hai dudng thAng song song vdi OB, OA kin iirat cAt 
OA, OB tai P va Q. Goi 1 la giao diem cua . Q vA BP. Trdn dudng thAng vuong gdc 
vdi mat phAng a ke tir M, lAy mot diem S khac M. DAt OA = a, OB = b. 
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a. 


h. 


Chung minh r;1ng-.= 1 . Ttr do suy the lich cua hai hinh chop 


SOPIQ va SIAB bring nhau. 

Cho AOfo = 60", a = 2b va SM - aV3 Goi <p,, ep : Ian Iir<yt la cac goc phdng 
cua hai nhi dicn tao boi mat phiing (SOA) va (SOB) voi mat phang ex. Chung 
to rang khi M di ddng trtn d doan thing AB (nhung khong trung voi A ho&c 
B) th'i ta luoti Iuon co he thurc. 



GlCfi THlfiU CHUNG 


MUC LUC 


Trang 

3 


CHUONGI 

DAI CUONG v£ DtfCJNG THANG VA MAT PHANG 


Chii de I: Mo dau \6 hinh hoc kh6ng gian 5 

Bai toan 1: Su dung tien de xct vj tri tuong doi cua di£m, 

dirofng thdng va mat phdng 7 

Bai toan 2: Tim giao tuyen cua hai mat phang 9 

Bai toan 3: Churng minh ba didm thdng hang 

Ba dubrng thang d6ng quy 10 

Bai toan 4: Tim giao diem cua dutmg thang va mat phang 12 

Bai toan 5: Bai toan dung hinh 13 

Bai toan 6: Tim trip hop giao difim cua hai Jircmg thang di dong 14 

Chiidc2: Hinh chop 17 

Bai toan 1: Thict didn cua hinh chop 17 

Bai toan 2: Dicn tich cua thi£'t dien 19 

Bai tap on tap chinmg I 20 


CHl/GNG II 

QUAN HE SONG SONG 


Chii de 1: Hai dircmg thdng song song 22 

Bai toan 1: Chung minh hai duong thdng song song 23 

Bai toan 2: Tim giao tuyen cua hai mat phang 

Thict dten chura m6t dtromg thdng song song 

voi m6t dircmg thdng cho trudc 24 

Chii de 2: Dircmg thdng va mat phdng song song 29 

Bai toan 1: Churng minh ducmg thdng song song vdi mat phdng 30 

Bai toan 2: Tim giao tuyen cua hai mat phdng 

Thi£t dien song song vdi mot dircmg thdng cho trirdc 32 

Chii de 3: Hai mdt phang song song 36 

Bai toan 1. Chung minh hai mat phdng song song * 37 




40 


Bai toan 2. Tun giao tuyen cua hai mat phing 

Thiet dien song song vdi mot mat phing cho trudc 

Chii de 4: Hinh lang tru va hinh hop 43 

Rai toan 1: Sir dung tmh chit hinh lang tru - Thiet dien 43 

Rai toan 2: Sir dung tfnh chat hinh hop - Thid't dien 46 

Chii de 5: Hinh chop cut 50 

Chu de 6: Phep chieu song song 52 

Rai tap on tap chutmg II 55 

CHtfONG III 

QUAN H$ VUONG GOC 

Chii de l. Hai dudng thing vudng gdc 57 

Rai toan 1. Tmh goc giua hai dudng thing cheo nhau 58 

Rai toan 2. Chung minh hai duorng thing vudng goc \6\ nhau 60 

« 

Chii de 2. Duong thing vudng goc vdi mat phing 62 

Bai toan l. Chung minh duong thing vuong goc vdi mat phing 
Mat phing trung true 

Chung minh hai dudng thing vudng gdc vdi nhau 64 

Rai toan 2. Thid't dien qua mdt didm vudng gdc vdi 

mdt dudng thing cho trude 69 

Bai toan 3. TAp hop hinh chidu cua mdt di6m cd dinh trdn 

mot dudng thing di ddng 75 

Bai toan 4. TAp hop hinh chig'u ciia mdt diim cd' dinh tr6n 

mdt mat piling di ddng 77 

Chiide3. Hai mat phing vudng gdc 80 

Bai toan 1: Chung minh hai rr.At phing vudng gdc 

Chung minh dudng thing vudng gdc vdi mAt phing 81 

Bai toan 2: Tliiet dien chua mot dudng thing va vudng gdc 

vdi mot mat phing 84 

Bai toan 3: Hinh lang tru dung 86 

Bai toan 4: Hinh chop d£u - Hinh chop cut d£u 89 

Chii de 4. Khoang each 91 

liai toan i: Khoang each tu m6t di6m tori mot Sircnig thang 92 
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Bai toan 2: 

Khoang each tir m<M diem tori mot mat phing 

94 

Bai toan 3: 

Khoang each giura duong thing va mat phing song song 
Khoang each giua hai mat piling song song 

98 

Bai toan 4: 

Doan vuong goc chung cua hai duong thing chco nhau 
Khoang each giua hai duong thing cheo nhau 

101 

Chii de 5. Goc 

% 

108 

Bai loan 1: 

Goc giua hai duong thing 

109 

Bai loan 2: 

Goc giua mot duong thing va mot mat piling 

111 

Bai toan 3: 

Goc giua hai mat phing 

114 

Bai loan 4: 

Goc nhj dicn 

119 

Bai loan 5: 

Phep chieu vuong goc va urng dung 

124 

Bai toan 6: 

Tam dicn 

127 

Bai tap on tap chuong III 

132 


CHITGNG IV 

MAT CAU VA MAT TRON XOAY 

• • 

Chii del. Mai cau 141 

Rai toan I. Xac djnh mat cdu 141 

Bai loan 2. QuT tfch diem la mat cdu 144 

Chii de 2. Vi tri tirong d6'i cua mat c'iu vori mat phdng va duong (hang 146 

Rai toan 1: Mat cdu va mat phdng 147 

Bai toan 2: Mat cdu va duong thting 150 

Bai toan 3: Mat cdu chufa m6t duong iron c6 djnh 154 

Chiid43. Mat cau ngoai tiephinh ch6p va lang tru 157 

Bai toan 1: Mat cdu ngoai ti£p lang tru 157 

Bai loan 2: Mat cdu ngoai ti£'p tur dien 158 

Rai loan 3: Mat cdu ngoai tif'p hinh chop 164 

Chii de 4. Mat tron xoay 166 

Bai toan 1. Hinh tru 167 

Bai loan 2. Hinh non - Hinh non cut 170 

Bai lap on tap ehimng IV 174 
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Chii de 1. Hinh da dicn va khoi da dicn I 75 

Chii de 2. The tich cat khoi da dien 177 

Bai loan 1: The tich cua lang tru 177 
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